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Abstract

We are considered with the following nonlinear Schrodinger equation
—Au+ (Aa(z) + Du= f(u),z €V,

on a locally finite graph G = (V, E), where V denotes the vertex set, E
denotes the edge set, A > 1 is a parameter, f(s) is asymptotically linear with
respect to s at infinity, and the potential a : V' — [0, +00) has a nonempty
well 2. By using variational methods we prove that the above problem
has a ground state solution u, for any A > 1. Moreover, we show that as
A — 00, the ground state solution u) converges to a ground state solution of
a Dirichlet problem defined on the potential well (2.
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1. Introduction

In this paper, we consider the following asymptotically linear Schrodinger
equation
—Au+ (Aa(x) + Du = f(u),x €V, (1.1)
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on a connected locally finite graph G = (V| F), where V' denotes the vertex
set, I/ denotes the edge set, and A > 1 is a parameter. We call G a locally
finite graph if for any x € V, there are only finite y € V' such that zy € F.
A graph is connected if any two vertices z and y can be connected via finite
edges. For any edge xy € E, we assume that the weight w,, satisfies w,, =
wyz > 0. The measure g : V' — RT is a finite positive function. For any
function u : V' — R, the graph Laplacian of u is defined as

Bur) = oz S 1) = ), (12)

y~z

where y ~ x stands for any vertex y connected with x by an edge zy € E.
In the past decade, the study of partial differential equations on graphs,
which has a wide range of applications in image processing, data analysis
and neural networks, has been receiving great attention, see [1, 2, 3] for
more practical backgrounds. Recently, there are some mathematical works
on geometric inequalities on graphs [4, 5], and the heat equation on graphs |6,
7,8, 9, 10]. In the case of elliptic differential equations on graphs, Grigor’yan
et al. [11, 12, 13] obtained the existence results by using variational methods.
Specially in [13], Grigor’yan, Lin and Yang proved the existence of strictly
positive solutions for (1.1) when the nonlinearity f satisfies the so-called
Ambrosetti-Rabinowitz ((AR) for short) condition:
(AR): there exists a constant § > 2 such that for all x € V and s > 0,

0 < 0F(s) < sf(s).

By using the Nehari manifold method, Zhang and Zhao [14] proved the exis-
tence and asymptotical behavior of ground state solutions for (1.1) when the
nonlinearity f satisfies f = |u[P"'u. The aim of this paper is to investigate
the asymptotically linear Schrodinger equation on locally finite graphs and
extend the results of [14].

Before introducing the assumptions on the nonlinearity f and the po-
tential function a in (1.1), we give some preliminary settings. For any two
functions u,v : V' — R, the gradient form of v and v on the graph is defined
by

1
I(u, v)(z) = 21(7) > way(u(y) — u(@))(v(y) — v(z)). (1.3)

y~z




Setting I'(u) = I'(u, u), we denote the length of its gradient by

2p1(x)

y~zx

1/2
1
[Vul(z) := /T'(u)(x) = (— > wy(uly) - U(fﬁ))Q) : (1.4)
The integral of a function u : V' — R is defined by

/Vudu = Z p(z)u(z). (1.5)

zeV

Let C.(V) be the set of all functions with compact support, and W?(V') be
the completion of C.(V') under the norm

1/2
lolhroy = ([ OV + ) an) (16)

We define a space of functions

H), = {u e WH(V) - /V)\a(x)quu < +oo} : (1.7)

with a norm

lull s, = ( [ (9ul? + (o) + 107 du) " (18)

and the inner product
(u,v)g, = / (D(u,v) + (Aa(x) + 1)uv) du, Yu,v € Hy.
v

Then, H), is a Hilbert space. For any x,y € V| the distance d(x,y) is defined
by the minimal number of edges which connect x and y. Given a subset
Q C V, we call 2 a bounded domain in V' if the distance d(z,y) is uniformly
bounded from above for any z,y € 2. The boundary of € is defined as

0 = {x € V\Q: 3y € Qsuch that zy € E}. (1.9)

Now, we give the following conditions on f and a in problem (1.1):
(F1) f:V xR —= R, f(s) is continuous in s, f(s) = 0 for all s < 0 and
f(s)sst —=0ass— 0F.



(Fg) Let

p* = inf {/V [[Vul* + (Aa(z) + 1’| dp : w € Hy, /Vu2du = 1} . (1.10)

There exists [ € (u*, +00) such that f(s)s™! — [ as s — +o0.
s 1

(F3) Let F(s) = [, f(t)dt and ®(s) = 5]‘(3)3 — F(s). F(s),®(s) >0 for
all s € R, and ®(s) — 400 as s — +0o0.

(Fy) f(s)s™! is strictly increasing in s > 0.

(A1) a:V — [0,400), and the potential well Q = {x € V : a(z) = 0} is
a nonempty, connected and bounded domain in V.

(Az) There exists a vertex o € V such that a(z) — 400 as d(z,zo) —

+00.
The functional related to (1.1) is defined by

I\(u) = %/V (|Vu|2 + (Aa(z) + D) dp — /‘/F(u)d,u, uwe Hy. (1.11)

From Proposition 2.1, we deduce that I, € C'(H),,R) and

(I (u),v) = /V (C'(u,v) + (Aa(x) + 1)uv) d,u—/vf(u)vd,u, Vo e Hy. (1.12)

A function u € H, is said to be a nonzero solution of problem (1.1) if u{z €
V i u(x) # 0} > 0 and (I,(u),v) = 0 for any v € Hy. We call a nonzero
solution wuy of (1.1) as a ground state solution if I)(up) < I)(u) for any
nonzero solution u of (1.1).

Throughout this paper, we always assume that there exists a constant
tmin > 0 such that p(z) > pim, for all z € V. The main results of this paper
are as follows:

Theorem 1.1. Let G = (V, E) be a locally finite and connected graph. As-
sume that (A1), (A2), (F1), (F») and (F3) hold. Then for any X\ > 1, there
exists a nonzero solution u of (1.1).

Theorem 1.2. Under the same conditions in Theorem 1.1, then for any
A > 1, there exists a ground state solution uy of (1.1).

To investigate the behavior of uy as A\ — 0o, we introduce the following
Dirichlet problem

—Au+u= f(u),z € Q,

{ u=0,z €00, (1.13)
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where € is the potential well given by (As). It is suitable to study (1.13) in
the Hilbert space W, (), which is the completion of C,(€2) under the norm

1/2
ol = ( [ | uzdu) |
0 QUAN Q

The functional related to (1.13) is defined by

To(u) = % (/Qum|w2du+/gu2dﬂ) —/QF(u)du, w e WH(Q). (1.14)

We remark that unlike in Euclidean Spaces, we do not have |Vu|(z) = 0 for
x € 09 by the definitions of (1.4) and (1.9). Moreover, we find that (1.13)
is some kind of limit problem for (1.1) as A\ — +o0. Precisely, we have the
following theorem.

Theorem 1.3. Let G = (V, E) be a locally finite and connected graph. As-
sume that (A1), (A2), (F1)-(Fy) and X > 1 hold. Then, for any sequence
A, — 00, up to a subsequence, the corresponding ground state solutions wy,
of (1.1) strongly converge in WY2(V') to a ground state solution ug of (1.13).

2. Existence of a ground state solution

In this section, we firstly prove that (1.1) has a nonzero solution. For
that, we introduce an embedding result from [14] Lemma 2.6.

Proposition 2.1. Assume that A > 1 and a(z) satisfies (A1) and(Az). Then
H)y is continuously embedded into L(V') for any q € [2,+00) and there exists
a constant C' > 0 independent of X such that for any u € Hy, ||u|lqv <
Cl|u|| g, . Moreover, for any bounded sequence {u,} C Hy, there existsu € H)
such that, up to a subsequence,

Up — U in Hy,
up(x) = u(z) VYzev,
Up — U in LI(V).

Then we show that the functional I, defined by (1.11) has a mountain
pass geometry.

Lemma 2.1. Let the conditions (A1),(Az), (Fi) and (Fy) hold. Then for
A > 1, there exist two constants p,n > 0 such that

inf {Zx(u) 1 w € Hy, |lullm, = p} = 1.

5



Proof. For any € > 0, it follows from (F}), (F3) that there exists C. > 0
such that
|[f(s)| < els| + Cefs?, Vs €R,

Then by Proposition 2.1, we have for any u € Hj,

/ Flu)du < = / P+ & / uf*dy
1% 2 Jv 3 Jv (2.1)

801 ~
< S ulfy, + el
This yields
1-— 601 ~

Choosing ¢ € (0, Cil) and p > 0 small enough, we see that there is n > 0 such
that this lemma holds. [J

Lemma 2.2. Let the conditions (A1),(A2), (F1) and (F3) hold. Then for
A > 1, there exists e € Hy with ||e||g, > p such that I \(e) < 0, where p is
gwen by Lemma 2.1.

Proof. By the definition of p* in (F3), there exists ¢ € H, such that
J #°dp = 1 and p* < ||¢||3;, < I. Then, by (F1), (F») and Fatou’s lemma

we get
L) 1, [ Fl9)
Jim D = S, - Jim [ oty

1 1

< —|oll%. — =1 | ¢*d

< ol =51 [ e
1 * 2
2 v

and the lemma is proved by taking e = ty¢ with ¢y > 0 large enough. [J

Based on Lemmas 2.1 and 2.2, by Mountain Pass Theorem there is a
sequence {u,} C H) such that

I(un) == c2n and (14 [lun|)[H3(un)]

H; 50, (2.3)

where H} denotes the dual space of H).
In the following lemma, we show that {u,} is bounded in H.
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Lemma 2.3. Let the conditions (A1),(As) and (Fy)-(Fs) hold. Then for
A > 1, {u,} is bounded in Hy.
Proof. Suppose by contradiction that ||u,| s, — +oo. Letting w, =

ol then ||w,||g, = 1 and there exists w € H) such that, up to a
n || Hy

subsequence, w, — w Weakly in Hy. From (2.3) we get
I, f un
oft) = Bttty [ pde. ()
Hunllm

Here, and in what follows, o(1) denotes a quantity which tends to zero as

n — oQ.
L—sup{f() 7Ao} (2.5)

Set
By (F\)(Fy) we have 0 < L < +oo. Since w, — w weakly in Hy, by
Proposition 2.1, we get w,, — w strongly in L*(V'). Therefore,

[T C )i < [ LluoPdn=otv)+ L [ futo)Pa. - (20)
From (2.4), we deduce that [, [w(z)|*du > 0.

Let A= {x € V :w(z) # 0}. Then u(A) > 0. Noting that u,(r) —
+oo for z € A, from (2.3) and (F3) we get a contradiction that

S (), )

_ /V (%f(un)un _ F(un)> dy (2.7)

:/‘/Q)(un)dMZ/Iq@(un)duL>+oo.

c+o(1) = I(u,) —

So, {u,} is bounded in Hy. O

Proof of Theorem 1.1 By Lemma 2.3, {u,} is bounded in H,. Then
there exists a subsequence, still denoted by {u,}, such that u, — u weakly in
Hy. By Proposition 2.1, we get u,, — u strongly in L4(V) for ¢ € [2, +00).
Then from (2.3) we deduce that

S L sodu‘ — (1), Vg € Hy, (2.8
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which implies that (I} (u),¢) = 0 for any ¢ € H,y.
By (2.5) and Hélder inequality, we have

[ 00— ] = [ 20

< L/V(un)(un —u)dp

<1 (/V(un _ u)zd,u) " (/V uidu) .

Taking ¢ = u,, — u in (2.8), we have

(1) 0 — u)du‘

(U Uy, — UY g, = /Vf(un)(un —u)dp + o(1) = o(1). (2.10)

On the other hand, we have (u,u, —u)g, = o(1) by u, — u weakly in H,.
This and (2.10) lead to u,, — w strongly in Hy,. Then I)(u) = ¢ > 0, which
implies that u{x € V : u(x) # 0} > 0. Thus, u is a nonzero solution of (1.1).
U

Proof of Theorem 1.2 In order to get the ground state of (1.1), we
consider the following minimization problem

co = inf {I\(u) : u € My}, (2.11)
where
My ={ue Hypfo € Viu() £ 0} > 0, and (I(w),u) =0}

Theorem 1.1 implies M # (). For any u € M, by (F3) we have

1

() = In(u) — 3 (Iy(u) ) = / & (u)dp > 0,

which implies that ¢y > 0.
From (F)(F3), for any € > 0, there exists C'(¢) > 0 such that

lullf, = /Vf(U)udu < ellullz, +CE)lully,.
Thus, there exists 6 > 0 such that ||u||g, > 6 > 0 for any u € M,.

8



Choosing a minimization sequence {uy} C M, such that I (us) BLIN
by the proof of Theorem 1.1 there exists uy € H), such that wuy LN Uy
strongly in Hy. Then we deduce that I(uy) = co, (I\(uy),¢) = 0 for any
¢ € Hy, and ||luy||g, > 0 > 0. Therefore, uy is a ground state of (1.1). O

3. Asymptotic behavior of ground state solutions

In this section, we show the asymptotic behavior of ground state solutions
uy as A — +o00. Firstly, we give the following embedding result from [21,
Lemma 2.7].

Proposition 3.1. Assume that Q is a bounded domain in V. Then W, (Q)
is continuously embedded into L1(Q2) for any q € [1,+00). Moreover, for any
bounded sequence {uy} C Wy(Q), there exists u € W, *(Q) such that, up to
a subsequence,

up —u in W,%(9),
ug(x) = u(z) Ve,
Up — U in L1(Q).

Next, we prove that (1.13) is some kind of limit problem for (1.1) as
A — +o00.

Lemma 3.1. Set
my = inf{I\(u), u € M,}, and mq = inf{Ig(u), u € Mq},
where
Mg = {u e Wy(Q) : pfz € Q:u(z) #0} >0, and (Ig(u), u) = O}.

Then under the conditions of Theorem 1.2, we have my — mq as A — +00.

Proof. Since WOM(Q) C Hy, we have my < mgq for any A > 1. Take a
sequence A\, — 400 such that

limmy, = M < mgq, (3.1)

k—o0

and let uy, € My, be such that I)(uy,) = m,,. By the proof of Theorem 1.2,
we get M > 0. Similar to the proof of Lemma 2.3, we deduce that {u,,} is

9



bounded in W?(V'). Then, up to a subsequence, there exists ug € Wh2(V)
such that uy, — wo weakly in W'2(V). Moreover, by u,, € M, and
Proposition 2.1, we deduce that there exists a constant d; > 0, which is
independent of A\, such that

v
Thus, from uy, — ug strongly in L*(V'), we get [, ugdp > 61 > 0.

We claim that ug|ge = 0. Otherwise, there exists a vertex xy ¢ 2 such
that ug(z) # 0. Since uy, € M,,, we get

1/
‘[)\k (u)\k) = I)\k (UJ)\k) + 5 <I)\k (u/\k)7 uAk>

1
B, + [ (5, = Fwn) ) do
= s I3, + / B(un, )y > [ur, |,

> / )\ka(x)uikdu > Aka(xo)u(xo)uik(xo).
v

(3.3)

Since a(zg) > 0 for zo & Q, pu(xo) > fmin > 0, uy, (o) — uo(xo) # 0 as
A, — +oo, from (3.3) we get

my, = kh_{Iolo[)‘k (u)\k) = +009,

which is a contradiction with (3.1).
Since uy, — up in WH2(V) and uy, — ug in L4(V) for any ¢ € [2, +00),
by Fatou’s lemma and Lebesgue dominated convergence theorem we get

/ ([Vuol* + u) dp < / (|Vuol* + u) du
QUAQ v
< hgglf/ (IVur > +u3,) dp

< limint / (IVaur, P + (vale) + 1)) du

= hmlnf/ fuy, ux,dp = /f U ) Uod L.

k—o0
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Noting that wug|ge = 0, we get

[ (vl ) du< | fluyusd
QUOIN Q

Then there exists a € (0, 1] such that

/ (|aVuo|* + |auo|?) dp = / f(aug)cugdys.
QUAR Q

So, we have auy € Mg, and

1

mao < Ig(auy) = 5/ (IVauo|® + |auo|*) du — / F(aug)du
QuUAQ Q

= [ 5 ewau) i~ | Flau)dn
< / = f(uo)uodp — /F(UO)dM
= lim [/v éf(uxk)uxkdﬂ—/vF(UAk)dﬂ]

k—o00

) 1
= lim [/ = (IVup, P +u3, ) dp — / F(uy, )dp
v 2 v

k—o0

= lim I, (uy,) = lim 0y, = M
k—00 k—

By (3.1), we get M = mgq. Thus, limy_, ;o my = mq. O

Proof of Theorem 1.3 By the proof of Lemma 3.1, we see that {u,, } is
bounded in W1’2(V), and we may assume that uy, — ug in WH*(V). Then
we have [, ugdp > 0 and u0|gc =0.

Now, we claim that A [, a(z)u} dp — Oand [, |Vu,\k]2du — [, [Vuo|*dp,
as k — 400. Suppose by contradlc‘mon that k11_>r£10/\k fv u)\kd,u =40 >0.

We have

/ (IVuol* + |uo|?) dp < / (Vuol* + |uo|?) dp + 6
QUAL v
< lim inf/ [[Vua > + (Aa(z) + 1wy, | du

k—o0

= hmmf/ fun, )u dp = /f U ) Uod .

11



Then there exists a € (0, 1) such that auy € M. Similarly, if li;n inf [, [Vuy,|*dp >
—00
Jo IVuo|*dpe, we also have [, ., ([Vuol® + [uol?) dp < [, f(uo)uodpe. Then in
both cases, we can find a € (0, 1) such that auy € Mq. Therefore, by (F})
we have
1
ma < Io(auy) = 5/ (]Vonm]Q + \ozuo|2) dp — / F(aug)du
QUAQ Q
1
= 5/ faug)augdp — / F(aug)du
QUAQ Q
1

= / {§f(auo)au0 - F(Ozuo)] dp = / O (aug)dp

0 0

<AMWW§AMWW

k—o00

< lim inf/ Bf(uxk)uxk - F(ka)} dp
v

~ liminf [ /V %(|v%|2+(Aka<x)+1)u§k)d4 _ /V Flux, )dp

k—o00

= liminfl,, (uy,) = limm,, = mq,
k—o00 k—o00

which leads to a contradiction. Thus, we get |lux, [|w12v) = [|uollwr2vy as
Ar — +00. Moreover, similar to the proof of Theorem 1.2, by Proposition 3.1
and Lemma 3.1, we can deduce that ug is a ground state solution of (1.13). O
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