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Key points:

• The precision of amplitude method, phase method, logarithmic method, arctangent method is 

not high enough.

• When the soil temperature is simulated by the Fourier series, as the order n becomes larger, the 

result becomes more accurate.

Abstract

The thermal properties of soil play important roles in biogeochemical cycles. The soil thermal 

diffusivity can accurately reflect the transient process of soil heat conduction. In this study, we 

use observation data from the 5, 10, 20, 40, and 80 cm layers in Golmud from October 2012 to 

July 2013 and comprehensively compare the solution of soil thermal diffusivity thereafter. A 

new model is established using the thermal conduction-convection equation under Fourier 

boundary conditions. The results show that (1) the amplitude method and the phase method are 

based on a single temperature sine wave, which is used to describe the general soil, although the 

accuracy is not high enough; the logarithmic method and the arctangent method are performed 

four times a day, the accuracy of the obtained result is also low; moreover, the Laplace method 

does not have a clear soil temperature boundary function and thus can better address extreme 
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weather effects or nonperiodic changes in soil temperature. (2) When solving the thermal 

conduction equation by a numerical method, format 2 (Crank-Nichalson-Sch format) is 

unconditionally stable, the data utilization is higher; in addition, the obtained soil thermal 

diffusivity is less discrete, and the result is more accurate. (3) When the soil temperature is 

simulated by the Fourier series, as the order n becomes larger, the result becomes more accurate. 

The Fourier series performs well in simulating the soil thermal properties. This study provides a 

useful tool for calculating soil thermal diffusivity, which may help to further characterize 

biogeochemical cycles.

Plain language summary

Soil is an extremely important part of biogeochemical cycling. Soil enzymes  have been used as 

indicators of biogeochemical cycles, organic matter degradation, and soil remediation processes. 

Changes in soil thermal properties change the soil enzyme activity, plant productivity and 

nitrogen uptake as well as the living conditions of soil microorganisms .Therefore, studying the 

thermal properties of soil is of great significance for understanding the biogeochemical cycle. 

We used the soil temperature data of the Golmud photovoltaic power station and used a variety 

of methods to calculate the soil thermal diffusivity at different levels. We found that using 

Fourier series to calculate the soil thermal diffusivity and simulate soil temperature is more 

accurate.

1 Introduction

Soil is an extremely important part of biogeochemical cycling (Oelke & Zhang, 2004). 

Soil enzymes reveal ecosystem perturbations and have been used as indicators of biogeochemical

cycles, organic matter degradation, and soil remediation processes (Lee et al., 2020). The thermal

properties of the soil are a key variable in the growth and decomposition of above- and 

belowground biomass (Abramoff & Finzi, 2015; Munir et al., 2015; Wang et al., 2013; Xu et al., 

2013). Changes in soil thermal properties change the soil enzyme activity, plant productivity and 

nitrogen uptake as well as the living conditions of soil microorganisms (Luo et al., 2009; Rustad 

et al., 2001). Studying soil thermal properties is of great significance for understanding 

biogeochemical cycling (Hillel, 2014; Usowicz, 1996). Temperature is an important physical 

variable of soil and plays a critical role in energy balance applications, including land surface 
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modeling, climate prediction and numerical weather forecasting (Zhang et al., 2011). Previous 

works have shown that the soil temperature response to atmospheric climate change can be 

complex (Fang et al., 2010). Soil temperature affects the physical and chemical properties of the 

soil as well as other biochemical processes, further affecting the biochemical processes of plant 

growth (Zhang et al., 2012). The heat transfer in the soil is mainly carried out by heat conduction

and convection. The speed of soil temperature wave propagation is expressed by the thermal 

diffusivity (Zhang et al., 2011). Soil thermal conductivity, thermal diffusivity and soil heat 

capacity are three significant soil thermal properties (Yue et al., 2011). Soil thermal conductivity 

and thermal diffusivity are related to soil heat capacity; therefore, only one of them needs to be 

determined. The usual choice is the soil thermal diffusivity, which reflects the transient process 

of heat transfer. Understanding the soil thermal diffusivity can not only further grasp the 

thermodynamic properties of soil but also provide the necessary conditions for the simulation of 

heat flux and soil temperature (Liu et al., 2012).

Shallow surface heat transfer is the heat transfer of soil or rock at a depth of ten meters 

below the surface. The shallow surface medium is connected to the atmosphere and the earth’s 

crust. Research on heat transfer plays an important role in understanding the atmosphere, the 

interior of the earth and the coupling between the two (Bhumralkar, 1975; Dai et al., 2009; Li et 

al., 2015; Zheng & Liu, 2013). Accurately simulating the temperature, heat flux and soil thermal 

diffusivity of shallow surface soils is an important part of the numerical simulation of land 

surface processes, atmospheric circulation and regional climate. Therefore, many researchers 

have carried out a large number of experiments on soil thermodynamic properties and 

parameterization of land surface processes (Horton et al., 1983; Liu et al., 2014; Shao et al., 

1998).

The thermal diffusivity can be determined based on the observed soil temperature in a 

variety of ways, most of which are based on the assumption that soil is a semiunbounded 

medium with a constant thermal diffusivity and that the upper thermal boundary can be 

expressed by a harmonic function (Li et al., 2015; Zheng & Liu, 2013). In terms of the thermal 

conduction equation for soil temperature (SCM), the common calculation methods include the 

amplitude method, phase method, arctangent method, logarithmic method, numerical method, 

harmonic method, Laplace method, and modified Laplace method. Several of these methods 

have been evaluated under the assumption that the temperature at the upper boundary can be well
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described by a sinusoidal function or by a Fourier series. Studies have shown that the Fourier 

series is relatively reliable. For the nonperiodic soil temperature, the Laplace method and the 

modified Laplace method are closer to the real soil heat conduction process, although the 

calculation of the two has some complexity (Liu et al., 2014).

Under many soil conditions, vertical water vapor flux affects soil temperature, and the 

thermal conduction-convection equation for soil temperature (SCCM) helps to address such 

conditions. Studies have shown that the soil temperature determined by the thermal conduction-

convection equation for soil temperature is more favorable than the measured multilayer depth 

soil temperature (Horton et al., 1983). Other studies have shown that changes in soil temperature 

are related to soil thermal conductivity and soil thermal convection caused by vertical liquid 

motion (Goto et al., 2005; Kane et al., 2001). Therefore, the thermal conduction-convection 

equation for soil temperature (SCCM) has a higher ability to describe the soil heat transfer 

process than the thermal conduction equation (SCM).

Since the 20th century, scholars have proposed many methods for calculating the thermal 

diffusivity of soil. Whether based on SCMs, SCCMs, or different soil thermodynamic properties,

these methods have their own applicable conditions, advantages and disadvantages. Previous 

work led to important contributions, although the horizontal comparison of various methods was 

relatively insufficient. Therefore, the objectives of the present study were to (1) transversely 

compare the results of soil thermal diffusivity obtained from different boundary conditions under

the SCM; (2) derive a method of solving the SCCM under the condition of a Fourier boundary 

and obtain the thermal diffusivity; and (3) compare the measured soil temperature with the soil 

temperature obtained by solving the SCCM under the Fourier boundary condition.

2 Field experiments

Golmud (91 °25 ' 95 °12',35 °10 ' 37° 45') is located in the western part of Qinghai 

Province, the hinterland of the Qinghai-Tibet Plateau. This area is composed of two unconnected

parts: the central and southern parts of the Qaidam Basin and Tanggula Mountain. The average 

temperature in Golmud is 5.3 °C, the precipitation is 42.1 mm, the relative humidity is 32%, the 

cumulative number of sunshine events is 3096.3 h, and the accumulated annual evaporation is 

2504.1 mm. It belongs to the continental plateau climate and presents less rain, wind and 

drought. The annual average sunshine hours in the region are 3200~3600 h, and the annual total 
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solar radiation is 6618~7356 MJ/m2. It is the second largest high-value solar radiation area in 

China after the Qinghai-Tibet Plateau (Yang et al., 2017).

The observation station (36 ° 20.128'N ,95°13.372 ' E) used in this study is located inside

the photovoltaic power station, with an altitude of approximately 2927 m. The soil temperature 

used in this study was recorded every 10 minutes by CR1000 produced by Campbell Corporation

of the United States at 6 depth layers of 5 cm, 10 cm, 20 cm, 40 cm, 80 cm, and 180 cm for the 

period from October 2012 to July 2013. The data were quality controlled (Gao et al., 2016).

3 Method

3.1 Thermal conduction equation for soil temperature (SCM)

The volumetric heat capacity Cg(J· cm−3 · K−1) and the soil thermal conductivity λ (

W·m−1 · K−1) are assumed to remain consistent with depth based on the classical thermal 

diffusion equation in a one-dimensional semiunbounded medium:

∂T
∂T

=k
∂2T
∂ z2

(1)

where k=λ /Cg (unit: m2 s) is the thermal diffusivity.

The boundary condition at z1 is given by the following equation (Van Wijk & de Vries, 

1963):

T ¿z= z1=T 1+A1sin (ωt−Φ1 ) , t ≥0(2)

whereT 1 (°C) is the average value of soil temperature at depth z1, A1 (°C) is the amplitude, 

ω=2π/p (rad/s) is the daily change period, p is the period of the change, and Φ1 is the initial soil 

temperature (primary phase) (rad) at depth z1, which is obtained by least squares fitting.

According to Eq. (1) and Eq. (2), the soil temperature at depth z2 is expressed as follows:

T z= z2=T 2+A1exp [ ( z1−z2 )α ] sin [ωt−Φ1−( z2−z1 )α ](3)

where α=√ω /2k . The amplitude A2 and initial phase Φ2 at depth z2 are as follows:

A2=A1exp ⁡[−(z2−z1)α ]

Φ2=Φ1+(z2−z1)α
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According to Eq. (1) to Eq. (3), the thermal diffusivity k can be expressed with the 

amplitude and phase:

k P=¿

k A=¿

3.1.1 Arctangent method and logarithmic method

Soil temperatures can be simulated with a series of sinusoidal terms. Observations of soil 

temperature at a certain depth can be expressed in Fourier series:

T (t )=T ·∑
n=1

2

[An cos (nωt )+Bnsin ⁡(nωt )](6)

where T  (°C) is the average value of soil temperature and An and Bn (°C) are amplitudes. Eight 

soil temperature observations were performed at two depths per day. The phase method is shown

in Eq. (4):

k=ω¿

⁡¿

where T 1 ( z1 ), T 2 ( z1 ), T 3 ( z1 ), T 4 ( z1) and T 1 ( z2 ), T 2 ( z2 ), T 3 ( z2 ), T 4 ( z2 ) are four soil temperature 

observations at z1 and z2.

The amplitude method is shown in Eq. (5):

k=
ω
2
×

z2−z1
{ln ¿¿¿

Eq. (7) is an arctangent method, and Eq. (8) is a logarithmic method, which was 

developed early without automatic recording equipment. Compared with the phase method in Eq.

(4) and amplitude method in Eq. (5), the arctangent method and the logarithmic method do not 

need to fit the amplitude and phase; thus, they are simpler and more convenient to use and have 

the ability to reflect the possible nonsinusoidal changes (Liu et al., 1991). However, the 

temperature sampling data at intervals of 6 h will inevitably lead to the absence of short-period 

signals. When the heat transfer model is established, there are no high-order harmonic 

components with boundary conditions, which leads to further errors in the simulation results (Liu

et al., 2014).
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3.1.2 Laplace transformation based method (LTM)

In Section (3.1.1), the prerequisite for the four methods is to assume a stable cyclical 

change in soil temperature. In actual circumstances, if there is a sudden change in weather 

conditions, such as heavy precipitation, cold waves, blizzards, etc., then the stability cycle will 

fail. Therefore, the model with stable period change as the boundary condition will not be 

applicable when simulating soil temperature change and obtaining thermal diffusivity (Liu et al., 

2014). To better simulate the nonperiodic changes in soil temperature and make the boundary 

conditions of the model closer to the soil heat transfer process, the Laplace transform is a good 

choice.

The solution of Eq. (1) with initial and boundary conditions is given as follows:

T ( z ,0 )=T 0 (9a )

T (0 , t )=Φ (t ) ,t>0 (9b)

Then, the Laplace transformation can be performed (Carslaw & Jaeger, 1959):

T ( z , t )=T0+
z

2√πk
∫
0

t

Φ (τ )
exp ⁡(

−z2

4k (t−τ )
)

(t−τ)3 /2
dτ (10)

Eq. (10) applies to a semi-infinite medium whose upper boundary condition is given by 

Φ(t), a continuous function of time. It is an impulse response equation that is useful for sudden 

changes in temperature input signals (such as in rainy or cold front transit). A limitation of using 

this equation is that the initial temperature profile must be uniform. The soil thermal diffusivity 

can be obtained by fitting Eq. (10) (de Silans  et al., 1996).

3.1.3 Numerical method

For homogeneous soils, the heat transfer equation can be approximated by a difference 

equation. Commonly used differential formats are as follows (Liu et al., 1991):

(1) Dufeat-Frankel-Sch (format 1)

T j
n+1

−T j
n

2
=
k ∆ t
∆ z2

(T j+1
n

+T j−1
n

−T j
n+1

−T j
n−1 ) (11)

This format is stable.

(2) Crank-Nichalson-Sch (format 2)

13

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

14



manuscript submitted to JGR-Biogeosciences

T j
n+1

−T j
n
=

k ∆ t

2∆ z2
[(T j+1

n+1
−2T j

n+1
+T j−1

n+1
)+ (T j+1

n
−2T j

n
+T j−1

n
)] (12)

This format is unconditionally stable. In Eq. (11)-(12), j represents a spatial interval and n

represents a time interval.

3.2 Thermal conduction-convection equation for soil temperature (SCCM)

Eq. (1) assumes that the soil is vertically uniform. However, some scholars (Gao et al., 

2003) believe that the difference between day and night temperature and solar radiation will 

trigger the vertical movement of soil water, which affects the temperature distribution in soil. To 

reflect the influence of this part, heat conduction was combined with convection to establish a 

soil heat conduction-convection model:

∂T
∂ t

=k
∂2T

∂ z2
−
CW

Cg

wθ
∂T
∂ z

(13)

where w  (m/s) is the liquid flow rate (downward positive), θ is the volumetric water content of 

the soil, and CW (J℃−1m−3) is the specific heat capacity of the water. Assume that these 

quantities are independent of z and 
−CW

Cg

wθ is the liquid water flux density. Let

W=
−CW

Cg

wθ
∂T
∂z

, then:

∂T
∂ t

=k
∂2T
∂ z2

+W
∂T
∂ z

(14)

3.2.1 Boundary condition as a superposition of a sine wave on the constant temperature field

Given the following boundary condition:

T ¿z=0=T+A sinωt (t ≥0)

The solution of Eq. (14) is as follows:

T ( z , t )=T0+A exp [(−W−α
2 k ) z ]sin(ωt−Φ1−

β
2k

z )(15)

where
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α=√ W 2
+√W 4

+16k 2ω2

2
，β=

2√2kω

√W 2
+√W 4

+16 k2ω2
(16)

Therefore, the soil temperature (T) at depth z2 can be calculated using the following 

equation:

T z= z2=T 2+A1exp [ ( z1−z2 )αM ] sin [ωt−Φ1−( z2−z1 )αN ](17)

In Eq. (17), M and N can be expressed as follows:

M=
α
ω

{W+
1

√2
¿

N=√2
ω
α

¿

Assuming that z1< z2 , A1>A2 ,Φ1<Φ2, the following equations are derived (Gao, 2005):

k=−¿¿

W=
ω(z2−z1)
Φ2−Φ1

¿

The above is the thermal conduction-convection method.

3.2.2 Boundary condition as the form of Fourier series

Hu et al. (2015) derived the thermal conduction-convection equation for the Fourier 

series boundary of soil temperature (FFCM). Given the following boundary condition:

T (0 , t )=T 0+∑
n=1

N

An sin ⁡(nωt−Φn) , n=1,2 ,…,N (20)

where n is the number of harmonics.

The solution of Eq. (15) is as follows:

T ( z , t )=T0+∑
n=1

N

An× exp[(−W
2k

−
√2
4k

Xn) z ]sin(nωt−√2ω
n X n

z )(21)

where

α n=√ W n
2
+√W n

4
+16k n

2ω2

2
，βn=

2√2knω

√W n
2
+√W n

4
+16 kn

2ω2
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Therefore, the soil temperature (T) at depth z2 can be calculated using the following 

equation:

T z= z2=T 2+∑
n=1

N

An exp ⁡[(
−W−α n

2 k
)(z2−z1)]× sin ⁡[nωt−Φn−(z2−z1)

βn

2 k
](22)

3.2.3 Derivation of k n under Fourier series boundary condition

According to the derivation of the conduction convection method by Gao (2005), we can 

derive the solution of the soil thermal diffusivity under Fourier series boundary conditions.

An
1, Φn

1 and An
2, Φn

2 under the Fourier series boundary condition can be expressed as 

follows:

An
1
=An×z1e

(
−W
2k

−
√2
4k

Xn )

(23a)

Φn
1
=

√2ω z1
n Xn

(23b)

An
2
=An×z2e

(
−W
2k

−
√2
4k

Xn )

(23c)

Φn
2
=

√2ω z2
n Xn

(23d)

where An
1, Φn

1 and An
2, Φn

2 are the amplitude and phase of the nth term of the Fourier series at 

depths z1 and z2, respectively; and X n=√W n
2
+√W n

4
+16k n

2ω2.

Assuming that z1>z2 (that is, An
1
<An

2, Φn
1
>Φn

2), the following is obtained:

ln ⁡(An
1
/An

2
)

z1−z2
=(−W

2 k
−

√2
4 k

X n)(24)

From Eq. (23b) and Eq. (23d), the following can be concluded:

X n=
√2ω (z1−z2)

n(Φn
1
−Φn

2
)

(25)

Combining Eq. (24) with Eq. (25), the following is obtained:

k n
2
=

(z1−z2)
2 ·[W n+ω·

z1−z2
n(Φn

1
−Φn

2
)
]

2

4 ln2(An
1
/An

2
)

=
(z1−z2)

2· [nW n (Φn
1
−Φn

2 )+ω (z1−z2)
2
]

4n2(Φn
1
−Φn

2
)
2 ln2(An

1
/An

2
)

(26)
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Eq. (26) can be rewritten as follows:

k n
2
=

(z1−z2)
2

4n2(Φn
1
−Φn

2
)
2 [

ω2
( z1−z2 )

2

n2 (Φn
1
−Φn

2 )
2−W 2](27)

Eq. (26) and Eq. (27) are combined to eliminate k n and obtain an equation for W n:

[nW n (Φn
1
−Φn

2 )+ω ( z1−z2 )]
2
=ln2(

An
1

An
2 )[

ω2
( z1−z2 )

2

n2 (Φn
1
−Φn

2 )
2−W n

2](28)
Eq. (28) can be rewritten as follows:

aW n
2
+bW n+c=0 (29)

where

{
a=n4 (Φn

1
−Φn

2 )
4
+n2 (Φn

1
−Φn

2 )
2
· ln

2
(An

1
/An

2
)

b=2n3ω (Φn
1
−Φn

2 )
3
(z1−z2)

c=ω2
( z1−z2 ) [n

2 (Φn
1
−Φn

2 )
2
−ln

2
(An

1
/ An

2
)]

(30)

According to Eq. (29), the value of W n is not always negative:

W n=
ω ( z1−z2 )

n (Φn
1
−Φn

2
) [

2 ln2(
An
1

An
2 )

n2 (Φn
1
−Φn

2 )
2
+ ln

2

(
An
1

An
2 )

−1](31)
k n=

−( z1−z2 )
2
ω ln(

An
1

An
2 )

n (Φn
1
−Φn

2
) [n2 (Φn

1
−Φn

2
)
2
+ ln

2(
An
1

An
2 )]

(32)

4 Result

4.1 Comparison of five methods for the thermal conduction equation in the shallow soil layer

The soil thermal diffusivities at six depths (5-10 cm, 5-20 cm, 5-40 cm, 10-20 cm, 10-40 

cm, and 20-40 cm) in the shallow soil of the photovoltaic power station were calculated by the 

amplitude method, phase method, arctangent method, logarithm method and Laplace method. 
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The boundary condition of the amplitude method and the phase method is that a constant sine 

wave is superimposed on the constant temperature field. Selecting the parts of the fitting result 

whose judgment coefficients are greater than 0.8 (Wang et al., 2019), Figure 1c, e and f show 

that there are fewer data with coefficients of determination greater than 0.8 at 40 cm and the 

fitting result is not good. Figure 1 shows that the results obtained by the amplitude method at the 

four levels of 5-10 cm, 5-20 cm, 5-40 cm, and 10-20 cm are generally larger than that of the 

phase method. Compared with the amplitude method, the phase method can partially reflect the 

extreme values of the thermal diffusivity. Figure 2 shows that the arctangent method is derived 

from the phase method. In addition, 0, 8, 16 and 24 (Beijing time) points are selected every day 

and the obtained soil thermal diffusivity results are more uniform. Compared with the phase 

method, it does not reflect some extreme conditions. The logarithm method is derived from the 

formula of the amplitude method. The time of selection was based on 0, 8, 16 and 24 (Beijing 

time) points. The results obtained by the logarithm method are similar to those obtained by the 

amplitude method. However, some extreme values reflected by the amplitude method are not 

reflected in the logarithmic method. At depths of 5-40 cm, the soil thermal diffusivity obtained 

by the amplitude method, the phase method, the arctangent method and the logarithm method 

have large differences. The Laplace method does not have a formula for the established 

boundary conditions.  Figure 3 shows that the method is effective in reflecting the influence of 

some extreme conditions and nonperiodic weather changes on the thermal diffusivity. The above 

results are basically consistent with the results obtained by Liu et al. (1991). The amplitude 

method and phase method are based on a single temperature sine wave, which is used to describe

the general soil, and the accuracy is not high enough, especially when there are multiple extreme 

temperature values. The arctangent method and logarithmic method require less measured data 

and present more convenient data acquisition, which is one of the main reasons for their lack of 

precision, and they also inherit some of the disadvantages of the amplitude method and phase 

method. The Laplace method has no fixed boundary condition function, and it has outstanding 

advantages in dealing with actual weather conditions, such as sudden weather, heavy 

precipitation, cold waves, blizzards and other nonperiodic weather changes.
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Figure 1. Soil thermal diffusivities at six different depths calculated by the amplitude method 

and phase method. a. 5-10 cm, b. 5-20 cm, c. 5-40 cm, d. 10-20 cm, e. 10-40 cm, and f. 20-40 

cm. Blue represents the amplitude method, and green represents the phase method.
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Figure 2. Soil thermal diffusivities at six different depths calculated by the logarithmic method 

and arctangent method. a. 5-10 cm, b. 5-20 cm, c. 5-40 cm, d. 10-20 cm, e. 10-40 cm, and f. 20-

40 cm. Blue stands for arctangent, and green stands for logarithm
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Figure 3. Soil thermal diffusivities at six different depths calculated by the Laplace method. a. 

5-10 cm, b. 5-20 cm, c. 5-40 cm, d. 10-20 cm, e. 10-40 cm, and f. 20-40 cm.

4.2 Analysis of numerical methods for the thermal conduction equation

Two differential formats are used, namely, format 1 (Dufeat-Frankel-Sch) and format 2 

(Crank- Nichalson-Sch), and the heat transfer equation is solved in 10-minute steps. The results 

are shown in Figure 4. The three different depths (5-20 cm, 5-40 cm, 10-40 cm) of soil thermal 

diffusivity obtained by the two methods in Figure 4 have two peaks between December 2012 and

June 2013. The thermal diffusivity changes obtained in the two formats are generally the same, 

but the dispersion of k values in the second format is small. Between the two, although format 1 

is stable, the data utilization is less than that of format 2 and the precision is lower. The second 

format is unconditionally stable, and the data utilization rate is high; therefore, the degree of 

dispersion is small, and the precision is higher. Liu et al. (1991) pointed out that on a sunny day 

with few clouds, the numerical method needs to measure 12 data points from 3 depths; and when

the weather is cloudy, it is necessary to measure 24 data points from 3 depths with high 

precision. In the case of a shortened time interval, the relative bias will also decrease; in both 
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formats, format 2 has higher precision and neither of them needs to reduce ∆ z or ∆ t  to ensure 

stability.

Figure 4. Soil thermal diffusivities at three different depths calculated by format 1 (Dufeat-

Frankel-Sch) and format 2 (Crank-Nichalson-Sch). a1, a2. 5-20 cm; b1, b2. 5-40 cm; and c1, c2.

10-40 cm.

4.3 Analysis of the results of the thermal conduction-convection equation under Fourier series 

boundary conditions

4.3.1 First-order Fourier series (thermal conduction-convection)

In Figure 5, the thermal conduction-convection method is a special case (first-order) of 

the thermal conduction-convection equation under the Fourier boundary condition. Traditional 

algorithms assume that the soil is vertically uniform and only consider heat transfer; the thermal 

conduction-convection equation considers the vertical heterogeneity in the soil and combines the 

effects of upward heat convection (water transport) on soil temperature. Comparing the results of

the thermal conduction-convection method with the previous methods, the thermal conduction-

convection method is more sensitive to the change in soil thermal diffusivity and can better 

reflect the change in soil thermal diffusivity with weather. The main disadvantage of the 

31

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

32



manuscript submitted to JGR-Biogeosciences

traditional thermal conduction equation is that when the vertical gradient of soil thermal 

diffusivity is relatively large, it overestimates the amplitude and phase of the soil temperature; 

therefore, it is only suitable for estimating the actual soil temperature of vertically uniform dry 

soil (Gao, 2005).

Figure 5. Soil thermal diffusivities of six different depths on the surface calculated by the first-

order Fourier series (thermal conduction-convection method). a. 5-10 cm, b. 5-20 cm, c. 5-40 

cm, d. 10-20 cm, e. 10-40 cm, and f. 20-40 cm.

4.3.2 Second-order, third-order and fourth-order Fourier series

In Figure 6, Figure 7 and Figure 8, the Fourier series, which is a special case of the 

Fourier integral, is one of the classical methods for analyzing the continuity of periodic signals. 

When performing Fourier series decomposition on a computer, the continuous signal is sampled 

and then decomposed according to the discrete Fourier series. Any periodic continuous signal 

can be decomposed into a set of rotation vectors according to the Fourier series (Ahmed & Rao, 

1975; Liang, 1982). The soil thermal diffusivity is difficult to change, and it has a certain 

periodicity most of the time; therefore, it is reasonable to use the Fourier series. Fourier 

decomposition is essentially a filtering process (Duan et al., 2016). The fitted nth-order phase Φn 
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and the amplitude An are substituted into Eq. (32) to obtain the value of k n, which is the 

contribution of different wave components to the soil thermal diffusivity k. These soil thermal 

diffusivity components k n can be superimposed to obtain a more accurate change in the soil 

thermal diffusivity k. As the order n becomes larger, the simulated soil thermal diffusivity k will 

be more accurate.

Second-order:

Figure 6. Soil thermal diffusivities of six different depths on the surface calculated by second-

order Fourier series. a. 5-10 cm, b. 5-20 cm, c. 5-40 cm, d. 10-20 cm, e. 10-40 cm, and f. 20-40 

cm. Blue for k1, and red for k2.

Third-order:
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Figure 7. Soil thermal diffusivities of six different depths on the surface calculated by third-order

Fourier series. a. 5-10 cm, b. 5-20 cm, c. 5-40 cm, d. 10-20 cm, e. 10-40 cm, and f. 20-40 cm. 

Blue for k1, red for k2, and green for k3.

Fourth-order:
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Figure 8. Soil thermal diffusivities of six different depths on the surface calculated by fourth-

order Fourier series. a. 5-10 cm, b. 5-20 cm, c. 5-40 cm, d. 10-20 cm, e. 10-40 cm, and f. 20-40 

cm. Blue for k1, red for k2, green for k3, and purple for k4

4.4 Bias analysis of fitting soil temperature under Fourier series

Soil temperature changes are complex and affected by many factors. Soil convective heat 

exchanges have a significant contribution to soil temperature oscillations. Therefore, using the 

Fourier series to accurately describe the diurnal variation in shallow soil can reduce the bias 

caused by assuming that the temperature of the soil surface follows a single sine wave (Wang et 

al., 2010). In this section, the soil temperature fitted by the 1st-, 2nd-, 3rd-, and 4th-order Fourier

series is compared with the measured soil temperature. The goodness of fit of different 

regression models is usually determined using the coefficient of determination (R2) (Wang et al., 

2019). The coefficient of determination, also known as the determination coefficient, and the 

decision index represent the amount by which the independent variable explains the percentage 

change of the dependent variable. Therefore, the larger the coefficient of determination, the 

better the regression effect of the model. R2 can be expressed as follows:
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R2=1−
∑ ( y− ŷ)2

∑ ( y− y)2

In Figure 9, several sets of data at the same depth (a1, b1, c1, d1; a2, b2, c2, d2; a3, b3, 

c3, d3; a4, b4, c4, d4; a5, b5, c5, d5; a6, b6, c6, d6) are used for comparison. In the six sets of 

data, the R2 value is ordered as follows fourth-order > third-order > second-order > first-order. In

addition, the fourth-order Fourier series is used to fit the soil temperature to depths of 5 cm, 10 

cm, and 20 cm, R2 is above 0.96, and the highest is 0.9999. The minimum value of the fitting 

result with respect to the first-order Fourier series is less than 0.5, indicating that the fitting result

also improves as the fitting order increases. At depths of 80 cm and 180 cm, the soil change was 

close to a linear change due to the layered soil (Figure 10); therefore, the results obtained by the 

Fourier series were weaker than that at other levels. Moreover, studies have shown that using the 

fifth-order Fourier series to simulate the daily variation in the soil temperature field is quite 

accurate (Liu et al., 1991). Too many harmonics will cause oscillations, which are not only 

difficult to calculate but also reduce the accuracy.
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Figure 9. Bias for soil temperature fitted by Fourier series. Results at a. 5 cm; b. 10 cm; c. 20 

cm; d. 40 cm; e. 80 cm; and f. 180 cm. Dark blue for the 1st order, green for the 2nd order, red 

for the 3rd order, and light blue for the fourth order.

Figure 10. Soil layer structure.

5 Conclusions

In this paper, the results of soil thermal diffusivities obtained from different boundary 

conditions under the thermal conduction equation are compared horizontally. A new model for 

solving the thermal diffusivity of the thermal conduction-convection equation under the Fourier 

boundary condition is proposed, and the results of soil temperature simulations with different 

order Fourier series are compared. The results show that (1) the amplitude method and phase 

method are based on a single temperature sine wave, which is used to describe the general soil; 

however, the accuracy is not high enough and the disadvantages are especially obvious when 

encountering multiple temperature extreme values. The logarithmic method and the arctangent 

method are performed four times a day, which can partially reflect the nonperiodic change of soil

temperature; however, the data utilization rate is not high enough and the accuracy of the 

obtained results is also low. The Laplace method does not have a clear soil temperature boundary
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function and thus can better address extreme weather effects or nonperiodic changes in soil 

temperature. (2) When solving the thermal conduction equation by a numerical method, format 2

(Crank-Nichalson-Sch format) is unconditionally stable and the data utilization rate is higher. 

The obtained soil thermal diffusivity is less discrete, and the result is more accurate. (3) When 

the thermal conduction-convection equation is used to solve the soil thermal diffusivity under the

Fourier series boundary condition, the n-order soil thermal diffusivity k n represents the influence 

of different fluctuations of soil temperature on the total soil thermal diffusivity and its 

contribution; when the soil temperature is simulated by the Fourier series, the result becomes 

more accurate as the order n becomes larger than the measured soil temperature. In addition, the 

Fourier series performs well in simulating and solving soil thermal properties. The model for 

solving the soil thermal diffusivity by the thermal conduction-convection equation under the 

Fourier boundary condition proposed in this paper has certain significance in solving the 

problem of thermal diffusivity calculation. However, it assumes that soil temperature changes 

have a certain periodicity, which may cause some problems when addressing nonperiodic 

changes in soil. According to the previous test, the Laplace method of the thermal conduction 

equation performs well in response to nonperiodic changes in soil temperature. However, the 

Laplace transform process is more difficult and the solution is more complicated. Therefore, this 

method should be applied to the thermal conduction-convection equation in a more convenient 

and feasible way, and it is expected to further contribute to the solution of soil thermal 

diffusivity.

Soil is an extremely important component of the biogeochemical cycles. The thermal 

properties of soil affect the survival and functioning conditions of vegetation, soil 

microorganisms, and soil enzymes. This work starts with the improvement of soil thermal 

diffusivity, which is one of the thermal properties of soil and is helpful for further understanding 

soil thermal properties and soil thermal activities. Thus, this work is significant for 

understanding biogeochemical cycles.
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