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1. Introduction

Matrices with all their minors nonnegative are called Totally Positive (TP) and matrices whose minors of the same order have
the same sign are called Sign Regular (SR). They arise in approximation theory, differential equations, statistics, combinatorics,
mechanics, computer-aided geometric design and economics, among other subjects (see [1], [2], [3] and [4]). An important
subclass of TP matrices are the Almost Strictly Totally Positive (ASTP) matrices, matrices whose minors are positive if and
only if all their diagonal entries are positive (see [5]). ASTP matrices contain Hurwitz matrices and B-splines collocation matrices.
In [6], the class of Almost Strictly Sign Regular (ASSR) matrices was introduced and characterized by a reduced number of
minors. ASSR matrices form a subclass of SR matrices including all ASTP matrices.

In [7], an algorithmic characterization of ASSR matrices is provided. It used the Neville elimination (NE) of a matrix, which
is an elimination procedure alternative to Gaussian elimination. Roughly speaking, NE makes zeros in a column of a matrix by
adding to each row an adequate multiple of the previous one (see [8] for more details), instead of using just a row with a fixed
pivot as in Gaussian elimination. So, NE transforms a nonsingular matrix into an upper triangular matrix. The entries of each
columns used to make zeros below them are called pivots of the NE. More results about NE and SR matrices can be seen in [9],
[10], [11], [12], [13], [14] and [15].

In this paper, we introduce the concept of depth of an ASSR matrix. At the end of Section 4, we see that strictly M-banded
ASSR matrices (see [16]) are included in the class of ASSR matrices with depth n — M. We also see in Section 4 that the use
of the depth of an ASSR matrix allows us to simplify the algorithms of [7] and to reduce its computational cost. If the matrix
has a high depth, then this reduction is considerable.

The paper is organized as follows. Section 2 contains basic notations and definitions concerning the zero pattern of a matrix.
Section 3 recalls definitions and some fundamental results on ASSR matrices. In Section 4 we introduce the concept of depth
of an ASSR matrix and prove that the depth of an ASSR matrix determines its initial signature. We also provide the mentioned
simplified characterization and the corresponding algorithms. Section 5 include some numerical results and applications. Finally,
Section 6 summarizes the main conclusions of this work.

2. Basic notations and definitions

For k,n €N, with 1 < k <n, Q. denotes the set of all increasing sequences of k natural numbers not greater than n. If
A'is a real n x n matrix and a = (aq, . . ., ak), B=(B1,..., Bk) € Qk.n, then Ala|B] is by definition the k x k submatrix of
A containing rows aa, ..., a, and columns B, .. ., Bk of A. In particular, when o = 8, Ala] := Alala] is the corresponding
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principal submatrix. Besides, Q2,I7 denotes the set of increasing sequences of k consecutive natural numbers not greater than n
and if a € QY,,, then det A[a] is a principal minor.
From now on, it will be frequently used the backward identity matrix n x n, P,, whose element (i, j) is defined as

1 ifi+j=n+1,
0 otherwise.

Throughout this document, we will work with matrices whose zero and nonzero entries are grouped in certain positions. Then
we introduce the type-| and type-ll staircase matrices.

Definition 2.1 A real matrix A = (ajj)1<ij<n IS called type-I staircase matrix if it satisfies simultaneously the following conditions:
(a) ajj 7& 0,Vie {1 ..... n},‘
(b) aj=0,i>j=>au=0,ifl<j, i<k;
(c) aj=0,i<j=>au=0ifk<i j<I

Definition 2.2 A matrix A is called type-Il staircase if P,A is a type-I staircase matrix.

Conditions introduced in definitions 2.1 and 2.2 produce a staircase structure for the zero pattern, which is set through the
following indices (see [5, 7]):

Definition 2.3 For a matrix A = (aj), <, type-l staircase, we define

o =1, Jo=1, e8]

and fork =1, ..., l:
ik=max{i/ aj , #0}+1 (<n+1), (2)
Jk=max{j<ik/a,;=0}t+1 (<n+1), (3)

where | is given in this recurrent definition by jo = n+ 1.
Analogously we define

=1 =1 4

and fork=1,..., r:
jk:max{j/‘}ikilj;éo}—kl (£n+1), (5)
To=max{i <l / a5, =0} +1 (S n+1), (6)

WhereTr =n+1. N R
Finally, we denote by I, J, | and J the following sets of indices

I = dio,in,.... ey, J {o.Jr. .-, Je}
| = {/0 n,..., Ir} J = Jo,jl ----- Jr}

thereby defining the zero pattern in the matrix A.

Note 2.4 Note that, if card(l) =2 then aj #0 when 1 <j < i<n. In the same way, if card(l) =2, then a; # 0 when
1<i<j<n.

So, if Ais a type-ll staircase matrix the zero pattern of A is the zero pattern of P,A.
To mark the positions of the matrix in which a new echelon starts, we define the following indices.

Definition 2.5 Let A be a real n X n matrix, type-I staircase, with zero pattern I, J, Tand J. Let be 1 <iLj<n Ifj<iwe

define
Je=max{js /0<s<k—1, j—Js <i—is}, (7

being k the unique index satisfying that jx—1 < j < jk, and if i < j
h=max{l/0<s<K -1 i-T<j-G}, (8)

being k' the only index satisfying that fp_1 < i < ix.
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3. Almost strictly sign regular matrices

Next, we define ASSR matrices, wich are matrices whose nontrivial minors of the same order have all the same strict sign. To
store the sign we are going to define the vector of signatures.

Definition 3.1 Given a vector € = (1, €2, ..., €,) € R", we say that € is a signature sequence, or simply, is a signature, if
gi € {+1,—1} forall i < n.

ASSR matrices form a subclass of SR matrices. A matrix is SR if all its minors of the same order have the same sign. That is:

Definition 3.2 A real matrix A = (aij)1<ij<n IS said to be SR, with signature € = (€1,¢€>, ..., €n), if all its minors satisfy that
Em detA[oc|B] >0, a, ﬁ € Qm,m m < n. (9)

In a staircase matrix there are some minors which are trivially zero due to the position of their zero entries. We are going to
distinguish those minors from those that do not verify that condition.

Definition 3.3 Let A= (aj),; <, be a type-l (type-l) staircase matrix. A submatrix Ala|B], with a, 8 € Qm,n, Is said to be
nontrivial if all its main diagonal (secondary diagonal) elements are nonzero.

The minor associated to a nontrivial submatrix (A[a|B]) is called nontrivial minor (det A[a|B]).
The nontrivial minors play an important role in ASSR matrices.

Definition 3.4 A real matrix A = (ajj)1<ij<n IS said to be ASSR, with signature € = (€1, €2, ..., €n), if all its nontrivial minors
det A[a|B] satisfy that
Em detA[a|5] > O, a, ﬁ S Qm_n, m S n. (10)

Note 3.5 Observe that an ASSR matrix is SR, since the trivial minors are zero and the nontrivial minors satisfy the strict
inequality (9). Observe also that an ASSR matrix is nonsingular.

Next, we present the characterization given in [6] for ASSR matrices (see Theorem 10).

Theorem 3.6 Let A be a real n x n matrix and € = (g1, €2, . . ., €n) be a signature. Then A is ASSR with signature € if and only
if A'is a type-I or type-Il staircase matrix, and all its nontrivial minors with o, B € Q%,,,, m < n, satisfy

emdet Ala|B] > 0. (11)

A characterization of the ASSR matrices using the pivots of NE is given in [7]. This characterization uses the following results:

Theorem 3.7 Let B = (bj;)1<ij<n be a nonsingular type-I staircase matrix, with zero pattern defined by I, J, Tand J. If B is
ASSR with signature € = (€1, €2, . . ., €n), then the NE of B can be performed without row exchanges and the pivots pj; satisfy,
for1 <j<i<n,

pj=0 <& bj;j=0, (12)
&j-j€j-je+1Pij > 0 & b #0, (13)

where g0 = 1 and j; is defined in (7).

Theorem 3.8 Let B = (bjj)i<ij<n be a nonsingular type-Il staircase matrix, with zero pattern defined by I, J, Tand J. If B is
ASSR with signature € = (€1, €2, .. ., €n), then the NE of BT can be performed without row exchanges and the pivots qj; satisfy,
for1 <i<j<n,

gi=0 % b,‘j =0, (14)
€ 5,€iG,+1Pii >0 & b #0, (15)

where eo = 1 and I, is defined in (8).
From now on, we will denote by A, = Alh, ..., n]. Note that A1 = A and A, = (an).

Note 3.9 Let A be a type-I (type-1l) staircase matrix. Then, in relation to An (A]) matrices, the next results are verified:

1. Ay and Al are also type-1 (type-ll) staircase matrix for all h € {1,2, ..., n}.
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2. If the zero pattern of A is given by | ={i, ..., iy, J="Jo..... gt T=A{h. ... W JI={o ... Jr}, then the zero
pattern of A, matrices is given by 1" ={1,i,—h+1,..., i—h+1}, S ={1,ja—h+1,. .., J—h+1}, "={10 —
h+1,. . r—h+1}, "={1J,—h+1,... 0 —h+1},

where a=min{s / js—h+1>2} and b=min{s / is —h+1 > 2}.

3. If A is ASSR matrix with signature € = (€1,€2, ..., €,) then A, and Al are ASSR matrices with signature € =

Finally, in the following result (Theorem 5 of [7]) a characterization of ASSR matrices, with £, = 1, is presented:
Theorem 3.10 A nonsingular matrix A = (a,-j)lsl-’an is ASSR with signature € = (g1, €2, . . ., €n), with eo = 1 if and only if for
everyh=1,..., n — 1 the following properties hold simultaneously:

(i) A is type-I staircase;

(i) the NE of the matrices A, = Alh, ..., n] and A}, can be performed without row exchanges;

(i) the pivots pl of the NE of Ay satisfy conditions corresponding to (12), (13), and the pivots qli of the NE A] satisfy (14)
and (15);

(iv) for the positions (i", j™) of matrix Ap:
- -h h -h h __ :h -h _
o ifi">j"andi"—j" =i —j; then Ejn_jn€jh_jhy1 = Ejp_1€jh,
o ifi" < j"and " — "=~ then e e _n,y = Em 1€,
t t

where indices if', jI, i, JI" are given by conditions corresponding to (7) and (8).

4. Depth and characterization of ASSR matrices

In this section, the characterization of ASSR matrices obtained in Theorem 3.10 is simplified. To that end, following the Definition
2.3, we denote by r = card(/) — 1 and by s = card(/) — 1. Observe that if r =1 and s = 1, then A has not zero entries.

For further result, it is convenient to know the length of the longest diagonal with all elements nonzero and which is close to
zero entry.

Definition 4.1 Let A an n X n matrix, type-I staircase with zero pattern give by I, J, T J We define, 6, (8y) as the length of
the shortest diagonal below (above) the main diagonal without zero entries, that is:

0 1 if r=1,
L= T .
kE{T?)r(_l}{n Gk —Ju)} if r>1,

and
1 if s=1
Oy = o .
ke{maz(il}{n Uk — i)} if s>1.

To illustrate Definition 4.1 let us look at the following example.

Example 4.2 Given the matrix

1 2 10*|o 0 0
2 6 6 8] 0 0
A | 0] 6 21 30 9] 0
0| 8 30 48 42 28
0|10 39 82 172 176

0 0 0 28 176 259

the zero pattern bellow the main diagonal is | = {1,3,6,7} and J = {1,2,4,7}. We observe that 6, = max{6 — (3 —2),6 —
(6 —4)} =5 and 5 is the length of the shortest diagonal below the main diagonal without zero entries.

The zero pattern above the main diagonal is | = {1,2,3,4,7} and J= {1,4,5,6,7}. We observe that 6, = max{6 — (4 —
2),6 —(5—13),6 — (6 —4)} =4 and 4 is the length of the shortest diagonal above the main diagonal without zero entries.

Considering the previous definition, the depth 6 of A is defined.

Definition 4.3 Let A = (ajj)1<ij<n be a real matrix. We define 6 the depth of A as,

Copyright © 2021 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2021, 00 1-11
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e if the matrix A is type-I staircase, then § = max{6,,6,},

e f the matrix A is type-1l staircase, then 6 is the depth of P,A.

Example 4.4 Let A be the matrix given in Example 4.2. Then 6 = max{5,4} =5 and 5 is the length of the longest diagonal
close to a zero.

The next result shows that the depth 6 of an ASSR matrix determines the first 8 components of its signature.

Theorem 4.5 Let A = (ajj)1<ij<n be an ASSR type-I staircase matrix with depth 6. If A is nonnegative, then its signature is
e=(1,1,..., 1, €041, ., €n). If A is nonpositive, then its signature ise = (—1,1, ..., (=% (=1)% eoq1, . ... €n).

Proof: Observe that it is enough to see that
6k=(€1)k Vked{l,2, ..., 0}.

Firstly we suppose that €1 = 1. If 6 = 1 the result holds.

We can suppose that 6 = 0, because, otherwise, we can apply the same reasoning to A’. Let m be such that § =6, =
n — (im — Jm). The proof is performed by induction on k.

If Kk =1 then €1 = 1 by hypothesis.

We suppose that e, = 1 for all k <2 —1 with £ < 0, and we will prove that g, = 1 for k = £.

If £ < n+2—in we consider the square matrix of order m

B:A[Im—]. ..... in7+e_2Un7—1 ..... jm+e_2]

then
det B = Aip—1,jm—1 det A[in7 ..... in1 + {— QUm ..... _jm + {— 2]

Thus €, = €1€4—1. By hypothesis €1 = 1 and, by the induction hypothesis, ;-1 = 1, thus g, = 1.
If £> n+ 2 — iy, we consider the square matrix of order m

B=A[n—¢+1,..., n|n—"(im—jm)—L+1,..., n—(im—Jjm)]
then det B =
det A[n—2+1,..., im — L n—(im—jm)—€+1, ..., Jm — 1)]det Alim, .. ., Nm, .. n—(im—Jjm)].

Thus € = €p4ip—n-1En—in+1. By the induction hypothesis €¢4i,-n-1 =1 and €,i,+1 = 1, thus g, = 1.

Therefore, in any case, &, = 1, and the result holds, thatis, e = (1,1, ..., 1, €041,..., En).

Suppose now that £; = —1, then we define B =¢e;A = —A. B is an ASSR matrix with signature &' with €}, = (—1)*ex, and
6" = 0. Applying the previous reasoning to B, g} = 1 for all k € {1, ..., 6} and

ex = (—1)*el = (e1)".

So, the result holds, that is, e = (—1,1, ..., (—1)71 (=1)%, €p41, ..., €n). o

Example 4.6 Given the matrix

-2 =32 -133 —60
—368 —248 —144
—-240 972 —1344

—144 —1752 —13300

ASSR with signature e = (—1,1,—=1,1,=1,1) and = 4. Thene1 = —1, g2 = (—1)?, g3 = (=1)%, &4 = (=1)*.

In [7] the authors establish the relationship between the signatures of A and P,A, that we are going to use.

Proposition 4.7 A matrix A is ASSR if and only if P,A is also ASSR. Furthermore, if the signature of A ise = (€1,¢€2, .. ., €n),
X . X m(m-1)
then the signature of P,A is€' = (g}, €5, ..., e), withel, = (=1)" 2 &nm.

Taking into account the previous result, it is possible to determine the first 6 components of the signature vector for type-ll
staircase ASSR matrices.

Math. Meth. Appl. Sci. 2021, 00 1-11 Copyright © 2021 John Wiley & Sons, Ltd.
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o . o (k+1)
Corollary 4.8 Let A be an n x n ASSR type-Il staircase matrix with signature €. It is verified that €, = (—1) . (e1)¥ for all

ke{l, ..., 6} where 0 is the depth of the matrix A.

Proof: If we define B = €1 P,A and we call €' its signature, then we have that €} = 1 and B is type-l. By Theorem 4.5, ¢}, = 1
. . . k(k+1) k(k+1)
forall ke {1,..., 6}. Finally, using Proposition 4.7, we have ex = (—1)" 2~ (e1)ke}, = (1) 2 (e1)*. ]

In order to simplify the relationship between the elements of the signature vector collected in equations (13) and (15), the
following auxiliary results are obtained.

Lemma 4.9 Let B = (bjj),<; <, be a type-I staircase nonsingular matrix, with zero pattern I, J, I and J and depth 6. Let
€= (e, €2, ..., €n) be a signature vector with e, = 1 and ex = (e1)* forall k € {1, ..., 6}. Then for all the pairs (i, ) such that
1 <j<i<nitholds that

€j—jt€j—jr+1 = Ej-1Ej.

Proof:
e If jy =1 then it is direct, € j,€j—ji+1 = Ej_1Ej.

e If jy > 1 then, by (7) there exists s such that j — js < i — . So,

jSi_is+j5:i_(i5_js)Sn_(is_js)g max {n_(ik _Jk)}zeLSG
ke{l,...r—1}

gj-i€imicrn = (€1) () 7 = (€)™ TV (er) i (ea) T =

(e et () et T = (1) (er) = gjmrey

By applying Lemma 4.9 to matrix BT, the next result is obtained.

Lemma 4.10 Let B = (byj),;;<, be a type-l staircase nonsingular matrix, with zero pattern I, J, I and J and depth 6. Let
e=(e1,e2,..., €n) be a signature vector withes = 1 and ex = (1)* forall k € {1, ..., 6}. Then for all the pairs (i, ) such that
1<i<j<nitis verify that

€

i—i:€i—f+1 — €i-1Ei.

The following result provides a simplification of the conditions given in Theorem 3.7.

Proposition 4.11 Let B = (b,-j)ls,’an be a nonsingular matrix ASSR with signature € = (1, €2, .. ., €n) and e, = 1. Then the
NE of B can be performed without row exchanges and the pivots pj; satisfy, forany 1 <j<i<n,

pii=0 & bij =0, (16)
€j-1€pij >0 & b #0, (17)
where gp = 1.
In addition, for j € {1,..., 0} the condition (17) can be expressed as

e1pij > 0 bjj #0.

Proof: As B is an ASSR matrix with €, = 1, by Theorem 2 in [7], the matrix B is type-| staircase. We denote by € = (e, . . ., €n)
the signature, the zero pattern /, J, 1, Jand 6 the depth of B.

By Theorem 3.7, we know that the NE of B can be performed without row exchanges and the pivots pj; satisfy (12) and
(13), forany 1 <j<i<n,thatis

pij = 0 & b,‘j =0,
€j-jc€j=je+1Pij >0 & b #0,
where g9 = 1 and J; is defined in (7).
So, (16) holds and we only have to prove that (13) and (17) are equivalent.
By Theorem 4.5, g, = (e1)* for k < 6 and so the hypothesis of Lemma 4.9 holds. Therefore we have

€j=jtEj=jet1 = €j-1Ej-

Then, gj_1€;pij = €j—j,€j—j,+1Pij > 0, and (17) holds.

Copyright © 2021 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2021, 00 1-11
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Finally, if 1 <j <6, thenj—1<0andeg = (e1) and gj_1 = (e1) !
giag = (1) @) = (e1)? ' = a1

Thus, the condition €;_1&;p;; > 0 is simplified to €1p;; > 0 g
Analogously, by using Theorem 3.10, the conditions (14) and (15) can be simplified:

Proposition 4.12 [et B = (bjj),.; <, be a nonsingular matrix ASSR with signature e = (g1, €2, . . ., €n) Where g, = 1. Then, the
NE of BT can be performed without row exchanges and the pivots g satisfy, for any 1 <i <j<n,

qij =0<:>b,'j =0, (18)
€i-1€iQij > 0 b,‘j 75 0, (19)
where gg = 1.
In addition, for indices i € {1, ..., 0} the condition (19) can be expressed as

€1Ggij > 0 & b #0.

Note 4.13 Let A be an n x n matrix, type-I staircase with depth 6. Then, the depth, 8", of Ay verifies, 8" < 6 — h+ 1.

The following theorem is a simplification of Theorem 3.10 and the depth () of the matrix will play a key role.

Theorem 4.14 A nonsingular matrix A = (ajj),<; j<, IS ASSR with signature € = (1, €2, .. ., €n) and g2 =1 if and only if A is
type-1 staircase with depth 6, ex = (e1)* for all k € {1,2,..., 6}, and for every h=1,..., n—60+1 the following properties
hold simultaneously:

(i) the NE of the matrices A, and A], can be performed without row exchanges;

i) the pivots pj; of the of A satisfy conditions corresponding to , , and the pivots q;; of the of Aj, satisty

i) the pi " of the NE of A, satisfy conditi di 16), (17), and the pi I of the NE of Al satisf,
(18) and (19).

Proof: Let us start by assuming that the matrix A is ASSR with signature € = (€1, €2, .. ., €n) With g, = 1.

By Theorem 2 in [7], as g2 = 1, A is type-| staircase and, using Theorem 4.5, gx = (1) for all k € {1,2, ..., 6} holds.

For each he{1,..., 6}, we apply Theorems 4.11 and 4.12 to B = Ay, and conditions (i) and (ii) hold.

For the converse we assume that A is type-| staircase with depth 0, e = (e1)* for all k € {1,2,..., 0}, and for every
h=1,..., n—6+1, (i)-(ii) hold and we shall prove that the matrix is ASSR.

The proof is based on Theorem 3.10, so we have to prove that the conditions (i)-(iv) of this theorem are fullfilled.

e Condition (i) and (ii) of Theorem 3.10 are trivial by considering that A is type-| staircase and (i).
e Using the hypothesis (i), ex = (e1)* if 1 < k < 8 and Lemma 4.9, the condition (iii) of Theorem 3.10 is fulfilled.

e Finally, let us check the condition (iv) of the Theorem 3.10.

Given the matrix Aj, its depth 6" and the signature vector €" = (e1, .. ., €neny1). It is clear that el = g4 = (e1)* = (eN)¥,
so we are under the hypothesis of Lemma 4.9 and Lemma 4.10 and it is verified, for the positions (i", j") of matrix Ap,
that:

e +h -h -h ch __ :h -h _
— if " >4"and i" — " =i —j{ then Ejn_jh€jh_jhy1 = Ejn_1Ejh,
— if i" < " and i" — j" =77 = then Ein_nEin iy = Ein_1Ejh,
t t

where indices i/, j7,iP, j7 are given by conditions corresponding to (7) and (8).
The last part of the proof is that the conditions must hold for the matrices A, with h € {1,..., 0}. To prove this, we take
the matrix B = €1 A, whose signature verifies that g =1 for all k € {1,..., 6}. So the matrix Bp—g+1 with the signature
vector " =(1,..., 1) verifies the hypothesis of Theorem 3.3 in [5] and the matrix Bp—g+1 it is ASTP. Thus the matrix
An_e+1 = €1Bn_e+1 is ASSR and the conditions (i)-(iv) are fulfilled for it and all its submatrices Ax with k € {n—6+1, ..., n}.
Thus the conditions (i)-(iv) of Theorem 3.10 are fulfilled and the matrix A is ASSR with signature €. O

Note 4.15 Notice that the previous result is a generalization of Theorem 6 of [16]. That result is applied to strictly M-banded
matrices, while the new proposal allows us to characterize any ASSR matrices of type-I staircase, taking into account their depth.
In fact, one can observe that a strictly M-banded type-| staircase matrix has depth n — M. On the other hand, we should take
advantage of this moment to correct the last condition of Theorem 6 of [16], which should be written as Ay = AIM +1, ..., n.
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When the matrix A is type-ll staircase, a result similar to the Theorem 4.14 is presented. For that, we consider the matrix
B = P,A and the submatrices B, = Bl[h, ..., n] and B} with he {1,..., n—6+ 1} being 6 the depth of A. So, the following
result is a consequence of Corollary 4.8 and applying Theorem 4.14 to B.

Theorem 4.16 A nonsingular matrix A = (ajj)<; <, s ASSR with signature € = (g1, €, . . ., €n) and €2 = —1 if and only if
T T k(k=1)

B = P,A is type-I staircase with depth 0, ex = (—1)" 2 (e1)* forall k € {1,2,..., 6}, and for every h=1, ..., n—0+1 the
following properties hold simultaneously:

(i) the NE of the matrices By and B] can be performed without row exchanges;

(ii) the pivots p}; of the NE of By, satisfy conditions corresponding to (16), (17), and the pivots qj} of the NE B}, satisfy (18)
) _ (k-1)
and (19) for the signature vector € = (&1, .. ., &n) with & = (—1)k n Ek.

Theorems 4.14 and 4.16 allow us to implement a fast algorithm to check if a matrix A is ASSR by performing the NE
algorithm to the submatrices Ap.

Algorithm 1 NE characterization

Input: A: matrix of order n and a signature vector €
Output: If matrix A is ASSR with signature €, TRUE else FALSE
. Check that A is type-l staircase, calculate its depth 6 and check that g, = (g1)* for k € {2, ..., 0}
:forh=1ton—0+1do
Apply NE to matrix A, checking that no row exchanges are needed and pivots pjj satisfy (16) and (17)
Apply NE to matrix A}, checking that no row exchanges are needed and pivots gjj satisfy (18) and (19)
end for

g s wen

Algorithm 1 allows us to test if a type-l staircase matrix is ASSR using the simplification obtained in Theorem 4.14. If we
consider a type-Il staircase matrix, then we apply Theorem 4.16 and the following changes in Algorithm 1 should be considered:

1. Check that B = P,A is type-| staircase, calculate its depth 6 and check that ex = (—1)k(k51) (1)  for ke {2,..., 0}

3. Apply NE to matrix B, checking that no row exchanges are needed and pivots p,’j satisfy (16) and (17) for the signature

. k(k=1)
vector € = (&1, ..., &n) with & = (—1)" 2 &
4. Apply NE to matrix B/, checking that no row exchanges are needed and pivots gj} satisfy (18) and (19) for the signature
. k(k=1)
vector € = (&1, ..., &,) with & = (—1)" 2 - €k

It is possible to implement the algorithm so that the input argument is only the matrix and the output arguments are the
signature, the zero pattern and the depth in case the matrix is ASSR.
We have done it in these terms and we have applied it to the following examples.

Example 4.17 Given the matrix

-1
-2

A= 0 0
0 0 | =30 —-48 —42 28
0 0 -9 —42 172 -176
0 0 0 —-28 —176 —259

the algorithm returns the following results
0=61=1{1,367},J={1,347}1={1,2,3,4,7},J=1{1,3,56,7},
e=(-1,1,-1,1,-1,1).

It should be noted that since the depth 6 is 6, NE elimination must only be applied to the matrices A1 = A and A] = AT while
with the previous algorithms, it was necessary to apply the NE elimination to the matrices

{A1 AL, Ay, AS As, AL, Au, AL As, AL}
Example 4.18 Given the matrix

-2 —6

0
0 0 -9 —42 172 -176
0

0 0 —28 —176 —259

E Copyright © 2021 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2021, 00 1-11
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the algorithm returns the following results
6=6,1={1,3,6,7},J={1,3,4,7},1={1,2,3,4,7}, J={1,3,5,6,7},
e = “false”,

-1 =2 —42  —45
5 _g ) =2 and det(BJ[4,5]5,6]) = det( 179 —176 ) =
—348. In this example the ASSR conditions fail when we apply the NE elimination to BT . At the beginning of the fifth step, we
get the matrix

because the matrix is not ASSR, det(B]1, 2|1,2]) = det (

-1 -2 0 0 0 0
0 -2 0 0 0 0
(BT = 0 0 -21 -30 -9 0
0 0 0 —51429 -29.1430 -28
0 0 o 0 -3 —17.3330
0 0 o 0 101.5000 116

it can be seen that the pivots of the fifth column must all be negative, however the pivot gss = (BT )¥[6]5] = 101.5 is positive.

5. Numerical experiments and applications

In this section we present a numerical experiment associated with a problem modeled through a differential equation. In this
sense, it should be noted that classic problems as:

e an elastic cord held at both ends with unitary tension and subjected to a transverse load of intensity f(x)
e an elastic bar held at both ends and subjected to axial load of intensity f(x) or
e the conduction of heat in a bar subjected to a distributed heat source f(x) with constant temperature at the ends

can be established from a differential equation in one dimension and of the second order of the type:

d'(t) + g(tu(t) = £(t), tela bl
u(a) =0,
u(b) = 0.

The finite element method consists of looking for the solution in a finite dimensional vector space and reducing the problem to
calculating the coordinates of the solution with respect to a given base. This reduces the problem to a system of linear equations
in which the matrix of coefficients, called the stiffness matrix of the system, is a structured matrix. When applying the method
to certain cases, an ASSR matrix results. In these cases, high precision methods specifically designed for this type of matrices
can be used and a highly accurate solution is obtained.

We perform several experiments and, here, we show one. We solve the next differential equation

—u"(t) +3000 u(t) = t sin(t + 27/3), t el 3],
u(l) =0,
u(3) =0.

Using 21 nodes in the equation, we obtain a tridiagonal linear system, A- X = b, where the matrix A (stiffness matrix) is of
order 19

220 40 0 0

40 220 40 0

A= 0 40 220 0
0 0 0 220

and the matrix of constant terms is

bt:(—0.0060 —0.0184 —0.0326 —0.0485 —0.0657 —0.0841 —0.1033 —0.1231 —0.1431 -0.1630
—0.1824 —0.2010 -—-0.2183 —-0.2342 —-0.2481 —-0.2597 -—0.2689 —-0.2751 —0.2783).

Thus, applying Algorithm 1, it is possible to verify that the obtained matrix (stiffness matrix) is an ASSR matrix with signature
sequence ¢ = (1,1,1,..., 1,1). Next, we will use Neville’'s method to solve the resulting system, and we will analyze the error
made with respect to the exact solution of that system. It should be noted that the exact solution of the system has been
obtained using symbolic calculus in Matlab.

To carry out the Neville process (see [8]), the following algorithm have been implemented using Matlab:

Math. Meth. Appl. Sci. 2021, 00 1-11 Copyright © 2021 John Wiley & Sons, Ltd. E
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function [A Piv Ak] = Neville(A,n)
% Function to apply the Neville Elimination method to a square matrix.
% Input arguments:

yA A oLl a square matrix

% 0o the order of the matrix A (optional)

% Output arguments:

yA A ...l the matrix we obtain at the end of the process

yA Piv ....... Matrix with the pivots of the NE algorithm

% Ak ... .. A 3-dimensional array with all the matrices A_k
% of the procedure A_1=Ak(:,:,1), A_2=Ak(:,:,2),...

if nargin < 2; n = size(A,2); end
Piv = zeros(n,n);
for j = 1:n
Ak(:,:,3) = A;
[I,bnd] = Pivoting(A(j:end,j),j,n);
A= A(T,:);
Piv(j:end,j) = A(j:end,j);
for i = bnd:-1:(j+1)
A(i,:) = A(L,:)-A(1,j)/A(1-1,))*A(i-1,:);
end
end

In the next table, we compare the solution obtained by using the MatLab command (ML), this is X = A\ b, the Neville
algorithm (NE) and the symbolic computation (SY) with the usual norms:

[[MC-SY]| [INE-SY]|

1-norm 1.3993e-18 | 7.0473e-19
2-norm | 5.1233e-19 | 3.0905e-19
oo-norm | 3.2526e-19 | 2.1684e-19

It can be seen that the combination between the presented algorithmic characterization shown and the Neville algorithm is
efficient for this type of applications.

Finally, it should be noted that other efficient tools that use NE to work with SR matrices can be found, for instance, in [15]
and [17]. In the first one, several algorithms (functions) have been implemented using Matlab to work with ASSR matrices. The
second includes a software package that can perform virtually all matrix computations with nonsingular TP matrices to high
relative accuracy (HRA), under certain conditions. HRA means that the relative errors of the computations are of the order of
machine precision, independently of the size of the condition number. If the stiffness matrix (A) is a TP matrix, it is possible
to use the function TNBD, to computes the bidiagonal decomposition of the matrix A by performing NE, next, using function
TNSolve, we can solve the linear system A X=b using backward substitution.

6. Conclusions

It is shown that the new concept of depth (8) of an n x n staircase matrix A is a very useful tool to deal with ASSR matrices.
On the one hand, it determines the initial & components of the signature of A. In particular, if the depth is maximal, that is 8 = n
then the signature is completely determined. On the other hand, the depth can be used to simplify and reduce the computational
cost of the algorithm to check if a given matrix is ASSR with a given signature. This reduction increases with the depth of the
matrix.
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