EXISTENCE AND LONG-TIME BEHAVIOR OF SOLUTIONS TO THE
VELOCITY-VORTICITY-VOIGT MODEL OF THE 3D NAVIER-STOKES EQUATIONS
WITH DAMPING AND MEMORY

NGUYEN DUONG TOANH

ABSTRACT. In this paper, we study the long-time dynamical behavior of the non-autonomous velocity-
vorticity-Voigt model of the 3D Navier-Stokes equations with damping and memory. We first investigate
the existence and uniqueness of weak solutions to the initial boundary value problem for above-mentioned
model. Next, we prove the existence of uniform attractor of this problem, where the time-dependent forcing
term f € LZ(R; H~1(Q)) is only translation bounded instead of translation compact. The results in this
paper will extend and improve some results in Yue, Wang (Comput. Math. Appl., 2020) in the case of
non-autonomous and contain memory kernels which have not been studied before.

1. INTRODUCTION

In this paper, we study the long-time dynamical behavior of the solutions for the following velocity-
vorticity-Voigt system with memory:

up — ?Auy — VAU — fooo K(s)Au(t — s)ds + w x u+ Vp = f, reQt>T,

wy — 9Aw — [T U(s)Aw(t — s)ds+ (u-VIw — (w-V)u+dw=Vx f, z€Qt>r,
V-u=0,V -w=0, reQt>T, (1.1)
u(z,t) =0, w(z,t) =0, x €00 t>T,

u(z, 7) = ur(x), w(z, 7) = w, (), x € Q,

u(z, 7 —8) = ¢-(x,8),w(x, 7 — 3) = pr(x), zeN,s>0,

where  is a bounded domain in R? with smooth boundary 9€; the vector field u = (uy, ug, u3) is averaged
velocity of the fluid; w = (wy, wy, w3) represents vorticity but we do not assume w =V x u; f = f(x,t) is
an external forcing term; p = p(z,t) is the pressure; 9 > 0 is the kinematic viscosity and the term Aw (X is
a positive constant determined later) is damping term, which parameterizes the extra dissipation occurring
in the planetary boundary layer (see [16]), « is a length scale parameter characterizing the elasticity of the
fluid (see [7]). The second equation of system is called vorticity equation with memory.

In 2019, Larios et al. [§] pointed out that the Voigt-regularization and the velocity-vorticity formulation
have not been able to overcome all the analytical and computational difficulty inherent in the 3D Navier-
Stokes equations of incompressible fluid flow. Therefore, they combine these two approaches and contructed
the new system which will retain the best qualities of both systems and have solutions that are closer to the
actual physics of fluids, while still having enough regularization that the equations are better behaved from
the standpoints of mathematical analysis, numerical stability, and computational efficiency. The new system
is a new regularization of the 3D Navier-Stokes equations, which is called the 3D velocity-vorticity-Voigt
(VVV) model, with a Voigt regularization term added to momentum equation in velocity-vorticity form, but
with no regularizing term in the vorticity equation. In [8], the authors only proved the global well-posedness
by Galerkin approximation and convergence properties of the system.

In 2020, G.Yue and J. Wang [I5] also considered VVV model as in [8], but added the damping term Aw
to the second equation, which parameterizes the extra dissipation occurring in the planetary boundary layer
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(see [I7]), such as
u — a?Auy — AU+ w x u+ Vp = f,
wy — AW+ (u- Vw — (w-V)u+ Adw =V X f, (1.2)
V-u=0,V-w=0.

The authors proved the existence of global and exponential attractors of the three-dimensional VVV system.

In the last few years, in the case of A =0, « = 0 and w = V X u, the system becomes the model
studied by the authors in [IT]. They investigated well-posedness of a velocityvorticity formulation of the 3D
Navier-Stokes (NS) equations with no-slip boundary conditions.

Now if we consider the system in the case of incorporating hereditary effects, we add a fading memory
term to , the system can be turned into the VVV system with memory that we will study. The speed
of energy dissipation for is faster than for the usual VVV system. The conduction of energy is not
only affected by present external forces but also by historic external forces. The system appears as an
extension of the usual VVV system in the realm of viscoelastic incompressible fluid models.

In this paper, we will prove the existence of weak solutions, the existence of uniform attractor for VVV
system, while the time-dependent forcing term is only translation bounded instead of translation compact
(see (F) below) and the memory kernel satisfies general assumption (see (M) below). To study the problem
7 we assume that the external force and the memory kernel satisfy the following conditions:

(M) The convolution (or memory) kernel x and [ are nonnegative summable functions having the explicit
form

w9 = [ utar, 166 = [ v

where p,v € LY(R*) are decreasing (hence nonnegative) piecewise absolutely continuous in each
interval [0, 7] with T > 0 and satisfy [~ u(s)ds =1, [;° v(s)ds = 1. In particular, u, v are allowed
to exhibit (infinitely many) jumps. Moreover, we require that

K(s) < 01u(s), I(s) < Oyv(s), (1.3)

for some 61,6, > 0 and every s > 0. As shown in Gatti et al [5], this is completely equivalent to the
requirement that

p(r 4 s) < Me " p(s), v(r+s) < Me™"u(s), (1.4)

for some M > 1,§ > 0, every r > 0 and almost every s > 0.
(F) The external force f € L(R; H~1(f)), the space of translation bounded functions in LZ . (R; H~()),
that is, f € L2 (R; H~1()) satisfies

loc

t+1
113 =sup [ 176 < +oc.
teR Jt

For f € L} (R; H~*(12)), we denote by H,,(f) the closure of the set {f(- +h)|h € R} in L} (R; H~*(2)) with
the weak topology. Noting that, as in [3, Chapter 5, Proposition 4.2], we have: H,,(f) is weakly compact
and for all o € H,,(f),

2 2
lolZs < 11£1%.

The paper is organized as follows. In Section 2, we introduce some notations, functions spaces, and recall
some basic inequalities that will be used frequently in this paper. In Section 3, we prove the existence
and uniqueness of weak solutions by using the Faedo-Galerkin method. Finally, in Section 4, we show the
existence of uniform attractor for the continuous semigroup generated by the weak solutions.

2. NOTATIONS AND PRELIMINARIES

In this section, we recall some notations about function spaces and preliminary results. We can find it,
for example, in [6], 13} [15].

For 1 < p < oo and k € N, spaces LP(Q) = (LP(Q))3, H*(Q) = (H*(Q))?, and HE(Q) = (HE(Q))? will
denote the Lebesgue and Sobolev spaces of vector-valued functions on © as usual, where H* = W2 is a
Hilbert space. We also denote by ||.|| and (-,-) the normal and scalar product in L?*(Q2), respectively. Let
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C\(I; X) be the space of the weakly continous functions u that take values in X for almost every t € I, such
that the L” norm of ||u||x is finite. For v = (u1, us,u3) and v = (vy,ve, v3), we denote by

3 3

3
(wv) = (i o)z, [ul® = lwl® Vol =
i=1

i=1 i,j=1

2

9v;
8:@

We set
V={ue (CSO(Q))?’ :Vu =0},

H and V are the closures of V in L*(Q) and H'(Q). Besides, V! denote the dual space of V. For
convenience, we use ||u|| and ||u||; to denote the norms of v in H and V.
Let

P:L*(Q)=HoH" - H
be the Helmholtz-Leray orthogonal projection. The Stokes operator is defined as
A= —PA,D(A) = H*(Q)NV.

It is known to us all that the operator A is a self-adjoint positively definite operator in H, and its inverse
A~1is a compact operator from H into H. Moreover D(Az) =V and

lully = [Vull = [|A2ull, VueV.
Denote the family of Hilbert spaces V; = D(A2), (s € R,a € (0,1]), endowed with inner product

s—1

(u, v}y, = (A=

u,A%w + a?(A%u, AZv),
and norm
lullt, = 147 ul® + o] A% ul>.
So we have the following results
1
lull}, = llul® + @[ AZul* = |u]|* + 2|Vl

1
lullf, = 142w + || Aul* = [|Vu|? + o®|| Aul|?,

1 1 1
IVull* = — - [IVull* < — (Ilul® + o®[[Vul®) = =5 [lulli;,
1 1 1
2 2 2 2 2 2 2
[Aul = = - @*|Aull* < = (IVul® + o*[[Aul®) = = ull7,.

Then we introduce the standard bilinear and the trilinear forms
B(u,v) = P((u-V)v),
b(u, v, w) = (B(u,v),w).

It is clear that the bilinear form B(-,-) can be extended to a continuous map B : V x V — V=1 where V!
is the dual space of V. And for smooth functions u, v, w € v, we have

(B(u,v),w) = /(u -V)v - wdz.

And then the trilinear form b(-, -, -) satisfies the following equalities and inequalities (see e.g. [10]):
For every u,v,w € V, we have

b(u,v,v) =0,  b(u,v,w) = —b(u, w,v), (2.1)
[b(u, v, w)| < Clull > | Vul? | V||| Vuwl, (2.2)
|b(u, v, w)| < CJ|v]| || Vo2 || Vull[| V], (2.3)
|b(u, v, w)| < Cllw]| 2|V 2 | Vull| Vo] (2.4)

Next we give more estimates that we will often use later: For any v € V', the following inequalities hold

lullzs < Cllull2[Vull?, Jullzs < Clull3IVull,  ullze < C[[Vul. (2.5)
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Next, in order to cary out our analysis, we introduce some new variables which reflect the past history of

, given by

n'(z,s) = n(z,t,s) = / u(z,t —r)dr, ('(x,s) = ((x,t,5) = / w(z,t —r)dr, (z,t,5) € Q x [0,00) x RT.
0 0

We can check that

o' (z,s) = u(x,t) — dsn'(z,s), 0 (z,s) = w(z,t) — ¢ (z,5), (z,t,5) € Q x[0,00) x RT,

and
ﬂt(%o) := lim Wt(x,s) =0, Ct(x,()) = lim Ct(x,s) =0, (1’,t) €N x [0,00),
s—0 s—0

N (z,s) =n-(x,s) = / u(r)dr, ("(x,s) =((x,8) = / w(r)dr, (z,s) € Q x RT.
0 0
Setting u(s) = —k'(s) and v(s) = —k’(s), problem (|1.1]) can be transformed into the following system

uy — o Auyg — 9Au — [° p(s)An'(s)ds + w x u+ Vp = f, (x,t) € Q x [1,00),

wy — 9Aw — [ v(s)ALN(s)ds + (u- V)w — (w- V)u+ Aw =V x f, (x,t) € Q x [1,00),
n+nl=u, (w,t,8) € Q x [1,00) x R,
G+ =w, (w,t,8) € Q% [r,00) x R,
V-u=0,V-w=0, (z,t) € Q X [1,00),

u(x,t) =0, w(z,t) =0, x € dNt>T,

w(z, 7) = ur(z), w(z,7) = wr(z), x €,

n"(z,8) = n-(z,s) = f; q-(z,m)dr, (" (z,8) = (r(z,8) = fospr(a:,r)dr, r€eN,s>0,

2.6

Besides, to simplify the notation, we take the viscosity ¥ = 1 and then we apply the HelmholtZ—L(era})f
projector P to the system to obtain the following equivalent functional differential equation

up + o Aug + Au+ [° p(s)An'(s)ds + P(w x u) = Pf,

wy + Aw + [ v(s)AC!(s)ds + B(u, w) — B(w,u) + Aw = V x (Pf),

i+ s =u,

G+ =mw,
with boundary conditions

u(z,t) = w(z,t) =0, n'(x,0) =" (z,0)=0on (z,t) € 9N x RT,

2.7)

and initial conditions
u(z, 7) = u, (2), wr,7) = we (), 0" (x,8) =n.(2,5), ("(7,5) = ((7,8) (,8) € QxR (2.8)

Next, we define the memory space. Let L (R, H) be the Hilbert space of functions ¢: Rt — L?(Q2) endowed
with the inner product

o1, 02}, = / " u(s) (r(s), oa(s)) ds,

and let [[[|,, denote the corresponding norm. In a similar manner we introduce the inner product (-,-); ,,{, ")z,
Ls |- |2, o0 LZ(]R"‘, V) and Li(R"’,D(A)) as

and relative norms || - |

o0

<whﬂ=¢wmuWw&u=@>mm#;Hﬂﬁ#=A u@wvﬂ$W®JWﬁu=é 1(s)|Ap(s)|*ds.
We also introduce the Hilbert spaces
Hi=Vix HxLy(RT, V) x LL(RT, V),
Hy = Vo x Vi x L (RT, D(A)) x L, (R, D(A)).

The norm induced on H; for i = 1,2, are

W%mm@%;ﬂM&+Wﬂ%+A MﬂWWMﬁB+A v(s)[V¢(s)|Ids,
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and
oo o0
(s w,m, I3, = llull¥, + [lwllF; +/O p(s)l[An(s)|*ds +/O v(s)|AC(s)|*ds.
In addition, we recall some useful inequalities (see e.g. [13]) which will be used throughout this paper.

e Poincaré inequality: |u|

Vst < T”u‘ Vst Vu € VS+1'
1

Therefore, taking advantage of Poincaré inequality, we have the following two estimates

1 1
lull, = llul® + o®(|Vu]* < ylllv'ull2 +a?|[Vul® = [ Vul?,
[e3

1 1
lull%, = [IVull® + o[ Aul* < ATIIAUH2 + o Aul® = || Aul?, (2.9)

A1

1+ )\10[2 '
e Agmon inequalities in 3D: For any u € D(A), we have

1 1 1 3
[ullzee < ClIVull2[|Aull2, flullpe < Cllul[*]|Au][.

where k, =

e Gronwall’s inequality: Let ¢(t) € R satisfy the differential inequality

o1 < g(t)p + hi(t).
Then

t
p(t) < p0) 4 [ SO,
0

¢
where G(t) = / g(r)dr. In particular, if @; < by + v, where b and ~ are constants, then
0

o(t) < poe’ + % (e" —1).

Finally, we will provide a auxiliary lemma to serve later sections.

Lemma 2.1. Assume that hypotheses (M) hold. Then for any u,w € Vi and nt € LZ(R*,V),Ct €
L2(R*, V), the following inequalities hold

/OOO K(s)IVn'(s)]|*ds < Orlln*l[5, < Or([[ull5, + [In*[IF ,.); (2.10)

0o t oo : 9 ) oo . ) .
/o 1Ive (5”'2‘1‘9392/0 VIVET)Ids = 02 (”V“’” " / V()¢ (5)] dS)’ (2.11)
Z(/ “(s)”w“s”%)ﬁ‘; | sV 0) s +-20m(0) Ve (2.12)
G ([ iIveors) < -4 [T u@Iveitas + o) vul? (213)

Proof. By hypotheses (1.3]), we immediately obtain (2.10) and :2.11.
Besides, using the third equation of (2.7]) and exploiting again (|1.4)), we have

L[ eenvaropeas)

__ 2/000 () /Q Vil Vit dads + 2/000 1 (5) (7t (5), uyv ds

o d t 2 o t
- / K() V()]s +2 / () (' (3), w) v ds

o0

——R@ITI@E] [ @I @2 [ R v

gf/ u(s)||V77t(s)||2ds+201/ ,u(s)/ V' - Vudzds
0 0 Q



6 N.D. TOAN

< [T uener s o ( [ ueivaipas) ([ ueivaras)

1 [e.¢]
<- 5/ M(S)Ilvnt(S)HQdS+29f||VUI|2/ K (s)ds
0 0

oo

1 oo
<=5 [ HOIVH ) Pds + 260V
Similarly, we also get (2.13]).

3. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS

Definition 3.1. A function z = (u,w,n’, (") is called a weak solution on the time interval [, T] of problem
R.7)-([2.8) with the initial datum z(7) = z; € H1 and external force f € L*(r,T;V 1) if

ue C([r,T;V1), we€ Cu([r,T];H)NL*(1,T;V),
ug € L*(1,T;V), wy € LA(r,T; V™1,
n' € C([r,T; L. (R, V), (' e C([r,T); L2(RT,V)),
' + 0sn' € L°(7,T; L,(RT, H)) N L*(7, T; L3, (R*, V1)),
O Ct + 05¢t € L (7, T; LA(RY, H)) N L2(7, T; LA(R*, V1)),
and
<ut > <ut590>V + <u7@>V + <77t7%0>1,u + <w X U,QD> = <f7 (p>V*1,Va
<77€ +7737 > 1,u — <u £t> 1,5
(we, ) + (W, p)v + (1 )1 — (B(u, ), w) — (B(w,u), 0) = —(f,V X p)y-1,v,
<Ct + <53w> 1,v — <wa¢>1,u7
for every test functions ¢ € L*(7,T;V N L>(Q)) and " € L2 (RT, V), @' € LZ(RT,V).

The following result on the existence and uniqueness of weak solutions to the model (1.1 (also (2.7)-(2.8]))
was proved by a Faedo-Garlerkin.

Theorem 3.1. Assume that hypotheses (F), (M) hold. Then for any z; = (ur,wr,n",(") € Hi, any
o € Hy(f) and any T > 7, 7 € R given, problem (2.7)-(2.8)) (with o in place of f) has a unique weak

solution z = (u, w,nt, ¢t on the interval [7,T] satisfying
z € C([r, T); H1).
Moreover, the weak solution depends continuously on the initial data on H;.

Proof. i) Existence.
Consider the approximate solution z,(t) = (un(t), w,(t),nt, ) in the form

t)=§_;unj(t)wj, wn(t)=z_:1wnj(t)¢j and (s an ()&5(s), CZ(S):Z_:ICM(U%(S)

satisfying
<(8tun + OéZAatUm aﬂ?fl% (®k, fj)>HxLﬁ(R+,V)
_ <<—Aun = [ ) Ak 5)ds = Pl  wa) + o =00k, (51 ej>> 7
0 HxL2(R+,V)

(v, 0iG)s (2h: 83)) 12 e v

= <(—Awn — /000 w(s)ACL (s)ds — B(tn, wy) + B(wn,un) + V x Po, w, — 35C1), (o, ¢j)>

HxLﬁ(JR*,V)’
(Unvn;)h:,r = (Pnura Qnﬁr)v

(w'm Cfl)‘t:‘r = (inT7 Qnér),
(3.1)
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for a.e. t < T, for every k,j = 0,...,n, where pg,& and ¢g are the zero vectors in the respective spaces.
Taking (©k,&0), (¢k, Po) and (o, &), (o, @x) in (3.1), and applying the divergence theorem to the term

</00° M(S)AUZ(S)CZS,S%> and </Ooo V(S)ACZ(S)dS,¢k>

we get a system of ODE in the variable zx(¢) of the form

d
—(1+ @®ap)unk = —aguny, — Znnj (€3> er)1,, + (PO, @x)

dt =
d n
2 Wnk = —QkWnk — Zan (&rer)y,, + (B(Wnk, tnk), o) + (V x Po, o),
o (3.2)
nnk Zun] <P77€k Znnj 5]7§k>1ﬂ
j=1
an] @Jv(bk ZCn] £]7¢k
subject to the initial condltlons
unk(T) = <UT, S0k>V 5
Wne\T) = (Wr, Pk ’
(1) =« v (3.3)

Mk = (M2 €)1
Gk = (CrsPr)1 -

According to the Picard-Lindel6f Theorem, we know that there exists a solution of (3.2)-(3.3)) on some
interval (7,T},). The a priori estimates below imply that in fact T,, = 4oc.
Multiplying the first equation of (3.1]) by the function (unk, Mni), then summing from & = 1 to n, we have

1d

335 (a9 )+ [Vl + [ (s)(V(s), Vua s = (P
U, = O, + Osmt,. (3.4)

Integrating by parts, we have

oo

| ). Vs = [ w(s) Va6 00 (s + [ )Pk, 0.9 (5)s
0 0 0

- 14 ( I u(S)IVnZ(S)Il2d8> - [ wENva s

Besides, from conditions (M) and the Cauchy inequality, we can see that
(oo}
2 [ HOIVE s 2 0and  2APoun)yry < [Polfos + [Vl
0

Combining all the above estimates, we get

d o0
& (hnlP 2190l 5 [ uIVak ) Pds) + 170, < ol (35)

Integrating on (7,¢), t € (1,7, leads to

t t
Jr/ ||Vun(r)||2dr§y(7')+0/ ||PO'||‘2/_1d7',

where y(t) = [[un(t)||* + 2| Vun (O[* + [5 ()| Vr, (5)]*ds.
This inequality implies that
{un} is bounded in  L*°(7,T; Vi),

3.6
{n,} isbounded in L>(7,T; L2 (R*,V)). (3.6)



8 N.D. TOAN

Therefore, by the Banach-Alaoglu Theorem, there exists functions « and 1’ such that
u, = u weakly-star in  L(7,T; V1),

t t . 0o T2 4 (37)

M, =1 weakly-star in  L>(7,T; L,,(R™,V)),

and
Au, — Au  weakly-star in  L>®(1,T; V1), (3.8)
Anl, = An'  weakly-star in  L®(r,T; L. (RT, V1)), .

up to a subsequence.
Multiplying the second equation of (3.1)) by the function (wng, (ur), then summing from k = 1 to n, we
have

1d

i%ﬂwnﬂz + | Vwn|? 4+ A|Jw, ||? —I—/ w(s)(VCE(s), Vwy)ds = b(w, Uy, wy,) + (V X Po,w,),
0

Integrating by parts, we have

/OO v(s)(V¢!(s), Vo, )ds :/0

-4 ( s v<s>||v<z<s>||2ds) - [T

On the other hand, by conditions (M) and the Cauchy inequality, we obtain

o0

v(s)(V((5), VG, (s))ds + /OOO v(s){V(p(s), 0: V(' (s))ds

9 /OOO V(s)|VC (s)|2ds > 0 and  2(V x Poyw,) < 2||V x Pol? + %IlenHZ.
Using the (2.12)) and the Cauchy inequality once again, we have
20b(wn, tn, wa)| < O Vg [wn |2 | Ve |
< ClITunl ol + 5 IV

Combining all the above estimates, we have

d o0
o7 <|wn2 +/0 V(S)IIVCZ(8)||2d8> + V| < CVun|*lwall® + 2V x Po]*.

Therefore,
d
ay(t) + [|[Vw, ||> < Cy(t) + 2|V x Pol* (3.10)

where y(t) = [lwa||> + [ v(s)[| VL (s)]|?ds. Applying the Gronwall lemma, we get

[e%e] T
laal? + [ o)V Pds < )T 2 [ I x P < o

This inequality implies that
{w,} is bounded in L*(r,T;H),

3.11
{¢t} isbounded in  L®(r,T; L% (R, Hj(Q))). (8:11)

Besides, integrating (3.10) from 7 to T, leads to
{w,} is bounded in L*(7,T; Hy (D)), (3.12)

Now, multiplying the first equation of(3.1)) by the function (wyk, (), and summing form k& = 1 to n, then
taking the divergence of this equation, and denoting v, := V - wy, ¢ := V - w,, we get

%vn + Avy, + B(up, vn) + / vAC! (s)ds = 0. (3.13)
0
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Next we take inner-products with the above equation by v,,, we get

d b .
% (1ol + [T oC oI ) + 2170, <0, (3.14)
0
d
—y(t) < y(t
Ly <),

where y(t) = [jvn || + [° v||VCE(s)|2ds. Using the Gronwall lemma, we have
y(t) < y(r)el 7.

If the initial data (w;, ;) is in H x L2(R*, V), we have (v, (7), () = (0,0), which implies (V X w,, V x () =
(00, C) = (0,0) in L2([7, T); L2() x L2([r, T); L2(R*, HA(). Since L2([r, T); H) x LX([r, T); I2(R™, V)
is closed in L2([r,T); L*(Q)) x L*([r,T); L2(RT, H}(Q2)), this implies (V - w,V - ¢*) = (0,0), so long as
(V-w,,V-¢) = (0,0). Namely, we have (w,(?) € L®(r,T; HYNL?(7,T; V) x L?>(1,T; L2(R*, V). Besides,
from , we also obtain

lomll? + / V| VE (s) 2ds + 2 /

T

T oo
IV onl2dt < [lon (7)) + / VIV (3)Pds,

this implies that (v,, ") is uniformly bounded in L2(r, T; HL(Q)) x L2(r, T; L2(R*, HA(Q)).
Therefore, by similar arguments as above for u,, and n!,, we get

w, = w weakly in L*(1,T;V), (3.15)
¢t —(¢" weakly-star in  L°(7, T; LA2(R*,V)), .

and
Aw, — Aw  weakly-star in L>(,T; V1), (3.16)
ACl — AC* weakly-star in  L=(7, T; L2, (R*, V1)), .

up to a subsequence.
Next, we estimate Oyup, dyw,. Multiplying the first equation of(3.1) by the function (u.,,n,,), then
summing from k£ = 1 to n, we have

1d o
5 71 Vunl® + 10 ]” + 00, Vun||* = */ 1(8)(V115,(8), 0 Vun)ds — (P(wn X up), dyun) + (Po, dyun)y-1,v,
0
(3.17)

Using the Holder and Young inequalities and (2.12)), (3.6)), (3.11), we get

oo

—/ p(5)(V115,(5), 0V )ds < C(E)/ v($)[V,(5)[Pds + ellll 2 ) 10: Ve |
0 0

1 9 a? 9
(Po, Ogun)y -1y < ?HPUHv—l + ZHatvunH )

—(P(wn X un), Optin) < [wn | 3] unl[|Orun]| o
< Cllwall2[[Vwn |2 lun | 10: V||
< Cle, [lunl)IVwn][[|0:Vun |
2, @ 2
< Oa, [[un DIVewnll” + —-110: Ve |
Combining all the above estimates, we get
d 2 2 2 2 2 2 t
G IVunll” + 2010:unl” + (o = 2eflull L1 @n))10: Ve |* < Clas [lun ) Vwnll” + [ Polly—s + Ce, llmn[l1,u)-

Choosing € > 0 small enough such that o? — del|pl| L1 m+y > 0 and then integrating on (7,t), t € (7,T), leads
to

t
[V +/ (10sun (r)I* + (@ = 2¢]l )l 1 @) |0 Vun (1) |1?) dr
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T T
< C(a, HunH)/ [V, (£)[|dt +/ |Palf—rdt + C (e, [l ]l1.,:)T-
This inequality implies that
{0su,} is bounded in  L*(1,T; V) (3.18)
thus
Oy, — vy weakly in  L2(7,T; V1) (3.19)

up to a subsequence.
Now, we consider the nonlinear terms in the second equation of (3.1)). By (2.12)), we get

(- V)wn, )| < [unl|2 |V || 2 [ Vaon || V6|

for all test functions ¢ € V. Thus, —B(u,,w,) is uniformly bounded in L?(7,T;V ~1!). Similar estimates
show that B(w,,u,) is also uniformly bounded in L?(7,T;V ~!). Therefore, from the second equation of
(3.1) and by the bounds we obtain above, we have

{0;w,} is bounded in L*(r,T; V1), (3.20)
thus
Ow, — w;  weakly in  L*(1,T; V1) (3.21)

up to a subsequence. Applying the AubinLions lemma in [9], we can conclude that (u,,w,) — (u,w) strongly
in L?(r,T; H) x L*(7,T; H).

Now, choosing some test function (v, &) € CX([r, T]; V) x D(([r, T]; D(R*,V)), then holds with (¢, £)
in place of (g, &;). Integrating the resulting equation over (7,7") and integrating by parts, we get

~ [ Gt + G ), D) 7))
T
—Oé2/ (Vun,thﬁlt—a2<Vun(-,T),V¢t(~,T)>+a2<Vun(-,T),th(-,T)>
+/ (Vun,Vw>dt+/ (wp, X U, Pptp dt+/ / s)(Vnk, Vi) = / (Pf, )y -1 vdt,

T (3.22)
- / (W )+ (wn (- T), (- T)) — (w57, e (7))

+/ (Vun,Vw>dt+/ <B(un,wn),Pn1/J>dt—/ (B(wn, un), Potb)dt

T

/ / S)(VCE, Vi) = /TT<pa,v X Pyt

By similar arguments as in [§], we have

—0 as n— oo,

T T
/ <wn X Unp, in>dt - / <’LU X u7¢>dt

as  n — oo,

T T
/ (B(un,wn),Pnz/Jdt—/ (B(u, w), ¥)dt| — 0

—0 as n— oo.

/TT<B(wn,un),Pn1/Jdt — /TT<B(U),U),1/J>dt

Besides, the pressure term p can be recovered using a corollary of a deep result of G. de Rham. The corollary
states that, for any distribution g, the equality g = Vp holds for some distribution p if and only if (g, w) =0
for all w € V. See [14] for an elementary proof of the corollary. Moreover, by standard arguments, we can
check that z satisfies the initial condition z(7) = z,. This implies that z = (u,n%, w, (?) is a weak solution of

problem (2.7).
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ii) Uniqueness and continuous dependence. We assume that 21 = (u1,n%, wy, ¢}) and Zp = (ug,mb, w2, C5)
are two solutions subject to initial data z;(7) and 23(7), respectively. Denote (U, 7*, W, (") = (u1 — ug,n} —
15, w1 — wa, ¢ — (3), we have

U + o? AUy + AU + [° u(s)Ant(s)ds + P(wy x U) + P(W x ug) = 0,

Wi+ AW + [% v(s)AC(s)ds + B(uy, W) — B(wz,U) — B(W,uy) + AW =0, (3.23)
ﬁ;&t + ﬁg =U, .
GH+E=w

Taking the inner product of the first equation of (4.1]) in L2(Q) by U and the second one by W, we obtain
1 d o0 ~ o0 B
31 (0P + Q21901 + [~ u(e 19 @) 12as ) + 1901 = [ @IVt s)Fds = ~(POY w2, 0,
1d o0 _ oo B
5 (W14 [T oITC@IPas) + 9w+ WP - [ 769 o) Pas
=b(W,uy, W) + b(wse, U, W) — b(U, wy, W),

where (P(w; x U),U) =0and U =qf +7t, W =l +
From the boundedness of ||uz|| and || Vws||, we deduce that there exists a constant Cy, such that [|Vuq ||, ||uz]], || Vws| <

C1. Therefore, using (2.5)), (2.4) and Holder’s inequality, Young’s inequality, we get
(P(W xug),U)| < /Q (Wlluz|[Uldz < [[W][ s |luz [|U]] o

< CL[WE VW |z VU |
C

1
<GlwlIvwl + Vol

c C
<CUWIP + VW + VU,

and
bz, U, W) = b{U, we, W)| < CIVU][ Vs || W] 3 [V
< G| VU|IWIF 9w 3
<awiivw)+ v
< ol + L ywwi + ol
and

bW, ur, W)| < OV |[[|W]|2 [ VW 2
< C|W|E|VW|2

C
<GUW + W
Combining the above three estimates, it yields

1d ° C C
51 (0P +2IVUIE + [~ w9 6)Pas) + IVUI < Calwi + ST+ FIUlE, (20
0

o0

1d o _ )
2dt(WH2+/0 WMW@@W®>+VWW+WWW—A V' (s)[|VC ()| 2ds

Ch Ch
< WP + VW + VU2, (3.26)
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where — |V17 ( )[|2ds >0 and — [;% 1/(s)[[VC!(s)||*ds > 0.

f
Adding (4.2 and gives

1d o0 ) o0 )
3% (|U||2Vl HIWIE+ [ Vi o) s + / VIV ) IPds ) < 200 (I IE + [TW -+ [V02).
Thus,

Zy(t) < ACy(t),

V(1) <4Cy()
where y(t) = U, + [WI? + J;* n(s)[97'(5) s + f5* v()[VE! ()] ds:

By applying the Gronwall mequahty7 we obtain

y(t) < " Ty(r).

Therefore,
U1+ W12+ [ )9 (s) Pds + [ v(s) 98 s) Pds
0 0
< (U, + WP+ [ I Tr @+ [ 619 e)Ps)
0 0
IR

This proves the uniqueness (when z1(7) = z2(7)) and the continous dependence on the initial data of the
weak solution. This completes the proof.

1 —T
< 52T (U, + W2 + 17 ()3

O

4. EXISTENCE OF A UNIFORM ATTRACTOR
Theorem allows us to define a family of processes {Us(t,7)}se,, (f) as follows
Uy(t,7) : H1 — Ha,

where U, (t,7)z, is the unique weak solution of (1.1)) (with o in place of f) at the time ¢ with the initial
datum z, at 7.
The aim of this section is to prove the following theorem.

Theorem 4.1. Assume that conditions (F') and (M) hold. Then the family of processes {Uys(t, T)}sern (f)s
corresponding to problem (2.6) in Hy has a compact uniform (w.r.t o € H,(f)) attractor A® in the space
Hi. Moreover,

A= |J Ko(s), VseR,
c€Hw(f)
where IC,(8) is the kernel section at time s of the process Uy (t,T).

For proving this theorem, we need to show that the processes U, (t, 7) has a uniform absorbing set By in
Hy and U, (t,7) is uniform asymptotically compact in H;.

4.1. Existence of a uniform absorbing set. Now, we prove the existence of a uniform absorbing set for
the family of processes {Us(t,7)}rem, (f)-

Lemma 4.2 (Bounded uniformly absobing set). Let (F) and (M) hold. Then there exists a positive constant
Cs which only depends on || f| 12 and the constant o, such that for any bounded subset B in Hi, there is a

t5 = t(|1Blla.)s
||Uc,.(t,7')zT||§_£1 <Cs, fort—T1>1t5 2 €B,o € Hyu(f).

Moreover, there exists a positive constant Cg > 0 which depends on Hf||L§, such that the following inequality

holds
t+1
/ Vw2 < C.
t
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Proof. Multiplying the first equation of (2.7)) with u and integrating by parts over 2, we can obtain

1d

Thus,

d o 1

d (||u||2 N / u(S)IIVnt(8>2dS) +IVal? < S-1Polf -
where — [ p )||V17 (s)]|?ds > 0 and

1 1
|(Pou)| < |[Polly— [ Vull < SIVul* + 51 Polfy .

Now, for 7 > 0 to be fixed later, we define the functional
M) =B+ [ sV ()P,
0

where Ey(t) = [|ull? + o®(|Vul[? + [ u(s)|[Vn'(s)|*ds.

From and ., we get

SR+ (1= 8m0E(0)) [VulP + 290 [ )V (o) s < o

Choosing v; > 0 small enough such that

1
2")/1 <>\ + OL2) S 1-— 8’)/19%,%(0),
1

we have

d 1
—A 2+ B () < —||Pol?.
MO+ 21 Ei(t) < - [1Po

Using , and choosing v; small enough, we have
Ei(t) < As(t) < 2By
thus
SA(0) +1h(0) < [Po

Applying the Gronwall inequality, we obtain
t

M) < M@e 0 4 [ Po(]dr.

T

Besides,

t t t—1
/ e Po(r) [} -adr < (/ ¢ D Po(r)|[f-rds + / e Po(r)|F adr + .
T t—1 t

-2

< (1 + e M + 67271 + .. ) HPO'”%g < ﬁ“ fHLz,
where we have used the fact that ||[Po||2, < ||[Pf[3. for all Po € Hy(Pf).
b b
Combining (4.2), (4.3) and (4.18), we get
s 1
lall¥, + 10" (I < Ax(t) < 2 (lurllFy + e ()I1F,) €77 + m\l Flizs-
Obviously, tligl e =T = (), there exists a t] = t}(||uo||v;, [|7-(5)||1,.) > 0 such that
— 400

lll¥, + 13, < CIPFIZz = Callfll ), VE > 15

Now, we give the proof of the boundedness of ||w]|| and [|¢*]|1,,.
Multiplying the second equation of ([2.7)) with w and integrate by parts over € to obtain

oo

5t (11 [ v@IVEEIPds) + 19wl + Alul? - [~V I9¢ )P

3 (1P + @190l [ @) 12as ) + 19l = [ @196 s = (P

(4.1)

(4.2)
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= b(w,u,w) +(V x (Po),w). (4.7)
When ¢ > t], by using the Holder and Young inequalities, and ({ . ., we get

(V x (Po),w)| < ||Polly-1|Vuwl < 2|[Palfy - Hr*IIVwH2

and
3 1 3 C*||Vul/*
[b(w, u,w)] < CIVul[[Vwl# ]z < ZIVw]* + = —]lw]?
< 3 2, 4” ||V1 2 2, ¢ 2
< g IVel®+ lw]l” < *HVwII + Csllw]”,
42
where C,C3 = 1 42 are positive constants.
o
Besides, since the term — [;° 1/(s)[| V¢! (s)||*ds in is positive, it can be neglected.
Comblmng and the above mequahtles we obtaln
d (n P+ [T @) + LIl + Clul? < AlPoln s 6 (@

where Cy = 2(A — C3) > 0. For 72 > 0 to be fixed later, we define the functional
Ag(t) = [lwl® + [IC*I1%,, + 472/0 1(s)[IV¢! ()2 ds.

Using (2.11)),(2.13)) and choosing ~, small enough, we have

ol + 1C12, < Aat) < 2 (ol + IC°1E.L) - (4.9)
From and ( ., we get
d 1
4 ot + ( ~ 83,621(0 )) IVwl? + Calleol + 242lI¢ 12 < 4] Pol3 . (4.10)

Choosing 72 > 0 small enough such that § — 8y2631(0) > 0 and putting 3 = min{y,, C3}, we have

d
Zr2(t) + e (t) < 4| PFIG .

Applying the Gronwall inequality and using (4.18]), (4.9)), we obtain

t
loll? + 11¢*IT < 2 (o 2+ 1C0 ) 2077 + 4/ e D Po(r)|[F - dr

T

4
2 2\ —valt—rT 2
<2 (lwel? + 11613 ,) e Ya(t=T) 4 mHPfHLg-
Therefore, there exists a t5 = t5 (||(ur, wr, M7, ¢ )||1,) > €7, such that
8 «
wll® + ¢, < m”PfHQLg =Cy, Vt > 5. (4.11)

Combining (4.6 and (4.11)), we immediately deduce that
a5, + 110113 + @I + [IC*1T, < C2 + Ca,
or
lz(t)|5, <Cs, Cs=Ca+Cy, (4.12)

for all z; € B,o € Hy(f) and for all ¢ > t5, where B is an arbitrary bounded subset of H;.
On the other hand, integrating (4.8) between ¢ and t + 1, we obtain

t+1 2 04

This completes the proof O
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4.2. Asymptotic compactness. The main difficulty of the problem is, of course, that the embeddings
are no longer compact. In order to get the asymptotic compactness of the solution, we are going to take
advantage of the method of the semigroup decomposition.

Recall that in this paper we only assume the external force f € V~!. However, we know that for any
f€V~1ande >0 given, there is a f¢ € H, which depends on f and ¢, such that

If = follv— <e. (4.14)
4.2.1. Decomposition of the equation. It is convenient to make asymptotic estimates when we decompose the
solution U, (t,7)z; = z(t) of problem (4.2 (with o in place of f) as
Us(t,7)zr = D(t,7)zr + Ky(t,7) 27,

where D(t,7)z, = 2z1(t) and K, (t,7)z; = 22(t), that is, 2 = (u,n’,w, (") = 21422, 21 = (v, 7', 7, (1), 20 =
(v°, ke, 7¢, ¢£¢). For convenience, we still denote z1 = (v, 0}, r,(}), 22 = (v,n5, 7, (L). Besides, D(t, )z, solves
the following equation with initial data z1(7) = 2z,

v+ a?Avy + Av + [ p(s)Anl(s)ds + P(w x v) = Po — Po*®,

e+ Ar + B(u,r) — B(w,v) + Ar + [~ v(s)A(l(s)ds =0, (4.15)

51577% + 88777{ =, 815({ + asgf =r
and K, (t)z, solves the following equation with initial data z5(7) = 0

Uy + a?Av 4+ AV + [ pu(s)Anb(s)ds + P(w x v) = Po*,

i+ A7 + B(u,7) — B(w,0) + AF + [;° v(s)A¢4(s)ds =V x (Po), (4.16)

atné + 83775 =7, 8t§§ + asCé =T
By the standard Galerkin method, one can prove the existence and uniqueness of solutions to problems (4.15]
and (4.16)). Besides, for problem (4.16)), because the external force f¢ € H and the initial data are zero (so
belong to Hs), we can show that the solution 2o = (7,75,7, (%) is in fact a strong solution. In particular, we

will have zo € Hy for any T' > 0 and this will be used in the proof of Lemma below.
We now prove some estimates for solutions of these two systems.

Lemma 4.3. Assume that hypotheses (M)-(F) hold. Then the solutions of equation (4.15|) satisfy the
following estimate: there is a constant v > 0 and there exist t5 > t5 > 7 large enough, such that

ID(t,7)zr 13, < Cllz)liz, e ) +e, for allt > 5.
Proof. Multiplying the first equation of (4.15)) by v, we have
1d

52 0l + a2 Vol +

2+ IV = [ @IV 6)Pds = (P~ Po% vy
< 1Po — Po [ + 1 IVeI
Now, for v3 > 0 to be fixed later, we define the functional
As(t) = Es + 4y /OC>o K(s)IVni(s)lPds,  Es(t) = ol* + a®[Vol® + [l .-
Using , and choosing 74 small enough, we have
E3(t) < As(t) < 2Es.

From and , we get

GiAalt) + (1= 83u82(0)) [Vl + 230 | o) 90 (5} < 1P Pl
Choosing 4 > 0 small enough such that

1
24 <>\ + a2) <1 — 8v,0%(0),
1
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we have

LAs() + 2Bs(0) < | Po — Po*|fy s,
thus

LAs(0) +ahs(t) < |Po — Po*If s,
And then, we can get the following estimate by Gronwall inequality

loll* + @IV oll* + 05113, < As(t) < C (lur I3, + lln-117,,) e + Ce2. (4.17)
Now we consider the [|r(¢)||* + [[¢}]|7 ,. Taking the inner product of the second equation of (4.15) with
and then using (2.3)) and (4.17]), we have

%%(Hru? +ICHRL) + IVrI? + Al — / i () V7t ()|2ds = b(w, v, 7).
Using , and Young inequality, we have
b(w,v,r) < Cll||# | Vo2 [V V7]
< VoIVl + 5 |Vr?

(bt 1
< (€ (s, + el ) €740 4+ C22) V2 + 592
Therefore,
d — —T
22+ 1GHE ) + 19712 + 271112 < (€ (el + el ) €707 + C2) [V

Now, for 75 > 0 to be fixed later, we define the functional
(oo}
Aa(t) = Il +1IGHIT, + 475/0 U(s)IV¢i(s)l*ds.

Using ([2.10)),(2.12)) and choosing 5 small enough, we have
1+ 11GHIT, < Ast) < 2 (I7l1” + IIGEIE,) -
Thus, we get

d o0
M+ (1 - 8756031(0)) [ Vr[|* + 2X|r[|* + 275/0 w(s)IVni(s)|*ds

< (Cllzrligy e =7 + C&2) Vw2
Choosing 5 > 0 small enough such that
1—8y3031(0) >0 and 5 < A,
we have
D aa0)+ 23 (Il + 141R) < (Cllzr e +.022) |Vl
thus

d
ZA(0) +7504(8) < (Cllz i}, e + C2) Vw2,

Applying the Gronwall inequality, we deduce that
t

(12 + 116112 < Aa(t) < CllzellF, e + Cllzr I3, / e 7= |V (s) |2 ds

¢
+Ce? / ¢ Vo )| -
On the other hand, using (4.13)), we have

t
/ e~ (=)= | T (s) || 2ds
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t
Sefw(tff)/ 6*75(t*5)|\Vw(s)H2ds

t—1

t
< e7malt=m) (/ e 19|V (s)||?ds + / e 19| Tw(s)|ds + . . )
t—1 t—2

< e a(t=T) (I+e ™ +e 5 +...)Cs
Cs

—ya(t—7)
ST e ’
and
t 2
CCge
—vs5(t—7) 2 2 6
/T e Ce||Vw(r)||*dr < T (4.18)
Therefore,
CCsl|z-||2
Il +1CHIT, < Cllzellf e + CCollzrlts (e + 02 (4.19)

1—es
Combining (4.17) and (4.19)) and taking 2Cs? < ¢, we can conclude that
ID(t,7)zr 13, < Clizrllf e +e.

Next we concern the solution operator K (t). We will show that, for every fixed time, as (ug,wo) belongs
to the absorbing set Bg, the component related to K (t)ug belongs to a compact subset of V. O

Lemma 4.4. Let (F) and (M) hold. Then, for any e >0, a € (0,1], zr € Hq, there exists M > 0,t5 > 7
large enough, which depends on ||z |3, [P fe N2, [IV % Pfllrz, such that
1Ko (t,7)2r 3, <M for all t >t (4.20)

Proof. Taking the second equation of (4.16)) by Av and integrating by parts over w to obtain

1d _ _ >
3 (17012 + a2laol? + [ uto)lang(o)as)
0

ol ~ [ ()| An(s) Pds + (Plw x ), o) = (Po, o).
0
Using Holder and Young inequalities, we get
1
(Po®, Av) < ||Po®||* + 1||A77||2.

By the boundedness of ||Vu|| and [[Vv||, we can deduce that ||V7|| is bounded. Using Holder, Young and
Agmon inequalities, as well as the boundedness of ||V7| and ||w]|, we get

(P(w x 0), AD)| < [[w]l[o]] 1~ || A5
i _3
< Cllwl| Vo] | As|
< C||Vo||7|| Az 2
1
< C|IVo|* + ;1]
1
<C+ Z|\Az7||2 for all ¢ > t5.
Combining the above inequalities and — [ 1/ (s)||An}(s)||?ds > 0, we have
d o0
& (19012 + @20l + [ )l ang(o)las) + 40l < 2P| + €.
0

Now, for 76 > 0 to be fixed later, we also define the functional

As(t):E5(t)+4%/0 K(s)llAn(s)|Pds,  Es(t) = [|o]]3, + In5l13,.-
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Thus, we obtain

d

s (1) + (1 = 876075(0)) || AD[|* + 276/ wu(s)[ V' (s)l[Pds < 2| Po®||* + C.
0

2
Choosing 5 small enough such that % <1 —8767k(0) and E5 < As(t) < 2Ej5, then using (2.9), we can
deduce that “
d
—As5(t) + 276 B5(t) < 2| Po®|? + C,

dt
thus
d
s (t) + 765 (t) < 2| Pof||*> + C. (4.21)
By the Gronwall inequality, we obtain
1 €112
As(t) < mlle Iz +C,
thus
1 .
19113, + In5113,. < M1, where M, = mHPfEH%z +C and t > t3. (4.22)

Next, we will show the boundedness of |V7|| and ||¢}||2,,. Multiplying the second equation of (4.16) by
A7 and integrating by parts over w, we obtain

1d

2.dt

o0

<IWI2 + /OOO v(s)IIACE(s)Ist) + [ AR+ A V7| 7/0 1 ()| A (s) > ds
= (V x (Po), A7) + b(w, v, AT) — b(u, T, AT).

Now we deal with the three terms on the right hand side of above equality as follows

_ Lo
[V x (Po), AR)| < |V x (Po)||* + 2| A7

[b(w, v, AT)| < [[w|[ Lo ]|V s || AT
< Cl[Vuw| [ Av] || A7
< OM,y|[Vw]|[|Ar|

< M|Vl + 74P,
where we have used the Holder and Young inequalities and ;
|b(u, 7, AT)| < [Jul[ s [|V7]| 5 || AT
< C||Vul|| V7| || AF 2
< CCs|| V7|7 || Arl|2
< My|[VrIP + 7| A7,

where we have also used the Holder and Young inequalities, | V7| s < C||V#| 2 ||A7| 2, and [{.12).
Combining the above inequalities and the term — [~ 11/ (s)[|Anb(s)|[*ds > 0 can be neglected, we have

d _
= (1972 + 1H

3.0) IATI? + My||V7|* < 2M || V|| + 2|V x (Po)l*, Vit > 13,
where My = 2(A\ — M3) > 0. Similarly to the proof of (4.21)) we obtain

d
%Af;(t) +y7A6(t) < 2Ms||Vw|* + 2|V x (Po)|*.
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where Ag(t) = || V7|2 + ||C3]13., + 476 [y 1(s)|ACS(s)||?ds and 47 > 0 is small enough. Then, we can get the
following estimate by Gronwall inequality, (F') and (4.13)

_ C N
||V7~||2 + ||C§||§’,, < m (M2 + ||V x f||ig) = Mj; for all t > t5. (4.23)
Combining (4.22)) and (4.23]), we end up with

| Ko (t,7)2r 3, < M for all t > t5 >t

]
In addition, for any (92, Car) € L2 (RT, V) x LZ(RT, V), the Cauchy problem (see e.g. [2, 12])
0u(nz: G2) = =05 (1, G3) + (v,7), E >,
(775, C;) = (7727'7 CQT)’
has a unique solution (1}, ¢4) € C((r,+00); LZ(RT, V) x LZ(RT,V)), and
o(t — r)dr, T<s<t,
i) = 410 (4.21
Nor(T+5—1) — 12 (7 +f0 y)dy, s>t
IN T<s<t,
4.25
Gls) = {CQT(T+8—t — Cor (T —i—fo y)dy, s>t (4.25)
So, for the equations (4.24) and (4.25)), thanks to (7 (z,s), CQ( z,s)) = (0,0), we have
fo y)dy, T<s<t,
4.26
() = { P, (1.20
y)d <t
Gy =1 Yoo Tssh (4.27)
fo y)dy, s> t.

Let By be the bounded uniformly absorbing set obtained from Lemma .2} then

Lemma 4.5. Assume that the external force f satisfies (F), 0 € Hw(f) and (M) hold. Setting
K:T = PKJ(T, T)B(),

for T > 7 large enough, where {K,(t,7)}i>- is the solution process of ([@A.16), P : Vi x H x L2(R*,V) x
LZ(RT,V) — LZ(RT,V) x LZ(RT,V) is the projection operator. Then there is a positive constant Ny =
Ni(||Bollw,) such that

(i) Kr is bounded in L2, (R, D(A)) N H(RT; V) x L2(RT, D(A)) N HL(RT; V),

(i) sup(ys ctyercy 1(5(5), G(T v < N1
Moreover, K is relatively compact in L7, (RT, V) x L2(R*, V).
Proof. Due to the explicit expression (4.26]), we have

u(t — s) 0<s<t 7(t—s) 0<s<t
as t — U( I bl as t _ ) b
"2(s) {0, s> t, Ga(s) 0, s> t.

Combining with Lemma this implies that (i) holds.
After that, using (4.26]) once again, we can deduce that
S 1= T | -
T2 Jo 1T = y)lldr <[5 [0(T —y)lldy, 0<s<T,
2 ($)IIv < 4 pr
~ o IB(T = w)lI3dy, s> T;
S 1= T, -
HCQT(S)H%/ < fOT”T(T - y)”\Z/dr S fo ||T’(T - y)”%/dyﬁ 0<s S Ta
= o IF(T =yl dy. s> T;

By virtue of (4.20)), we know that (ii) holds. Because D(A) < V compactly, we conclude that Kr is relatively
compact in L2 (R, V) x LZ(RT, V) thanks to the following lemma:
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mma 4.6. [12] Assume that p € C1(R*) N LY(RT) is a nonnegative function and satisfies the condition:

if there exists so € RT such that p(sg) = 0, then u(s) = 0 for all s > so. Moreover, let Xo, X1, X5 be Banach
spaces, here Xo, Xo are reflexive and satisfy

wh

Xo — X] — Xo,
ere the embedding Xy — X1 is compact. Let C C Li(R*, X1) satisfy
(i) C is a subset in L. (R*, Xo) N H(RT, X5);
(ii) sup,cc In(s)I%, < h(z,s),¥s € RY, where h € L},(RT).

Then C is relatively compact in Li(R*, X1).

4.3

. Proof of Theorem (4.1l

Proof. By Lemma the family of processes U, (¢, 7) has a bounded absorbing By in H;. Moreover, U, (¢, T)
is uniform asymptotically compact in H; due to Lemmas|4.3|and Therefore, the family of process U, (t, 7)
has the uniform attractor A in H;.
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