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Abstract

In this paper, a conservative compact difference scheme for the generalized Kawahara equation
is constructed based on the scalar auxiliary variable (SAV) approach. The discrete conservative
laws of mass and Hamiltonian energy and boundedness estimates are studied in detail. The error
estimates in discrete L>®-norm and L?-norm of the presented scheme are analyzed by using the
discrete energy method. We give an efficiently algorithm of the presented scheme which only needs
to solve two decoupled equations.
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1. Introduction

A dispersive model describing numerous wave phenomena, such as mogneto-acoustic waves in
a cold plasma and the propagation of long wave in a shallow liquid beneath an ice sheet, was
expressed by the following generalized Kawahara equation with periodic condition [1, 2, 3]:

U — QUgzgrr + Blzee + Ve + ,U'(uk)x =0, (a;,t) € R x (O,T], (1'18‘)
u(z,0) =up(z), =z €R, (1.1b)
u(z + L,t) = u(x,t), (z,t) €Rx(0,7], (1.1c)

where a > 0, B, # 0, v > 0, k > 2 and up(x) is known smooth periodic function with period
L. This equation was proposed firstly by Kawahara in [1], and also referred as the singularly
perturbed KdV equation or fifth-order KdV-type equation [4, 5]. It suffices to model only a single
period 2 € [0, L]. We can be easily derive that the system (1.1) has important three conservative
laws defined in the following
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dt i J, 244w =0 (1.2)
Ge_ @ [ Lo, _ 1.

dtg dt/QQU x =0, (1.3)
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for t > 0, where M, £ and ‘H are the mass, momentum and Hamiltonian energy of the system (1.1),
respectively. For details of the physical description of Kawahara equation, the reader is advised to
read [6, 7] and the references therein.

There are a great amount of works devoting to the traveling wave solution for the Kawahara
equation. The nonsingular periodic-wave solutions of the Kawahara equation (kK = 2,3) were
presented by using the elliptic Jacobi snoidal and cnoidal functions in [8]. Wazwaz [9] used the sine-
cosine method, the tanh method, the extended tanh method and ansatze of hyperbolic functions
for analytic treatment for the modified Kawahara equation (k = 3). The exact traveling wave
solutions of the generalized Kawahara equation were presented by applying the modified extended
direct algebraic method in [10]. Well-posedness and unique continuation property for the solutions
to the generalized Kawahara equation below the energy space were studied in [11].

For the study of the numerical methods, Yuan et al. [12] proposed the numerical scheme of both
the Kawahara equation and modified Kawahara equation, which consists of dual-Petrov-Galerkin
method in space and Crank-Nicolson-leap-frog in time. The homotopy-analysis method was used
to find the traveling wave solution of the Kawahara equation in [13, 14]. This method contains
the auxiliary parameters to adjust and control the convergence region of solution. Bibi et al. [15]
proposed an algorithm based on method of lines coupled with radial basis functions namely meshless
method of lines for the Kawahara-type equation. Karakoc et al. [16] proposed a septic B-spline
collocation method for the Kawahara equation, which is unconditionally stable proved by the von-
Neumann stability analysis. Bashan [17, 18] developed the Crank-Nicolson-differential quadrature
method based on modified cubic B-splines and fifth-order quintic B-spline, respectively. Gong et
al. [19] derived a multi-symplectic Fourier pseudo-spectral scheme for the Kawahara equation with
special attention to the relationship between the spectral differentiation matrix and discrete Fourier
transform. Besides this, finite difference method for approximating the solution of the Kawahara
equation has also been considered. Sepulveda et al. [20, 21] proposed implicit finite difference
schemes for the Kawahara-type equation and proved its unconditionally stability. Koley et al. [22]
developed the convergence of full discrete semi implicit and Crank-Nicolson implicit finite difference
schemes. Wang and Cheng [23] derived the exact solutions of the 1D generalized Kawahara equation
and proposed three-time level second order accuracy difference scheme for solving the 1D and 2D
generalized Kawahara equation. To further improve the accuracy of the numerical solution, new
compact fourth order, standard fourth order and standard second order finite difference schemes
for the Kawahara equation were constructed by Chousuion et al. [24]. The standard fourth order
and standard second order schemes can preserve both mass and energy.

Motivated by the above numerical methods for the Kawahara equation, we are interested in
constructing a new high order accurate conservative compact difference scheme for solving the
generalized Kawahara equation in (1.1). Note that the scalar auxiliary variable (SAV) approach is
presented for solving a large class of gradient flow problems in [25]. The SAV approach is built upon
the invariant energy quadratization (IEQ) approach in [26, 27, 28]. This method is not restricted to
the nonlinear part of the free energy (see [28] and many works afterwards), and leads to conservative
and unconditionally energy stable numerical schemes, which has been applied successfully to the
gradient flows model (see [29, 30] and the references therein), the Camassa-Holm equation (see
[31]), the Schrodinger equation (see [32, 33]), etc. Therefore, we shall apply the SAV approach to
construct conservative scheme for solving the generalized Kawahara equation in (1.1) and prove
the convergence order and energy stability for our scheme. The contributions of this work are
concluded as follows:

e The presented compact difference scheme guarantees the discrete conservative laws of mass
and energy.



e Under the conditions of [i,(3u?+ hgu**!)de > —Cp for a positive constant Cy and hir—t =
o(1), the presented scheme achieves a convergence rate of O(72 + h%) in discrete L>°-norm
and L2-norm. The boundedness of numerical solutions and convergence analysis are given by
applying the matrix properties and the discrete energy method.

e An efficient algorithm for the presented scheme is given in detail. The first algorithm can
be directly concluded by the presented scheme. This algorithm only needs to solve two
decoupled equation by using a block-Gaussian elimination process. Numerical results verify
the feasibility of the algorithm.

The rest of this paper are arranged as follows. In Section 2, some auxiliary notations and
lemmas are introduced in detail. In Section 3, we construct high order conservative compact
difference scheme based on SAV method for solving the generalized Kawahara equation. The
discrete conservative laws and boundedness of the numerical solution are analyzed in Section 4.
The convergence order O(72 + h*) in L*°-norm and L2-norm of the presented scheme are proved
by the matrix properties and discrete energy method in Section 5. An efficient algorithm of the
presented scheme is given in Section 6. Some numerical results are provided to verify our theoretical
analysis in Section 7. Finally, some concluding remarks are given in Section 8.

2. Notations and lemmas

In this section, we introduce some useful notations and lemmas. We first divide the domain
[0,L] x [0,T]. Let h = L/J and 7 = T/N be the space-step and time-step, respectively, where
J and N are given to be two positive integers. Defined u = {u?|0 <j<J 0<n<N}bea
discrete grid function on Q, » = {(zj,ty)|x; = jh, t, =n7, 0<j < J, 0 <n < N}, we denote the
following notations

1 1 1 1
_ +1 nts _ +1 _ +1
Spuy = ;(u? —uj), u; * = §(u§L +uy), dguj = E(u? —uy),
1 1 1
dzuj = E(u? —uj_q), Ozuj = %(ugﬁrl —uj_y), 53@? = 0z0zu] = ﬁ(u?-i—l — 2uf +ui_y),
1 1
Sdu = 626%u uj,  Auj 12( wipy +10uy +uf ), Bui = 6(1/;_‘_1 + 4uf +uf_q).

The compact operators A, B satisfy
Ad%u(zj,t,) = S2u(xj, ty) + OhY),  Boyu(xj,tn) = dzu(wj, tn) + O(hY),
which are diagonally dominant and invertible, i.e.

Pu(zj,ty) = A 16%u(zj, t,) + OhY),  Opulzj,t,) = B 6u(xj, t,) + O(hY),
Opu(j, tn) = A *6zu(zj, t) + O(h?).

Denote the discrete space
h .
uper {U | U = (uj)a Ujg = Uj, ] S Z}

For any grid function u,v € L{per, we define the discrete inner products and the corresponding
norms as follows

1<5<J

J
v) =hY uvy, ull = V(ww),  [ullee = max Juyl,
j=1

162l = V/(J0u, 6u) = V/(03u,u),  [|53ul = v/ (62u, 62u) = /(5. u).



Throughout this paper, C is a positive real constant independent of mesh size h and time step 7.
We introduce the following matrix notations as

1 0 --- 1 o -1 0 - 1
1 1 1 0 -1 0
Si=|: oo | Se= i rr ,
o -~ 1 0 1 o --- 1 0 -1
(1 -0 1 0], -1 - 0 1 0 ],

and A = 1(S; +10I), B = (Sy +4I), Dy = 3-S5, Dy = %(Sl — 2I), where I is an identity
matrix with size J. It can be easily see that the matrices A, B, Dy and H; = A~!, Hy = B~ ! are
J x J real circulate symmetric positive define. We set Hy, Hy, D1, Do be the circulant matrices
corresponding to the inverse operators of H1 = A™!, Hy = B~! and the operators dz, 6.

We now present some lemmas here, which are useful in the subsequent analysis.

Lemma 2.1. (See [34]) For any grid function u € U%,, we have

per’
VL L

Ulloo < —— |||, ul| <
[[ull 5 I0zull,  [lull 7

[0zull,  [l0zull < [|dzul-
In addition, for arbitrary € > 0, we have
lullo < elldzull + 5[l
oo = €% 2¢
Lemma 2.2. (See [35]) For any grid function u € Z/l]’}er and H1 = Q' Q, Ha = R"R, we have
(Hléguv u) = _”Q(;SCUHQ’ (H%éiuvu) = ||’H15§u||2, (Ha20zu,u) = 0,
and

lull* < (Hru,u) = | Qul® < Sllul®,  ul® < (Hau,w) = [Rul® < 3||ull?,

| W

9
lul® < (Hiu,w) = [Haul* < ],
where Q@ = Chol(H1), R = Chol(Hz2) are the Cholesky factorizations of Hi and Ha, respectively.

Lemma 2.3. (See [36]) For any grid function u € UL, . we have

B_lu? = Zuy = ZBU?

J
=1 j=1 7j=1

J

3. Compact difference scheme based on SAV method

In this section, we reformulate the generalized Kawahara equation in (1.1) into an equivalent
form based on quadratic energy function, which provides and platform for constructing our scheme.
Firstly, it can be see that Eq. (1.1) can be rewritten equivalently into the Hamiltonian system as
follows

ou OH
E - = Ea D_a$7
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where H = [, H(u, Uy, Ugz)dz and 0H /du denotes the variational derivative of H with respect to
u (see [37] and many works afterwards):

o _oH oo
ou  Ou Oy Ouy

We introduce the scalar auxiliary variable

r(t) = V/S(u), &wz/

Q

7.2 Ko k1 d
<2u +7k;+1u > x + Co,

where Cf is a positive constant, then the system (1.1) can be rewritten as

Up = —Uy, (3.1a)
v=—au u TGl 3.1b

_ (G(u);u) .
WM (3.1

where G(u) = yu + pu¥ and (-,-) means the L?-inner product over Q defined by (f, g) = Jo fg da.
Taking the inner product of (3.1a) with v, of (3.1b) with —u, multiplying (3.1¢) with 2r, and
summing the resulting formulas, we have

d [«
& (Slsl? + Sual? = 12) =0,
which corresponds to the Hamiltonian energy (1.4).

Define the grid function

u;l ~ UJn = u($j7tn)a v;l ~ ‘/}n = U(xjvtn)v xR =r(t),

for 0 < j < J,0<n < N. Considering the system (3.1) at the point (z;,t,), and applying the
Crank-Nicolson method for temporal discretization and the compact difference method for spatial
discretization, we obtain

1
GUP = ~Ha0:V]" 2 4T, 1<j<J, 0<n<N-1, (3.2a)
L
n+l n+i n+1 Tn+§G ur
v/ :—aH%(Sf;UjJrQ+B7—L15§Uj+2+7£J)+T”, 1<j<J, 0<n<N-1,
S(Um™)
(3.2b)
5 R (G(ﬁn)’&m) ", 0 N-1 (3.2¢)
1R = — +T3, 0<n<N-1, 2¢
21/S(T™)
Uf = ug(z;), R =+/S(U0), 0<j<, (3.2d)
n,=U" 1<j<J, 1<n<N, (3.2¢)
where U = (3U" — U™1)/2 when n > 1, U™ = U™ when n = 0, and
max{|T7|, |T3'], T3} < C(r* + 1Y), wmax{|6, 17|, 6,13} < Ch*. (33)



S(U™) is the composite Simpson formula of S(U™), that is,
J

rrn h Y 72 H n\k+1 Y rrny2
S(U") = §Z |:2(Uj) +m(Uj) + (Ui +U7)" +

7

__® _(ur k1
2k(k 4 1) (UJ+1 + UJ )

j=1
Replacing the exact solutions U7, V', R™ by u7, o7, v in (3.2), and omitting the truncation
errors 17", T3, T, we construct the following compact difference scheme for the system (3.1):

1

Seut = —Hadsu, 2, 1<j<J, 0<n<N-1, (3.42)

nal ntl ntl s Tel0]

ot = ooty 4 BHa ST + S(én;) 1<j<J 0<n<N-1, (3.4b)

S = M 0<n<N-1, (3.4¢)
24/S(u™)

u) =ug(zj), 10=+/Swo), 0<j<J (3.4d)

uoy=al, 0<j<J, 1<n<N. (3.4e)

4. Discrete conservative laws and boundedness

In this section, we give the analysis of the discrete conservative laws and boundedness for the
presented compact difference scheme (3.4) in detail. In the following analysis, we assume the exact
solutions (u,v,r) of the system (3.1) satisfy the following regularity condition

u(z,t) € L0, T; H5(Q)), ug(x,t) € L2(0,T; H(Q)) N L0, T; L=()). (4.1)
Supposed that there exists a positive constant C, s.t.

omax U zoes Uz llzoes Uz | 2oe, U7 | oe } < C-

Theorem 4.1. The compact difference scheme (3.4) unconditionally preserves the discrete mass
and Hamiltonian energy in the sense of

J
h
n+l _ 0 : n __ n
M =M" with M" = 5 E u, (4.2)
Jj=1
HY = O with " = S a2+ D Qs — (), (4.3)

for1 <n <N.

proof. Multiplying both-hand sides of (3.4a) with h, summing up j from 1 to J, and using
Lemma 2.3, we obatin

J
h
72 Wt - =0,
T i

which implies (4.2) by the definition of M™.
Taking the inner product of (3.4a) with V"3, of (3.4b) with —d;u"™, multiplying (3.4c) with

27’"“‘%, using Lemma 2.2 and summing the resulting formulas, we obatin

o 2 n+1)2 2, n2 ﬁ n+1)2 2y Loomtne | om2y
(a8 — 282 |2) + 2 (1Q0u™ | — Q8 2) — —((r" )2 = (7)) = 0.

which implies (4.3) by the definition of H™. This completes the proof. O



Theorem 4.2. Suppose that S(U™) > 0, then we have the following estimates
[ |+ [10zu™ | + [[67u"]| + 7" < O [luloo + [|0zu" o0 < C, (4.4)
for1<n <N.

proof. First, taking the inner product of (3.4a) with v%, of (3.4b) with —&;u®, multiplying (3.4c)
with —2r2 and applying Lemmas 2.1 and 2.2, we obtain

« I3 1
o (I 0Zut 17 = 12050 1%) + - (1Q0uut||* = [[Qdau®[1*) + —((r)* = ()7
T T T

1 G(UO) Su°
S0)

I
<

L (68, 1,2 1,2
< — | =
< 4T<L2]u||+(r) +C
1 1912 1,2
< — .
< 4T(ﬂ\|5xu I+ (")) +C

Using Lemma 2.3, we have
allgul[* + Bllogut |* + 2(r)* < C,

which holds (4.4) by applying Lemma 2.1 and the discrete Sobolev inequality.
Next, we use the mathematical induction. Assume that

E%LH!U’H, 6zl [l6zu'll, '} < C,

then using Lemma 2.1 and the discrete Sobolev inequality, we have
max{|[u'|| oo, |||} < C.

Taking the inner product of (3.4a) with U”Jr%, of (3.4b) with —d;u"™, multiplying (3.4c) with —2r”+%,
then replacing n by [, summing up for [ from 1 to n and applying Lemma 2.2, we obtain

« n /B n n
5 (M 0Zu™ 2 = [ Ha bt %) + S (1Qdwu™ H1* = [[Qdau %) + ((r"1)* = (r)?)

—  gnts G(u") uL Tnfer% ( G(a') 5uz>
( S@n)’ >+ lz; JS@)

1 /68
< L (OB ny1y2 n+1y2
< o (e 4 o) o

1
< Z (5"5wun+1”2 + (,r,n+1)2) + C,
-
which implies
al|Zu™ | 4 Bllopu | 4 20 <

Thus, we get
[ <Oy [ oo + 620" oo < C.

It can be seen that the conclusions are also valid for [ = n + 1. This completes the proof. O



5. Convergence analysis

This section will given the strictly proof of the error estimates of the compact difference scheme
(3.4). We denote the error function as

en:Un_un7 fn:Vn_,Un, gn:Rn_rn.

Substituting (3.2) from the compact difference scheme (3.4), we derive the error equations

1

S = —Halsfl P+ TP, 1<j<J, 0<n<N-1, (5.1a)

n+3 2.4 Mt 9 nti n+i
f; = —aHidpe; P4 fHIGTe; P+ P P4+ Ty, 1<j<J, 0<n<N-1, (5.1b)

1
Sig" =Py R4y, 0<n<N-1, (5.1c)
e} =0, ¢"=0, 0<j</ (5.1d)
=l 1<j<J, 1<n<N, (5.1¢)
where
ntl  RUSGUY) G el [ GO G(a")
Pl 2 = — — — y P2 2 = 7~,6tUn — ﬁ,étu” .

Theorem 5.1. Suppose that the exact solutions of (3.1) satisfy the condition (4.1) and h*r~! =
o(1), then we have the following error estimates

™| + |6zl + 162€"]| < C(T + 1Y), |l€" oo + 126" [loo < C(r* + hY), (5.2)
for1<n <N.

proof. At first, we consider the convergence results when n = 0. Taking the inner product of
(5.1a) with 3 f1, of (5.1b) with —%e! and multiplying (5.1c) with —g', we have
« I3 1
o 526112+ 21066112 - Z1at)12
a2 + Qe 2 + g

1 1 1 r70
U SIS TY S g s Cld I
T T S(U )
2 1 G(U%)
I+ ;||T2°||||€1H + lgM TS| + ;IlgllHlelll ——

S(UY)

IN

It follows from (5.1a) and Lemmas 2.1, 2.3 that

V6 2

fllle < || Haba fH] < Zllet || + 2|77
T

Applying Lemma 2.3 to (5.3), we obatin

Cle ) + 1g"12) + C( + )T + | TS| + 7|72
C(Bl16ze | + ||g*1?) + O (7% + h*)2,

ol[dget[* + Bllozet | + 2]lg'* <
<



which holds (5.2) by using Lemma 2.1 and the discrete Sobolev inequality.
Next, we adopt mathematical induction as in [38] to further analyze the error estimate. Assume
that there exists a constant hg > 0, 79 > 0 such that, for 0 < h < hg, 0 < 7 < 79,

I =1 < 1, max{[lell, fo.elll, o2ell, '} < C(r2 + b,
for 1 <1 < n, which implies
max{|le']|oo, [[0z€']lcc} < C(7* + h*).

Taking the inner product of (5.1a) with f”+%, of (5.1b) with —d;e™ and multiplying (5.1c) with
—g”*é, summing up them, we have

o 2 n+1)2 2 n2 ﬁ n+1)2 ny2 12 ng2
(822 — a0 2) + T (1Q8nem I — 1 Qbne™ ) + — (g™ 1 = lg")

n+l n+l
= —(T7, ) 4 (PR Se) + (TR, 6e™) + "2 (P72 + 1), (5.4)
It follows from (5.1a) that
\/6 n+i n+i n m
- If T3 < |[Haba SR < Nl6ee” | + 1T,
we have
1 mn n mn n n mn n
(T, £ )] < CITT 6™ (| + CITRP < CClle™ 1P + [le™1? + 16717 + 1 T7]1%).- (5.5)
Since
pret  gTRGWEY |y [ GO @)
S(@m) Vsa@n VS
L r7 ~ n+i ~~n rn ~n
e i T (G(U") —G(u")) s Tel )<S(U ) — S(u ))
= —~ + — + — —
\/S(U™) \/S(U™) \/S(U”)S(ﬂ”) (S(U”) + S(ﬁ”)>
= g"ta My + T2 (My + M), (5.6)
1 ~TL ~n -n
P2n+2 _ G(U~) ;5t€n + G(U~) _ G(U~BL ’5tun
ST Vs@n V8@
= (My,0e") + (M2 + M3, 0u™), (5.7)
we have
M| < C, (5.8)
1Ml < € |6/ @) - am| < cpenl, (5.9)
IMs| < C||s' Gy @ — )| < cllen) (5.10)




where £, 7" are on the segment that connects U™ and @", then it implies from (5.6)-(5.10) that

n+3 n n+i n+i n+i n+i n n+i n
(P, 2,0ie")+¢" 2P, * = (Qg 2 My +7r 2(M2+M3),5te>+g 2 (My + Ms, 0pu™)

1 1 _
< Cllg" 2 ldee” || + lIoee™ 1™l + g™ 2 [l dee™ " ]1)- (5.11)
Applying the Cauchy-Schwarz inequality, we have
1 1
(T5,0e™) + g™ 213 < C(le™ P + fle™ [P + g™ I1* + g™ %) + 5 N T311* + |1 T3 (5:12)

Substituting (5.5), (5.11) and (5.12) into (5.4), replacing n by [ and summing up for / from 0 to n,
we have

al[Hadze™ I + Bl Qope™ | + 2/|g" |

n+1 n
1 1 _
< SR + 161 + Cr S@g 6 + 15 11 + g 61
[=0 =0
n
LOr ST + TR + 18T + 1T
=0
1 1
< Cr(le I+ g™ + Or [21g™ A 18l + e 127 + g™ Mloe™ ]
n n—1 ) L
LOr SR + 1617 + Or S @lg 8+ 182 + g e ) + O + 12
=0 (=0
1 n
< (2 T cf) Bl + g™ 1) + O SR + 1'1) + O + )2, (5.13)
=0
where

n
Cr Y (ST + I TEI? + 16 T301° + |1 75)1%)
=0
< Cnr- max {6717 17112, 16Tl |1 757} < C(7* + hh)2.

It follows from Lemmas 2.1, 2.3 that

n
162112 + lose™ 12 + g™ 1P < C7 Y (18717 + 16! + 1lg'I*) + C(r* + k)2 (5.14)
=0

for 7 sufficiently small, s.t. 7 < 1/(2C). By using the discrete Gronwall inequality, we have
103" FHI? + [|oze™ > + [lg" [ < C(2 + n')%.
Applying the discrete Sobolev inequality, we obtain
le"™ | < C(? + 1Y), € oo + (100" oo < O (7% + hY)

and )
16" < =[le™™ — || < C(r + h*r 7).
T

We can see that, from the inequalities above, our assumptions holds for [ = n 4+ 1 by setting
T4+ h*r~! 5 0as h — 0, 7 — 0 and taking h sufficiently small, which implies that our assumption
is valid for [ = n + 1 and holds (5.2). This completes the mathematical induction and proof. [

10



6. Algorithm

In this section, we propose two algorithms of the presented compact scheme (3.4) for solving
the generalized Kawahara equation.
The compact scheme (3.4) can be rewritten as the following matrix-vector equations:

Bou" = —D1V”+%, (6.1a)
1 1 1 T'n+%
A*V"2 = —aD3u""z + BADou" T2 + ———A’G(T"), (6.1b)
\/S(um)
1
or"t = ——— (G(u"), 6;u"), 6.1c
" = S (O al) (6.1c)

for 0 <n < N — 1, then the we conclude (6.1) in the following form

A1 A.2 0 lln'i_1 Al —A2 0 u”
A3 A4 aj Vn+1 = —A3 —A4 —ai v y (62)
a, 0" 1 prtt ag 0 1 "
where
1 1 o 38 1
Ai=-B, A;=-D A; =—-D2-ZAD Ay ==-A?
1 - ) 2 9 1 3 9 2 9 29 4 2 )
1 h
GE™) = [GE™), G, ..., GET, a = ————A2G@E"), a; = ————G@@").
(5) = [O), ), -, G == AP, a1 = =Gl

It can be easy to see that this method needs the condition v° and solve a (2J +1) x (2J + 1) matrix,
which may leads to slow calculation efficiency when h takes a sufficiently small value.

Note that v"*! is just an intermediate variable which can be eliminated and u™*! is coupled
by r"*! in system (6.1). Therefore, the system (6.1) can be decoupled by using a block-Gaussian
elimination process. From (6.1c), we have

n+l _ .n G(ﬁn) un liun
r+_r+<2 o ) (6.3)

1

S(an

o (_GE)
! _<2 S(an)’ )

and substituting (6.1b) and (6.3) into (6.1a), we obtain

Setting

a2 “p o2+ aDD, )t + 1 A%p G@E")
- 2 179 9 172 9 S(ﬁ”) 1
1 o I5} 2r" — ~
= (ZA’B+-DD2-ZAD D, | u" - ———A’D,Gu"). 6.4
(T +5D1D; - S AD, 2>u NG 1G(u") (6.4)
Let
u" =t 4t thag (6.5)
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in (6.4), we obtain the following two decoupled equations:

1 1 2" — N

—A’B - C> ut = <A2B + C) u' - ——L_A’D,G(u"), 6.6a
(5 = (2 AP (6.60)
<1A2B — c) uytt = —%AQDlG(ﬁ”), (6.6b)

T 2,/S(u™)

where C = %DlD% - gADlDQ. Taking the inner product of (6.5) with G(u"™)/ (2 S(ﬂ”)), we

have
G(ﬁn) un 1 n+1l _ G<ﬁn) un 1
[1_ (2 S@v)’ " )] = (2 S@m)’ i ) o7

from which n"*! can be determined.
To summarize, we can obtain u”*! and r"*! from (6.1) as follows:

Step 1. Solve (u}™, uj™) from (6.6);
Step 2. Determine n"*! from (6.7);

Step 3. Compute u”*! from (6.5), then determined r"*! from (6.3).

7. Numerical experiments

In this section, numerical results are presented to test our numerical schemes. The accuracy
of the present scheme is measured by the discrete L?-norm and L*®-norm. We take Cy = 0. The
momentum & in (1.3) is approximated by

Example 1. We consider the parameters to be a = =1, v=0,1, u = 1/2 and k = 2. For this
case, the system (1.1) is called to the classical Kawahara equation [15]. The exact traveling wave

solution is 105 . 26
t
u(z,t) = —sech? | —— (2 — = — ¢ ) |,
169 2v/13 169

105 4 1 205t
u(z,t) = —— sech x— —x0 | |,
169 2v/13 169
when v = 1.

First, we chose zo = 0, Q = [—60,100] and T' = 120. The results of errors and convergence
rates with v = 0, h = 0.5, 7 = h® are reported in Table 1. Table 2 lists the error results at
T = 5,15,25 with v = 0, gy = 2 and h = 0.2, which are compared with MQ, GA in [15], septic
B-spline collocation method (SBC) in [16], MCBC-DQM in [17] and Scheme 3 in [24]. We can be
seen that the present scheme is fourth-order accuracy in space and has much small error than the
schemes in [15, 16, 17, 24] even if a larger temporal step was used. Numerical traveling waves and
absolute errors at difference times with v = 1, h = 0.0625, 7 = h? are shown in Figure 1. It can be
seen that the mazximum error occurs near each highest peak.

when v =0 and

12



Table 1: The errors and convergence rates at T = 120 with v = 0, h = 0.5, 7 = h? for Example 1.

lle™ || oo Rate lle™| Rate

h=0.5 8.7823E-4 — 2.5964E-3 —
h =0.25 5.3151E-5 4.0464 1.5722E-4 4.0457
h =10.125 3.2843E-6 4.0165 9.7499E-6 4.0113

Table 2: The comparisons of errors with v = 0 and h = 0.2 for Example 1.

T Scheme lle™]] lle™] oo Scheme lle™|] lle™] oo

5 Present scheme 4.867E-6 1.2888E-5 Scheme 3 [24] 2.85426E-4 1.02518E-4
15 (1 =0.05) 6.933E-6  1.7388E-5 (r =0.01) 4.52481E-4 1.76969E-4
25 8.221E-6  2.4561E-5 6.16321E-4 2.43811E-4
5 MQ [15] 9.468E-5  4.669E-5 GA [15] 1.0075E-4  3.4297E-5
15 (r =0.001) 1.5362E-4  5.939E-5 (r =0.001) 1.0113E-4  3.830E-5
25 1.6818E-4  4.660E-5 1.3160E-4  3.990E-5
5 SBC [16] 3.249E-4 1.116E-4 MCBC-DQM [17] 6.3E-5 2.8E-5
15 (t=0.01) 1.807E-4 7.44E-5 (t=0.01) 5.6E-5 1.9E-5
25 1.395E-4  5.11E-5 7.2E-5 2.9E-5

8 %107

0.7
—T=0 —T=0
06 — =10 | 2L — 110 |
T=20
—T=30
051 ——T=40/ 1 6
=
0.4 st
[}
Q
c L L
S 03 54
[}
(%]
02t g 3f
<
0.1F ] 2
0 1
o1 ‘ ‘ ‘ ‘ ‘ ‘ o
-40 -20 0 20 40 60 80 100
X X

Figure 1: Numerical traveling waves (left) and absolute errors (right) at different times with v = 1, h = 0.0625,
7 = h? for Example 1.
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Table 3: The errors and convergence rates at T = 40 with v =0, h = 0.5, 7 = h? for Example 2.

lle™ |0 Rate lle™ || Rate

h=0.5 1.2079E-3 — 3.3931E-3 —
h =0.25 7.4071E-5 4.0274 2.0814E-4 4.0270
h =0.125 4.6994E-6 3.9784 1.2953E-5 4.0062

Table 4: The comparisons of errors with v = 0 and h = 0.4 for Example 2.

Scheme T=0.1 T=02 T=04 T=0.5
DPGM [12] 7 = 0.0002 7.071E-5 1.173E-4 2.076E-4 2.531E-4
7 =0.0001 1.77E-5 2.93E-5 5.19E-5 6.33E-5
MSFPM [19] 7 = 0.0002 2.1300E-5 3.9106E-5 7.3106E-5 9.0011E-5

7 =0.0001 5.3255E-6 9.7775E-5 1.8279E-5 2.2506E-5
Present scheme 7 = 0.005 4.4644E-6 5.0265E-6 5.9881E-6 6.3340E-6

Example 2. We consider the parameters to be v = 0,1 and k = 3. For this case, the system (1.1)
is called to the modified Kawahara equation [18]. The exact traveling wave solution is

3 1 432
u(x,t) = — T)ﬁozu sech? (2 % <:): - 2gat>> )

1 2 432
u(x,t) =+ 3P sech? | = b x+ 5Odi—i_ﬂzf ,
v30apu 2V ba 25«
when v = 1.

We chose the parameters « = =1, p = 1/3 and Q = [—40,100], T = 40. Table 3 shows
the results of errors and convergence rates with v = 0, h = 0.5, 7 = h%. It means that the present
scheme is fourth-order accuracy. Tables 4 and 5 list the error results at T = 0.1,0.2,0.4,0.5, 1 with
v =0 and h = 0.4, which are compared with dual-petrov-Galerkin method (DPGM) in [12], multi-
symplectic Fourier pseudo-spectral method (MSFPM) in [19] and three-level linear difference scheme
(TLDS) in [23]. We can be seen that the present scheme has much small error than the schemes
in [12, 19, 23]. The errors of the long time discrete mass M"™, momentum E™ and Hamiltonian
energy H™ with v =1, h = 0.0625 and 7 = h? are shown in Figure 2, which illustrates that Theorem
4.1 holds for the present scheme with small variation error. Numerical traveling waves at different
times with h = 0.125, 7 = h? are displayed in Figure 3. We see that numerical solutions agree with
the exact solutions in Figure 3.

when v =0 and

Example 3. We now consider oscillatory solitary waves which consist of a packet of solitary waves
with arbitrary small perturbations (see [6, 12] and the references therein). It can be described as
the following perturbed KdV equation [1]:

g + 6utly + Upgy + € Uppgps = 0. (7.1)

The asymptotic solution can be fined by assuming that the solution of (7.1) takes form of a small-
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Table 5: The comparisons of errors at T' = 1 with v = 0 and different A and 7 for Example 2.

Present scheme TLDS [23]
el le" loo e " [loo

7 =0.001 h=0.4 4.6815E-6 9.9437E-6 1.5096E-3 6.8396E-4
h=0.2 5.7421E-7 9.7182E-7 3.8035E-4 1.7360E-4

h=0.1 3.8538E-7 9.5274E-7 9.5267E-5 4.3286E-5

h =0.05 3.9368E-7 9.6407E-7 2.3829E-5 1.0833E-5

h =0.025 3.9311E-7 9.7477E-7 5.9592E-6 2.7087E-6

7/h =0.1 T=0.04 1.5589E-5 9.2197E-6 1.5056E-3 6.8371E-4
T =10.02 3.7049E-6 1.6793E-6 3.8091E-4 1.7364E-4

7 =0.01 9.5274E-7 3.8538E-7 9.5405E-5 4.3389E-5

7 =10.005 2.4068E-7 9.6870E-8 2.3862E-5 1.0855E-5

7 =0.0025 7.7179E-8 3.7225E-8 5.9663E-6 2.7121E-6

Figure 2: The errors of the long time discrete conservative properties with v = 1, h = 0.0625 and 7 = h? for Example
2.

=0, negative traveling waves =1, positive traveling waves =1, negative traveling waves

—T=0

09 —T=10

T=20
08 —T1=30
——T=40

07

06

0.4

03

——T=20 02 ——T=10

iy T=20
——T=60 0.1 ——T=30

Figure 3: Numerical traveling waves at different times with A = 0.125, 7 = h? for Example 2.
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Table 6: The errors between the numerical solutions and the asymptotic solution at different times for Example 3.

T =0.05 T=01 T =015 T =02
e 2.1864E-5 2.96565-5 2.9719E-5 3.5008E-5
le™]oo 7.6791E-5 1.2620E-5 1.3258E-5 1.7396E-5

amplitude modulated wave packet and using two-scale expansion [12] correct to O(€?),

2 187
- = /= h X + ¢ i h X tanh X
Uez (T, 1) To¢ cos(6¢ + ¢o) sech X + € {57@ sin(6€ + ¢p) sech X tan

_% <3 + %cos(%{ + 2¢0)> sech? X} Lo

= a(z,t) + O(e3), (7.2)

where E =x —ct and X = €€, 0 < e < 1.
We rescale (7.1) with (%,t) = (=L~ 'x, L=%), still use (x,t) to denote (%,t), we are leads to
consider the following problem [12]:

1 1

up — buuy, — ﬁumx — ﬁummz =0, (7.3a)
w(E1, 1) = ug(£1,t) = uga(1,1) = 0, (7.3b)
u(x,0) = u(Lx,0). (7.3c)

We take e = 0.01, # = v/0.5, ¢ = 0, ¢ = 0.25 and L = 2000. In this example, we use 7 = 107°, h =
1073, Table 6 lists the errors between the numerical solutions of (7.3) and the asymptotic solution at
different times T = 0.05,0.1,0.15, 0.2 which correspond to original times T = 100, 200, 300, 400. It
can be seen that the numerical accuracy is affected by the accuracy of the asymptotic solution which
is accurate to the order of €3. We display the numerical solutions and the asymptotic solutions at
three different times and shown the errors of the discrete conservative properties in Figures 4-7.
These solutions exhibit a highly oscillating behavior in Figures 4-6, but which are well computed by
our present scheme.

8. Conclusion

In this work, we develop a new conservative compact difference scheme based on SAV approach
for solving the generalized Kawahara equation. The present compact scheme unconditionally pre-
serves the discrete mass and Hamiltonian energy. The boundedness and convergence estimates are
strictly analyzed in detail. Further, We present a fast algorithm of the present scheme and verify
the theoretical analysis in the numerical experiments.
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%10 Numerical solution at t=0.05 on the whole interval

X
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Figure 4: Numerical solution (left) and asymptotic solution (right) at ¢ = 0.05 for Example 3.
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Figure 5: Numerical solution (left) and asymptotic solution (right)
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Figure 6: Numerical solution (left) and asymptotic solution (right) at ¢ = 0.2 for Example 3.
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Figure 7: The errors of the discrete conservative properties at different times for Example 3.

19



References

[1]

2]

[14]

[15]

[16]

T. Kawahara, Oscillatory solitary waves in dispersive media, J. Phys. Soc. Japan 33 (1) (1972)
260-264.

T. Iguchi, A long wave approximation for capillary-gravity waves and the Kawahara equation,
Bull. Inst. Math. Acad. Sin. (N.S.) 2 (2) (2007) 179-220.

F. D. Araruna, R. A. Capistrano-Filho, G. G. Doronin, Energy decay for the modified Kawa-
hara equation posed in a bounded domain, J. Math. Anal. Appl. 385 (2) (2012) 743-756.

Y. Pomeau, A. Ramani, B. Grammaticos, Structural stability of the Korteweg-de Vries solitons
under a singular perturbation, Phys. D: Nonlinear Phenomena 31 (1) (1988) 127-134.

J. P. Boyd, Weakly non-local solitons for capillary-gravity waves: fifth-degree Korteweg-de
Vries equation, Phys. D: Nonlinear Phenomena 48 (1) (1991) 129-146.

J. K. Hunter, J. Scheurle, Existence of perturbed solitary wave solutions to a model equation
for water waves, Phys. D: Nonlinear Phenomena 32 (2) (1988) 253-268.

S. Kichenassamy, P. J. Olver, Existence and nonexistence of solitary wave solutions to higher-
order model evolution equations, STAM J. Math. Anal. 23 (5) (1992) 1141-1166.

E. J. Parkes, B. R. Duffy, P. C. Abbott, The Jacobi elliptic-function method for finding
periodic-wave solutions to nonlinear evolution equations, Phys. Lett. A 295 (5-6) (2002) 280—
286.

A. M. Wazwaz, New solitary wave solutions to the modified Kawahara equation, Phys. Lett.
A 360 (4-5) (2007) 588-592.

L. M. Assas, New exact solutions for the generalized Kawahara and modified Kawahara equa-
tion using the modified extended direct algebraic method, Int. J. Manag. Sci. Eng. Manag.
4 (4) (2009) 294-301.

7. Zhang, 7. Liu, M. Sun, S. Li, Well-posedness and unique continuation property for the
solutions to the generalized Kawahara equation below the energy space, Appl. Anal. 97 (15)
(2018) 2655-2685.

J. Yuan, J. Shen, J. Wu, A dual-Petrov-Galerkin method for the Kawahara-type equations, J.
Sci. Comput. 34 (1) (2008) 48-63.

S. Abbasbandy, Homotopy analysis method for the Kawahara equation, Nonlinear Anal. Real
World Appl. 11 (1) (2010) 307-312.

Q. Wang, The optimal homotopy-analysis method for Kawahara equation, Nonlinear Anal.
Real World Appl. 12 (3) (2011) 1555-1561.

N. Bibi, S. I. A. Tirmizi, S. Haq, et al., Meshless method of lines for numerical solution of
Kawahara type equations, Appl. Math. 2 (5) (2011) 608-618.

S. B. G. Karakog, T. Ak, H. Zeybek, Numerical solutions of the Kawahara equation by the
septic B spline collocation method, Stat. Optim. Inf. Comput. 2 (2014) 211-221.

20



[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

A. Baghan, An efficient approximation to numerical solutions for the Kawahara equation via
modified cubic B-spline differential quadrature method, Mediterr. J. Math. 16 (1) (2019) 14-36.

A. Baghan, Highly efficient approach to numerical solutions of two different forms of the
modified Kawahara equation via contribution of two effective methods, Math. Comput. Simul.
179 (2021) 111-125.

Y. Gong, J. Cai, Y. Wang, Multi-symplectic Fourier pseudospectral method for the Kawahara
equation, Commun. Comput. Phys. 16 (1) (2014) 35-55.

M. Sepulveda, O. Vera, Numerical methods for a transport equation perturbed by dispersive
terms of 3rd and 5th order, Scientia Series A: Math. Sci. 13 (2006) 13-21.

J. C. Ceballos, M. Sepulveda, O. P. V. Villagran, The Korteweg-de Vries-Kawahara equation in
a bounded domain and some numerical results, Appl. Math. Comput. 190 (1) (2007) 912-936.

U. Koley, Finite difference schemes for the Korteweg-de Vries-Kawahara equation, Int. J.
Numer. Anal. Model. 13 (3) (2016) 344-367.

X. Wang, H. Cheng, Solitary wave solution and a linear mass-conservative difference scheme
for the generalized Korteweg—de Vries-Kawahara equation, Comput. Appl. Math. 40 (8) (2021)
1-26.

R. Chousurin, T. Mouktonglang, B. Wongsaijai, K. Poochinapan, Performance of compact
and non-compact structure preserving algorithms to traveling wave solutions modeled by the
Kawahara equation, Numer. Algori. 85 (2020) 523-541.

J. Shen, J. Xu, J. Yang, A new class of efficient and robust energy stable schemes for gradient
flows, SIAM Rev. 61 (3) (2019) 474-506.

X. Yang, L. Ju, Linear and unconditionally energy stable schemes for the binary fluid—
surfactant phase field model, Comput. Methods Appl. Mech. Eng. 318 (2017) 1005-1029.

X. Yang, J. Zhao, Q. Wang, J. Shen, Numerical approximations for a three-component Cahn—
Hilliard phase-field model based on the invariant energy quadratization method, Math. Model.
Methods Appl. Sci. 27 (11) (2017) 1993-2030.

J. Shen, J. Xu, J. Yang, The scalar auxiliary variable (SAV) approach for gradient flows, J.
Comput. Phys. 353 (2018) 407-416.

H. Chen, J. Mao, J. Shen, Optimal error estimates for the scalar auxiliary variable finite-
element schemes for gradient flows, Numer. Math. 145 (1) (2020) 167-196.

H. Chen, Error estimates for the scalar auxiliary variable (SAV) schemes to the viscous Cahn-
Hilliard equation with hyperbolic relaxation, J. Math. Anal. Appl. 499 (1) (2021) 125002.

C. Jiang, Y. Gong, W. Cai, Y. Wang, A linearly implicit structure-preserving scheme for the
Camassa—Holm equation based on multiple scalar auxiliary variables approach, J. Sci. Comput.
83 (1) (2020) 20-39.

X. Cheng, X. Yan, H. Qin, H. Wang, Optimal [*° error estimates of the conservative scheme for
two-dimensional Schrodinger equations with wave operator, Comput. Math. Appl. 100 (2021)
74-82.

21



[33]

[34]

[35]

[36]

[37]

[38]

Y. Fu, D. Hu, Y. Wang, High-order structure-preserving algorithms for the multi-dimensional
fractional nonlinear Schrodinger equation based on the SAV approach, Math. Comput. Simul.
185 (2021) 238-255.

Z. Sun, Numerical Methods of Partial Differential Equations, 2nd, Science Press, Beijing
(2012).

A. Ghiloufi, K. Omrani, New conservative difference schemes with fourth-order accuracy for
some model equation for nonlinear dispersive waves, Numer. Methods Part. Differ. Equ. 34 (2)
(2018) 451-500.

B. Wang, T. Sun, D. Liang, The conservative and fourth-order compact finite difference
schemes for regularized long wave equation, J. Comput. Appl. Math. 356 (2019) 98-117.

C. Jiang, Y. Wang, Y. Gong, Arbitrarily high-order energy-preserving schemes for the
Camassa-Holm equation, Appl. Numer. Math. 151 (2020) 85-97.

S. Xie, S. Yi, A conservative compact finite difference scheme for the coupled Schrodinger-KdV
equations, Adv. Comput. Math. 46 (1) (2020) 1-22.

22



