ON HYPONORMAL AND DISSIPATIVE CORRECT EXTENSIONS AND RESTRICTIONS

N. KAKHARMAN, K. TULENOV, AND L. ZHUMANOVA

ABSTRACT. The main aim of this paper is to study hyponormal and dissipative correct restrictions and extensions as well as
their applications to differential operators.

1. INTRODUCTION

The theory of extensions and restrictions started from a pioneer work of J. Von Neumann [23] and it is further
developed to several directions by M.A. Krasnosel’skii [18], M.A. Naimark [22], M.L. Vishik [27], A.V. Bicadze and
A. A. Samarskii [ 1], and A.A. Dezin [5, 6]. Later, Bitsadze-Samarsky type problems were investigated by M. Otelbaev

[24] and his disciples [16, 17]. A description of regular extensions of hyperbolic and mixed type operators in terms of
boundary conditions was studied in [10, 11, 12]. Various applications of this theory and its further development can
be found from the papers [2, 3,4, 6, 7,9, 13, 14, 15, 19, 20, 21, 25, 26] and references therein.

In this paper, we investigate correct restrictions of hyponormal and dissipative operators, and present some ap-
plications to differential operators. Many spectral properties of linear operators are closely related to these notions.
Hyponormal operators give a lot of information about the spectral properties of linear operators. For example, a com-
pact hyponormal operator has a nonzero eigenvalue and if a compact hyponormal operator is invertible, then its system
of root vectors is complete in a Hilbert space H. Furthermore, if the spectrum of the hyponormal operator lies in
the right half-plane, then for all f € D(A) we have (Re(A)f, f) > 0. All these interesting properties hyponormal
operators motivate us to study their correct restrictions and extensions.

The structure of this paper is as follows. Section 2 recalls a necessary theory on correct restrictions and extensions
of linear operators. In Section 3, we describe all possible correct hyponormal restrictions of the maximal and correct
hyponormal extensions of the minimal operators. Section 4 is devoted to study correct hyponormal restrictions and
extensions whenever minimal operator is symmetric. Finally, we investigate dissipative correct restrictions of arbitrary
maximal operators, which we address section 5. The results on dissipative restrictions obtained in this section are max-
imally dissipative restrictions due to their correctness. Such operators generate a continuous semigroup. In addition,
they are necessary for proving many theorems on the completeness of the system of root vectors such as theorems
of ML.S. Livshits [28] and V.B. Lidskii [29] (see also [8]). The obtained results allow to single out whole classes of
disspative correct operators, which, in the case of Nuclearity, are automatically operators with a complete system of
root vectors. For example, the dissipative operators obtained from Theorem 5.2 for the differential operator for n > 2
have a complete system of root vectors.

2. PRELIMINARIES

This paper is a continuation of the research in [26]. Therefore, for convenience, we keep almost all notations as in
[26]. So, for undefined notations and notions below, we refer the reader to [26]. Recall that an operator A with domain
D(A) is said to be a restriction of an operator B or B is called an extension of A, if

(i) D(A) c D(B);
(i) Ax = Bx for all x € D(A).

Definition 2.1. (i) A linear closed operator A, in H will be called minimal, if R(Ay) # H;
(ii) A linear closed operator Ain H is called maximal, if R(X) = H and KerA # {0}.

Definition 2.2. A correctly and everywhere solvable extension A of the minimal operator A, will be called a correct
extension, and a correctly and everywhere solvable restriction A of the maximal operator A will be called a correct
restriction.
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Definition 2.3. A unbounded linear operator is called normal if D(A) = D(A*) and ||A*x|| = ||Ax|| holds for all
x € D(A). A closed densely defined operator is called hyponormal it D(A) = D(A*) and ||A*x|| < || Ax]|| holds for all
x € D(A). An unbounded operator A is called a formally hyponormal operator if for all f in D(A) C D(A™), such that
[|A* £l < ||Af]|, and is called a hyponormal operator in case D(A) = D(A*).

In this regard, we are interested in hyponormal correct restrictions of the maximal operator L,and hyponormal correct
extensions of minimal operator L. We shall notice, that for hyponormality, the density of the domain is necessary.
And hyponormality of restriction Ly means for all f € D(L*K) = D(Lg) such that ||L*Kf|| < ||Lg fIl. If there is
some known correct restriction of the maximal operator and we take a correct self-adjoint restriction L of the maximal

operator L, then the inverse operator to the arbitrary correct restriction of L has the form
(2.1 L f=L]'"f+Kf,
where K is a linear bounded operator in H such that R(K) C K erL.

Definition 2.4. If minimal operator L, and maximal operator T are connected each other as Ly C I/:, then a correct
extension L of the minimal operator L will be called a boundary correct extension of the minimal operator L, with

respect to ]t, if it is also a correct restriction of the maximal operator I, that is LyCcLC L.

It was shown in [2] ( see also [3]) that all kinds of correct extensions of the minimal operator L are exhausted by
adjoint operators to all kinds of correct restrictions with dense domains. Due to this connection, it is enough to study
many spectral properties for correct restrictions. It follows that, the correct restrictions of Ly from (2.1) turn out to be
boundary correct extension if and only if R(L() C KerK [6]. Let L be any known boundary correct extension of L),

ie,LyCLC L. The existence of at least one boundary correct extension L was proved by Vishik in [27]. It is known

that any self-adjoint correct extension L of the minimal operator L is also a restriction of the maximal operator I
that is, L, is a boundary correct extension. The domain of definition of the operator L is usually defined as a kernel
of some linear boundary operator I', i.e.

D(L,)={ue D) : Tu=0}.

In the case of differential operators, I is a boundary operator, and I';u = 0 is a boundary condition.
Let us consider some minimal operator L, in a Hilbert space H. Then, L = L(’; is a maximal operator. We will

denote by L, some self-adjoint boundary extension. It is well known that Ly, C L, C L, and conversely all correct
restrictions Ly of the maximal operator L have the following form

(2.2) u=Lyf=L]'f+Kf,

where K is an arbitrary bounded operator acting from H into K erL. Moreover, it is only correct restriction of the
maximal operator L. We shall notice, that the normal correct restriction of the maximal operator L coincides with
self-adjoint if only if L, is symmetric and L = L(";. We also need the following definition.

Definition 2.5. A linear operator A : H — H with the dense domain D(A) is called dissipative if 3mA > 0.

It is known that if A is a dissipative operator, then operators A~! and A* are also dissipative.
As usual, we denote by I/Vzk[O, 1], k € N, the Sobolev space with respect to the norm

| 1/2
||f||W2k[o,u=< /0 (If(t)I2+If<")(t)|2)dt> :

Moreover, this space is a Hilbert space with the inner product
1 - —_
(fs 8dwrion = / (/@50 + FP0eP ) ) dr.
0

3. ON COINCIDENCE OF HYPONORMAL AND SELF-ADJOINT CORRECT EXTENSIONS OF SYMMETRIC MINIMAL
OPERATOR

The following is the main results of this section.



Theorem 3.1. Hyponormal correct extensions L. of the symmetric operator L and hyponormal correct restrictions

Ly of the maximal operator L= L("; are exhausted by self-adjoint boundary extensions of the minimal operator L.

Proof. For the hyponormality of L7, it is necessary that D(L}.) = D(Lg). Then
D(Ly) € D(L%) = D(Lg) € D(L).

Moreover, we have representation (2.2) for the operator L}l. Let us take arbitrary element u, € D(L). Then, by (2.2)
we have

(3.1 uy=L;'fo+Kfy.
Hence,
Lug = fy € R(Ly).
It is well known that Ls‘lfo = Lalfo € D(Ly). By (3.1) we have that K f, € D(L,). Since R(K) C Keri, it follows
from the uniquely solvability of L that K f, = 0. In other words, R(L,) C KerK. Thus, we obtain
LycLgcL

Further, for all g € H, there exists inverse image v = (L*K)_lg, and for any v by D(L*K) = D(Lg) there exists f € H
such that v = L; f. Therefore, for every f and g in H we have

L f=w's

Since (L})_1 = (LI_<1)*, we obtain

(3.2) L'f+Kf=L'¢g+K"g.
It follows from Ly C Lg C L that K* geEK erl. Applying the maximal operator L to both side of (3.2) we obtain
that f = g. Since g is arbitrary, it follows that L} is self-adjoint. Thus, correct hyponormal extensions of the minimal

operator L coincide with self-adjoint correct extensions. Here, we used only D(Lg) = D(L*k) and this condition is
also figured in condition of hyponormality of L. This concludes the proof. ]

Example 3.1. Hyponormal correct extensions or restrictions of the equation

dy
L =]— =
y=its f

in L,(0, 1) are operators L with domains
D(L) = {y € W,'[0,1] : y(0) = ay(1),|a| = 1}.

They are all possible self-adjoint boundary extensions.

4. ON HYPONORMAL CORRECT EXTENSIONS IN CASE THE MINIMAL OPERATOR IS NOT SYMMETRIC

In a Hilbert space H we will consider a correct operator L, with the dense domain and not dense range. Let there
exist other correct solvable operator M|, satisfying

(Lou, v) = (u, Myv), Yu,v € D(Ly) = D(M,).

It is well known that, if there is a normal correct restriction Ly of the maximal operator L = MS‘ or a normal
correct extension Ly of the minimal operator L, then it is a boundary extension. In other words, Ly C Ly C L.

Therefore, L7, is also a normal operator and My C L}, ¢ M = L;. The following theorem shows that hyponormal
correct extensions or restrictions have the same properties.

Theorem 4.1. If there is only one correct boundary extension Ly of the minimal operator L, then all hyponormal
correct extensions Ly of the minimal operator Ly and hyponormal correct restrictions Ly of the maximal operator L
are boundary, i.e.
LyCLgCL.
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Proof. For the hyponormality of correct restrictions and correct extensions, the condition
D(L,) = D(L))
is required. Let us consider the case when L, is a correct restriction. If L, is a correct extension, then working with
the adjoint operator the problem is proved similarly to the case of correct restriction. Therefore, it is sufficient to prove
the theorem in the case of correct restriction.
Indeed, using the representation
-1 -1
u=L'f=L}'f+Kf
of the correct restriction, where L is a normal restriction of the maximal operator L = M, (’)k and K is a linear bounded
operator from H into K erL. Hence, by the equality D(L;) = D(th), for each f there exists g € H such that
_ «\—1 w )\~ %
u= (Lk) g= (LH) g+ K'g.
Thus,
.1) L' f+Kf =L 'g+K*s.

It follows from (4.1) that K*g € D(z) and Kf € D(M\ ). Acting on both sides of (4.1) with the operators L and M
we obtain the following equalities

“4.2) f= LH(LZ)—lg + EK*g,

g=L L f+MKf,
respectively. Substituting (4.2) into (4.1) we get
(4.3) KLy(L:)'¢+KLK*g+ L7 LK*g = K*g

forall gin H.Ifin (4.3) elements g are taken from R(M,), then, since R(M) C KerK* and R(L) = LH(L;{)‘IR(MO),
we obtain
R(Lj) C KerK.

In other words, we have that L, C L, C i, thereby completing the proof. ]

Example 4.1. Let us consider the equation
_dy _
T dx s

in the Hilbert space L,(0,1). Then, all possible hyponormal correct extensions and restrictions of this equation are
operators L with domains

D(L) = {ye wlo,1] : (% —ic)y(0)+ <%+ic>y(l) —0,ce IR}.

It is clear that, they are boundary extensions, i.e.

Ly

LycLcCL.
Remark 4.1. This example shows that hyponormal correct operators L are exhausted by normal boundary extensions.
Also, note that hyponormal correct extensions of a symmetric minimal operator are exhausted by self-adjoint extensions.

There is an essential question that

Question 4.1. Do not hyponormal correct operators have the same property as in Remark 4.1 under the condition of
Theorem 4.1?

In order to answer this question, first it is necessary to describe all normal correct restrictions. Although normal
operators have been studied by many authors for many years, there is still no effective approach to describe normal
boundary extensions. The next theorem is devoted to the above question.

Theorem 4.2. Suppose that one normal boundary extension Ly of the minimal operator Ly is known. Then the correct
restriction L, is normal if and only if D(L;) = D(L]t) and (M K)* = LK*, where K is a linear bounded operator
from H into K erL which satisfies

(4.4) us L'f =Ly f+Kf.
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Proof. Let Ly be a normal boundary extension. Then L, '(L})™" = (L)™' L;!. By virtue of representation (4.4) we
obtain

-1 % =1 _ -1 -1
(Ly + KL ™ + KOf = (L™ + KLy + K)f, Vf € H.
Hence,
4.5) LK f+ KWL f+KK*f=(Ly)'Kf +K*L} f + K*Kf.
It follows from the necessary condition of normality D(L;) = D(L]t) that
R(K) c D(M), R(K*)c D(L), R(K*)C KerM.

Therefore, it follows from the closedness of the operators L and M we obtain the boundedness of the operators MK
and LK*. Acting on both sides of (4.5) from the left with the maximal operator L, we obtain

K*f=Ly(L)"'Kf +LK*L}} f + LK*K f.
It follows that
Kf =KL L7 f + (L) (LK f + K*(LK")"f.
Again, acting on both sides of above equation with the operator M we have
MKf =(LK**f, Vf € H.

This is equivalent to LK* = (]/\/[\K)*.
Conversely, let D(L;) € D(Li) and LK* = (M K)*. Then, for any f € H, there is a function g € H such that
u= L;l f= Ll’z‘l g, where g ranges over the entire H. This equality will be rewritten as

(4.6) L} f+Kf=(Ly) g+ K*sg.
Acting on both sides of the equality with the operator M, we obtain
g=L5 L f+MKf.
Substituting g into (4.6), we have
_ 177 -1 7
Kf=(L)'"MKf+K*L;, L7} f + K"MKf, Vf € H.
Then
K*f =(MKY*L7} f + Ly(L3)™'Kf + (MK)*K 1.
Since (M\K)* = LK*, we have
4.7) K*f =LK*L7 f + Ly(L:)"'Kf + LK*K f.
Adding (LZ,)_l f to both sides of equality (4.7) we obtain
K'f+ L) f =) f+ LK*L7 f + Ly(L3) 'K f + LK*K f.
This is equivalent to the following equality
K'f+ L) f = Ly f+ LKLy f + Ly (L)™' K f + LK*K f .
It follows that
L) f = L) ™ + KLy f + L) ™ + KK f.
This is equivalent to the following equality
(L™ = L)~ LS
Thus, we have
L@y f=wpL'f, Vf EH.
This completes the proof. U



Example 4.2. Let us consider the differential equation

4.8) Ly=y'+y =f

in Ly(0, 1). Then, it is easy to see that formally adjoint equation has the form

Mv=0v'-V =g
Hence,
D(Ly) = D(My) = {g € W;[0,1] : y(0) = y(1) = y/'(0) = /(1) = 0},

D(L) = {y € W2[0,1]}.
D(M) = {ve W2[0,11}.

Moreover, it is easy to check that the operator Ly, corresponding to the equation (4.8) with conditions
y(O0)+y(1) =0, y'(©)+)'(1)=0,

is normal. Thus, using Theorem 4.2, we find all possible correct normal operators. To do this, first we need to check
the condition LK* = (M K)*. Any correct restriction L, of the maximal operator L has the following inverse

y=L'f =Ly f+K/.
Taking into account the fact that normal correct operators lie between Ly and T we have a general form for K
1 1
(Kf)(x) = / f)(ayy +apedt + e_x/ FO(@y; + aye')dr.
0 0
Then,
1 1
(Kxf)(x) = (511 + Elzex)/ f(t)dt + (521 + azzex)/ e_lf(t)dt
0 0

Now, acting on K and K* with the operators M and I, respectively, we have

1
(MK f)(x) = 2¢™* /0 (@, + aye) f (D)1,

1 1
(iK*f)(x) =2a,e* / S(®Odt +2a,,e* / e f(ndt.
0 0
Finding (M K)*,
1
(MK*f)(x) =2(ay, + aQZex)/ e f(tdt
0

from the condition (]T/I\K)* = LK*, we obtain ay; = 0and aj, = 0. Therefore, the operator K has the form

1 1
(KN)x) = ay, /0 f(@0dt +aye™ /0 ¢ f(nydt.
Thus,
1 1
(K* )(x) = ay /0 f@dt + aye* /0 e f(t)d.

Now, from the condition D(L;) = D(Ly) it is easy to obtain conditions for ay; and a,. It follows that all possible
normal correct operators L, correspond to the following boundary conditions for equation (4.8)

¥0) = ay(), y(O0)=ay), la|=1, a# L
Example 4.3. Consider the linear differential equation

_ d2n+1y
4.9) Ly= Tl f(x)
in L,(0, 1). Then the formally adjoint differential equation has the form

d2n+lv
Mv =

~ et 8%
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Since D(i) = D(M\ ), then the condition LK* = (]Tl\ K)* is satisfied. Therefore, any boundary extension of the
minimal operator L, generated by the differential equation (4.9), is normal for all self-adjoint boundary conditions,
that is, D(Ly) = D(Ly). In this case, all possible hyponormal boundary extensions are exhausted by normal ones. If
we do not assume the existence of a normal regular extension, then difficulties arise in describing and even proving the
existence of hyponormal operators. The next example shows that for differential operators for which normal ones do
not exist, one can find a formally hyponormal operator.

Example 4.4. Let us given the following differential expression

1 du u 2
Lu=-——+—+
u cdx oo x“u
in Ly(a,b),0 < a < b < +co. Then, the formally adjoint differential expression has the form
1 do 1
L+ == o+ 2
xdx 2x? pTaey

If Ly is a differential operator generated by the differential expression L with the domain

o

D(L) = W, [a, b],
then L* is defined by the differential expression L™ with the domain
D(L*) = W,'[a,b].
Hence, it is easy to show that on D(Ly) C D(L*) the inequality
IL*ull < | Loull, u € D(Lp)
holds.

5. ON DISSIPATIVE CORRECT RESTRICTIONS OF ONE CLASS OF MAXIMAL OPERATORS

Let us consider a minimal symmetric operator L in a Hilbert space H. Then the maximal operator is L = LS and
there exists at least one self-adjoint boundary extension L of the minimal operator L, i.e. Ly C L C L. Hence, for all
correct restriction of the maximal operator L the representation L; f = L' f + K f holds, where f is an arbitrary
function in H and K is a linear operator acting from H into KerL.

The following abstract theorem is the main result of this section.

Theorem 5.1. The imaginary part of the operator L, is sign-defined if and only if R(Ly) C KerK and Sm(K) is
sign-defined on KerL.

Proof. It is known that H = R(L() @ KerL. In other words, each element of f € H is uniquely decomposed as
f = fo+ugy, where f € R(L,) and u, € KerL. The sign-definiteness of Sm(LZI) Jf means the sign-definiteness of
(Sm(LZI)f, f) for all f in H. Therefore,

L' — (LY _p
(Sm(L Y7 f) = <"—(k)f,f> = (K K f,f>

2i 2i
= L Kf ) = 2K ) = (K foug) — = (K*(fy + ). f)
2i 7 2i ’ 2i 70 g 0 r0n
5.1 1 1 1 1
-1 = 2 (K ug) = 5-(fo + g K ) = 2-(K fstg) = 5-Cug. K f)

1 | -
= Z_i(K(fO + up), up) — Z_i(K uy, fo + up)

= le [(K fo. up) — (ug. K fo)] + le [(Kug, ug) — (K*ug, ug)] -

There are two possible cases.
Casel. Kfy = 0, Vfy € R(Ly). This means that R(L;) C KerL, and it can be seen from (5.1) that the sign-
definiteness of Sm(L;l) is equivalent to the sign-definiteness of Im(K) on KerL.
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Case II. Let there exist f € R(L) satisfying K f; Z 0. We will show that, in this case the sign-definiteness of
Sm(L;l) is impossible. It is well known that K f; € KerL. Set u, = K f,. As uy we take u, = ”72 where 4 is a
non-zero complex parameter. Then (5.1) will take the form

ﬂgﬂ%ﬂw+wmwmwm,%eKwL

The sign-definiteness of this expression is equivalent to the sign-definiteness of the following expression
A—2  (Bm(Kuy, up)
=+ .
2i (ug, ug)

Since K is bounded and %’1 is arbitrary, it follows that Sm(Ll:l) cannot be sign-defined. This completes the proof. [

Consider the maximal operator L , generated by the differential expression £(y) = (l)” Y in the space 1,(0,1). In
this case the domain of the minimal operator L, coincides with W[0, 1] and domains of all boundary extensions of
L, of the minimal operator L consists of functions in I/V2”_l [0, 1] satisfying the conditions

mpﬁ{Z(waW“®+ZZ “’”“”m}

j=1 k=j

52 ymhﬂ{Z(WmW“@+zz m“ﬂm}

j=lk=j

ﬂHmhw{2<MMW“@+ZZG” ““ﬂm}

j=1 k=j

It can be seen that these boundary conditions exhaust all correct boundary value problems for the differential expression
2(y).

Theorem 5.2. A correct restriction L, of the maximal operator L, generated by the differential expression £(y), is
dissipative if and only if L, is a boundaty extension, i.e. D(L,) is determined by the boundary conditions (5.2) and
the sums of minors

i )
S, = A:(E ;),szmgm
1<y <...<i <k <..k,<2n Lo p
of the matrix
[b1y = by et Gt
by = by cp ot
bln qu Cln Cnn
1 " by by, |
1 1 7 7
7 — b by,
: : : K K
B o B b
a n
-y % kl ; :
where by; = 121 Oy Gk = an Z T +ap Z f'(f+1) (n oI 2 ‘(f+ ; are non-negative numbers.

Proof. The dissipativity of L, is equivalent to the dissipativity of L;l. By Theorem 5.1, we only need to check the
condition Sm(K) = 2 < 0on KerL, where

(K/)x) = Z}hllyu/(leaw



1
(K* ) = ZZ x 5 ,,/ - 1),f()d

i=1 j= l
Since K is a finite-dimensional operator, it follows that 3m(K) < 0 if and only if its all eigenvalues A are non-positive.
Therefore, we need to find the criterion of non-positivity of the operator Im(K). Its Fredholm determinant is
A = A= LE| = (=) + ;=D + §,(=)*" 2 + -+ 5,, =0,
where

S, =

i i 3

ki ... kp ), p=1,...,2n,

is the sum of principal minors of order p of the matrix A. But, by the Hurwitz criterion for the stability of a polynomial
with real coefficients, the eigenvalues A are non-positive if and only if the principal minors of the Hurwitz matrix for
A(A) are non-negative. This concludes the proof. ]

A= (
1<i; <...<ip<k1 <...kp§2n

Example 5.1. Consider the case n = 1. Then

d
63 t =i
X

Hence, operators, which are inverse for all correct constrictions of the maximal operator generated by the differential
expression (5.3), have the form

1
L' f=Ly'f+ /0 fo(nd,

where Ly is a self-adjoint operator corresponding to the correct the problem

iy (x) = f(x),
¥(0) = —y(D).
By Theorem 5.1, dissipative correct restrictions lie among boundary extensions. In other words, oc(x) = a+iff = const.

Therefore, by Theorem 5.2, those correct constrictions for which Sm(c) = p < 0 are dissipative. Thus, only the
Jfollowing boundary value problems are dissipative correct problems

iy (x) = f(x),
(1428 +2ia)y0)+ (1 =28 - 2ia)y(1) =0
where < 0 and a is an arbitrary real number.

Let L be amaximal operator in a Hilbert space H, which has at least one self-adjoint correct restriction L. Generally,
the domain of the operator L, = L* is not always dense in H. Therefore, L, is not a symmetric operator. In this case,
despite the absence of such a minimal operator, all correct dissipative restrictions can be described. For this purpose,
we obtain the following result.

Theorem 5.3. Imaginary part of the operator
-1 _ 7-1
L =L +K,

where K is a linear bounded operator acting from H into KerL, is sign-defined if and only if (KerL)* C KerK and
Sm(K) is sign-defined on KerL.

Proof. If we replace the set R(L,) with (KerL)* in the proof of Theorem 5.1, then the same approach completes the
proof. |
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