Equivalence between invariant measures and
statistical solutions for the 2D non-autonomous
magneto-micropolar fluid equations'

Yanjiao Li*, Xiaojun Li
Department of Mathematics, School of Science, Hohai University,

Nanjing, Jiangsu 210098, China

Abstract: In this article, we aim to investigate the regularity of statistical solution for the
2D non-autonomous magneto-micropolar fluid equations as well as the relationship between
invariant measures and statistical solutions. Firstly, to get the regularity of the statistical so-
lution, we prove the existence and regularity of the pullback attractor for the equations. Then
we obtain the statistical solution possesses some regularity properties by using regularity of
the pullback attractor. Finally, we prove the statistical solution is actual an invariant measure
for the equations.
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1 Introduction

In a turbulent flow, almost all physical quantities vary so rapidly in space and time
that the actual instantaneous values of these quantities cannot be determined. Instead,
people usually measures the moments, or some averaged values of physical quantities.
In other words, a statistical description of the turbulent flow is available. Statistical
solution is a rigorous mathematical notion, which has been introduced to formalize
the object of ensemble average. Foias and Prodi in [1] first introduced the concept of
time-dependent statistical solutions (or simply statistical solutions), which is a family
of time-parameterized probability measures defined on the phase space of Navier-Stokes
equations and describes the probability distribution of the velocity field of the flow at
each time. Moreover, statistical solutions represent the time evolution of the probability
distribution functions associated with the fluid flows and are closely relevant to the

*Corresponding author.
E-mail: yanjiaoli2013@163.com(Y. Li), lixjun05@hhu.edu.cn (X. Li).
¥ The work was supported by NSFC(Grant 11571092).



invariant measures defined on the phase space of the corresponding system. At present,
statistical solutions and invariant measures have been extensively used to describe the
turbulence in different fluids.

The invariant measures have been investigated in many references (see e.g. [2-8]).
For example, Foias et al. in [3] used the notion of Generalized Banach limit, which can
link ensemble and time average without “ergodic hypothesis”, to construct invariant
measures for the Navier-Stokes equations. Wang in [6] studied the existence and upper
semi-continuity of invariant measures for a class of uniformly dissipative systems. Based
on works [3, 6], Lukaszewicz, Real and Robinson in [4] constructed invariant measures
for the continuous dynamical systems. Chekroun and Glatt-Holtz in [2] generalized
and simplified the proof of [4] to construct invariant measures for general autonomous
dissipative dynamical systems. Lukaszewicz and Robinson in [5] extended the result of
[2] to construct invariant measures for a class of non-autonomous dissipative dynamical
systems.

There are also a series of references investigating the relationship between invariant
measures and statistical solutions or stationary statistical solutions (see e.g. [3, 9-14]).
For instance, Foias et al. systematically investigated the relationship between invariant
measures, stationary statistical solutions and statistical solutions for the Navier-Stokes
equations; Lukaszewicz in [11] investigated the relationship between pullback attractors,
invariant measures, and statistical solutions for the 2D non-autonomous Navier-Stokes
equations; Kloeden, Marin-Rubio and Real in [10] proved the equivalence between sta-
tionary statistical solutions and invariant measures for the 3D autonomous globally
modified Navier-Stokes equations. Recently, Zhao, the first author, Lukaszewicz proved
the existence of invariant measurers for the 2D non-autonomous magneto-micropolar
fluid system in [13] and revealed that the invariant measure satisfies a Liouville-type
equation and is actual a statistical solution for the system. Moreover, they also got
the partial degenerate regularity of the statistical solution when the Grashof number
corresponding to the system was small enough.

In this article, we continue to investigate statistical solution for the following 2D
non-autonomous magneto-micropolar fluid equations:
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divu = 0,divh = 0,

where the unknown functions u = (uq(z,t), us(z, 1)), w = w3(x,t), h = (hy(x,t), ho(z,t)),
p = p(z, t) denote the velocity, micro-rotational velocity, magnetic field and the pressure,
respectively, and
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Moreover, the given functions f = (fi(x,t), fo(z,t)) and g = gs(z,t), respectively,
denote external force and moments, and &, x, 7, k, i, o are positive constants related
to properties of the material. For simplicity, we take v = k = 1. As in [13], we consider
(1.1) in a bounded domain © C R? with suitable smooth boundary 99 and assume it
satisfies the following initial and boundary conditions

w(z,7) = (u(z,7),w(x,7),h(z, 7)) = (u(2),w (), h (), 2 € QT ER, (1.2)
u(z,t) = w(z,t) = h(z,t) =0, (z,t) € 0Q x [T, +00). (1.3)

The mathematical studies for system (1.1)-(1.3) have been widely done due to its im-
portant physical background (see e.g. [15-23]).

At the present paper, we investigate the equivalence between invariant measure and
statistical solution for Eq. (1.1)-(1.3). The first goal is to prove the statistical solution
for Eq. (1.1)-(1.3) possesses following regularity properties:

(i) the support of the statistical solution is included in some regular space;
(ii) the statistical solution satisfies a stronger form of Liouville-type equation.

We recall that the support of statistical solution {my}er given in [13] is included in
the pullback attractor .flpg of Eq. (1.1)-(1.3). Naturally, to get the regularity of the
statistical solution, we first prove the regularity of pullback attractor of the equations
and then investigate the regularity of the statistical solution. The second goal is to
prove that the statistical solution of Eq. (1.1)-(1.3) is actual an invariant measure for
the equations, which is the inverse result of [13, Theorem 4.2], and therefore we can
get the equivalence between invariant measure and statistical solution for the equations.
We remark that the regularity properties (i) and (ii) play an essential role in this proof
(for details see the proof of Theorem 4.3).

The article is organized as follows. In next section, we present some preliminaries
and results related to the solution of Eq. (1.1)-(1.3). In section 3, we devote to prove
the existence and regularity of pullback attractor for the associated solution operators
process {S(t,7)}i>-. In section 4, we first recall the result on the existence of statistical
solution of Eq. (1.1)-(1.3) and then we prove the statistical solution possesses some
regularity properties. Furthermore, we verify that the statistical solution with these
properties is an invariant measure for the equations.

2 Preliminaries

In this section, we first introduce some notations and operators. Then, we give the
results of existence and uniqueness of solutions for problem (1.1)-(1.3).

At the present paper, we denote by V the set of all divergence free vector functions
in (CF(Q)*ie. V={u= (u,uz) € (C(Q))* : divu = 0}. We will often use the
following notations and function spaces:

H = the closure of V in (L*(Q2))%

V' = the closure of V in (H'(Q2))%



H= H x L*(Q) x H withnorm || - || ; = || - || and inner product (-, -) defined by

lwll = (Jlul® + [[w]® + [|6]*)/2,
<w17w2) = (u17u2) + (WIJWQ) + (h17h2)7 w; = (uhwl?hl) € ﬁ? Z = 1727

V=V x H}(Q) x V with norm || - |y and inner product ((-,-)) defined by

lwlly = (ullf + [l o + I1R15) "2,
((wl,wg)) = (Vul, VUQ) + (le, VCUQ) + (Vhl, th), w; = (ui,wi, hz) € ‘A/, 1= 1,2;

V*-the dual space of v

(,-)-the dual paring between V and V*.

For simplicity, the inner product in L*(Q) or H is also denoted by the same notation
(+,+) if no confusion arises. In addition, we use disty;(X,Y) to denote the Hausdorff
semidistance between X C M and Y C M defined by

distpy (X, Y) = sup inf ||z — yl| .
zeX YEY

For any w = (u,w, h) € V, the operators A and R : V — V* are defined by
(Aw, ®) = (k + x)(Vu, VE) + u(Vw, Vi) + a(Vh,V(), VO = (£,1.¢) € V,

<R(w)a CI)> = _2X(v X wag) - 2X(v X uﬂl) + 4X(wa"7)7 Vo = (£a77> C) € V

Obviously, the operator A is a positive self-adjoint linear elliptic operator with compact inverse
in V. It follows by the classical spectral theory of elliptic operators that there exists a sequence
{An}52 satisfying

D<M < <A<, A, = +ooasn — oo,

and a family of elements {£,}22, € D(A), which forms a basis of V and is orthonormal in H,
such that

A& =M, n=1,2,---.
From this, we have the Poincaré inequality

Mlw]? < [lwl?, Vw € V. (2.1)

In what follows, we denote by P, the orthogonal projector of H onto the space spanned by
&1, &, -+, &n- Then we get the following inequalities:

lw = Prw|* < Amllw — Prw|?, Vw € V, ¥m € NT. (2.2)

Moreover, we also need to define two trilinear forms by (-, -,-) and ba(-,-,) by

2
O
(o) = 3 [ wiede v, 0. €V,

i,j=1
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0
ba(u, 1) = /Quia;fndx, Vu eV, g, ne Hy(Q).
i=1 v

It is not difficult to testify that by (u, ¢, &) and ba(u, v, n) satisfy

bi(u,d,§) = —b1(u, &, 9), bi(u,¢,¢) =0, Vu, ¢, { €V, (2.3)
b2(u790777) = _b2(u7777§0)7 b2(u7§07§0) = 07 Vu € ‘/7 VQO, ne H& 24

Using above trilinear forms, we define a bilinear continuous operator B : VX Vi V* by
(B(w,v),®) = b1(u, ¢, &) + bz(u,0,m) + bi(u, ¥, ¢) = ba(h, &, ) — bi(h, 1, ),
for any w = (u,w, h), v = (¢, p,0) € V, ® = (£,1,¢). Tt follows from (2.3) and (2.4) that
(B(w,v),v) =0, Yw, T € V. (2.5)

Now, we can write the weak form of Eq. (1.1)-(1.3) as follows:

%w(t) + Aw(t) + B(w(t), w(t)) + R(w(t)) = F(t) in D'((1, +o0), V*), (2.6)
w(r) = (u(1),w(r),h(1)) = w;, T €R, (2.7)
where F'(t) = (f(t),9(t),0).

Definition 2.1 A function w is called a weak solution to problem (2.6)-(2.7), if for any
T>r,

(1) we L>®(r,T; H) N L2(1,T; V);
(2) w satisfies the equation

(%w(t)a U) + (Aw(t), ¥) + (B(w(t), w(t)), ¥) + (R(w(t)), ¥) = (F(t), ¥), YT € V,

in the distribution sense of D'(7, +00).

Moreover, if w € L%®(r,T;V) N L*(t,T; D(A)) for all T > 7, then w is said to be strong
solution of problem (2.6)-(2.7).

The existence and uniqueness of the solution to problem (2.6)-(2.7) have been proved in
[20, 21] via Galerkin method, which we present as the following results.

Lemma 2.1

(1) If F(t) € L2(7,T;V*) and wy € H, then problem (2.6)-(2.7) has a unique weak solution
w(t; T, wr) satisfying

w(t; 7,wy) € C([r, T); HY N L2(r, T; V)N L® (1, T; H), forallT >7.  (2.8)

(2) If F(t) € L*(,T; H) and w, € V, then problem (2.6)-(2.7) has a unique strong solution
w(t; T, wr) satisfying

w(t; T, wy) € C([r, T); V)N L2(r,T; D(A) N L®(7, T3 V), for all T > 7. (2.9)
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In fact, we can obtain that the solution of problem (2.6)-(2.7) depends continuously on its
initial value in H or V. Then by Lemma 2.1, we get the family of solution operators

S(t,7):w, € X = St, 1w, =w(t;T,wr) € X, YVt > T

generates a continuous process {S(t,7)}s>r on X, X = H or V.

We complete this section with the following lemma which plays an important role in the
proof of existence and regularity of pullback attractors and statistical solution for Eq. (2.6)-
(2.7).

Lemma 2.2
(1) There is positive constant ¢1 such that
|(B(w,v), ®)| < ci||Awl|||v]|; || @], Yw € D(A),v € V,®eH. (2.10)
(B(w, ), ®)| < erJull ol 2ol o) @]y, Voo, v, B € V. (2.11)

(2) There are two constants 01 and d2 such that

Siflwlf?, < (Aw, w) + (R(w), w), Yw € V, (2.12)
IR(w)]| < S2]|w||},Yw € V, (2.13)

where 1 = min{k, p, a} and dy depends only on x and Q.

Item (1) and item(2) of Lemma 2.2 have been prove in [3] and [13] respectively, and we omit
the proof here.

3 Existence and regularity of pullback attractors

The main purpose of this section is to establish the existence and regularity of pullback
attractors for problem (2.6)-(2.7). We begin by recalling some definitions about the pullback
attractors.

Let P(X) be the family of all subsets of X, and consider a family of nonempty sets

= {D{f ()|t € R} C P(X). Denote by DX a class of families parameterized in time
DX = {DX(t)|t € R} C P(X).

Definition 3.1 A family of sets DX = {Df(t)[t € R} C P(X) is called pullback DX-
absorbing for the process {S(t,7)}i>, on X if for any ¢ € R and any DX = {D¥X( ()|t € R} C
DX | there exists a 7o(t, DX) < t such that S(¢, 7)DX(r) C D (t) for all T < 7o(t, D¥).

Definition 3.2 The process {S(¢,7)}:> on X is called pullback 138( -asymptotically compact
if for any ¢t € R and any sequences {7,} C (—o0,t] and {x,} C X satisfying 7,, — —oo and
x, € D (7,) for all n, the sequence {S(t, 7,)z, } is precompact in X . If the process {S(t, 7) }+>-
on X is pullback DX -asymptotically compact for any DX e DX , it is said to be pullback DX-
asymptotically compact.

Definition 3.3 A family of sets Apx = {Apx(t)[t € R} C P(X) is called the minimal
pullback DX-attractor for process {S(t,7)}s>, in X if it satisfies the following properties:
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(1) for any t € R, Apx(t) is a nonempty compact subset of X;
(2) Apx is invariant in the following sense
S(t,T)Apx (1) = Apx(t), Vt > T;
(3) Apx is pullback DX-attracting i.e.
lim distx (S(t,7)DX(7), Apx (t)) =0, VDX = {DX()[t e R} e DX, t > 7

T~ 00
(4) the family of sets Apx is minimal in the sense that if
O ={0(t)|t e R} C P(X)
is another family of closed sets such that for any D = {D(t)|t € R} € D,
TEIEIOO distx (S(¢t,7)D(1),0(t)) = 0,

then Apx C O(t) for t € R.

3.1 pullback attractors in H

The pullback asymptotic behavior of the process {S(¢,7)}i>r corresponding to problem
(2.6)-(2.7) in H have been investigated in our previous article [13], and we only present the
main results here. In fact, these results in H can also be illustrated in a similar but simpler
way than that will be used in V.

Lemma 3.1 Assume F(t) € L*(r,T;V*) with any T > 7. Let w(t; T, w,;) be a solution to
Eq. (2.6)-(2.7) with initial datum w, € H. Then there exists some o € (0,201\1) such that

—ot

t
w(t; 7, w2 < eV |Jw 2—1-6/ e || F(s)||%.ds,Vt > 7. 3.1
ot 7,01 e el AR 1)

Denote by Df the collection of all families of nonempty subsets Dt (t) = {DH (t) : te
R} C P(H) such that

lim (e°7 sup |lw|?) = 0. (3.2)

T weD(T)

Let function F'(-) satisfy the following assumption:
(Hy) Assume F(t) € L?(r,T; V*) with any T > 7, and satisfies

t
/ e??||F(0)]|%.df < 400, for some o € (0,20 \1).

Corollary 3.1 Let assumption (Hy) hold. Then the family
DE' = {B(0,r}/*(1) : t € R}

18 pullback Dgf—absorbmg for the process {S(t,T)}i>r in H, where
—ot t
12/ _ e / o0 2
r/e(t) =1+ e’ ||F(0)|%,.d0
Po=1 g [ eirol
Theorem 3.1 Suppose assumption (Hl) holds. Then the process {S(t, T)}t>7— is pullback
DH-asymptotzcally compact in space H and possesses the minimal pullback DH-attmctor

D}ff = {AD{;{ ()|t € R}.
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3.2 pullback attractors in 1%

The purpose of this subsection is to prove the existence of pullback attractors for the
process {S(t,7)}t>r in V and the regularity of the pullback attractors. Here, we need the
function F'(t) to satisfy the following assumption.

(Hs) Assume F(t) € L?(r,T; H) with any T > 7, and there exists some o € (0,201\1)
such that

t
/ | F(0)[2d0 < +oo.

Lemma 3.2 Let assumption (Hz) hold. Then for any fived t € R and DH( ) € Df, there

exists Tl(DH t) <t — 3 such that for any T < Tl(DH t) and any w; € DH( ), the solution
w(+; T, wr) satisfies,

|w(s; T, w)||* < p1(t), Vs € [t — 3,1], (3.3)
s 7, wr) |2 < pa(t), Vs € [t — 2,8,
/: | Aw(8; 7, w,)||?d0 < ps(t), Vs € [t — 1,1], (3.5)
/: |w'(0; 7, w7)||2d9 < pa(t), Vs € [t — 1,¢], (3.6)
where
plt) =1+ 55— [ e IF@) 0. )
patt) = max {c(d61,0)(pu(s) + [ IF@)a0)
2 ® 2
x exp|c(ea, 01, 21) (p3(5) + 1 (s) / lF@) a9)| }. (3.8)
palt) i=clbnea) (pa(®) + [ [F(O)%00 + (1), (3.9)
t—2
pu(t)i=cler.32) (pa®) + [ [F(O)00 + palt)pa). (3.10)
t—2

Proof. Let w, € H. For cach integer n > 1, denote by wy(t) = w,(t;7,w,) = 3. dpi(t)én

Galerkin approximate solution of problem (2.6)-(2.7), which satisfies =
S (wn(1), ) + (Awn (1), &) + (B (1), wn (1)), &6) + (R (1)), &)
= (F(t),&), t >, (3.11)
(wn(7),&k) = (wr, &) (3.12)

Multiplying (3.11) with d,, x(¢) and summing from k£ = 1 to n, then using (2.5) and (2.12), we
have
1d

5 g lon @17 + 1llwa (O] < (F(0),wn(0)). (3.13)
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Multiplying (3.13) with e?? and applying Poincaré inequality (2.1), we have

%(eag\lwnw)llz) + 201067 wa(9) |2 < 2¢7(F(0), w0, (6)) + o™ [[wn(6)]|*. (3.14)

By Cauchy inequality, we get

1
2/(F(6), wa(9))] < (2M81 = 0)l|wn(0)]1> + e IF (). (3.15)
201\ — O
It follows from (3.14) and (3.15) that
i(eae\\w @)1 o IF@)I, ae. 6>t
dé " T 200\ — 0 T ’
which implies
2 (r—t) 2 e ! - 2
< e N w, _— 7 dé. 1
L e el M 40 (3.16)

By (3.2), we get there exists Tl(ﬁH, t) < t—3 such that, for any ﬁH(t) € Df and 7 < 7 (ﬁH, t),
—ot

t
e o ]
|wn (O)]I> < 1+ B U/ || F(0))2d0, w, € DH (7). (3.17)

Then from Lemma 2.1, the fact that w, (£) — w(t) weakly in L2(7,t; V) and w(t) € C([r, T); H),
we can take the limit in (3.17) as n — oo to get (3.3).
Multiplying Eq. (3.11) with Axd, x(t) and then summing from k = 1 to n, we obtain

1d

535 1on @)% + 14w (O)]* + (B(wa(6), wn(0)), Awn(0)) + (R(wn(0)), Awn(6))

=(F(0), Awn(0))
<|F0))? + iHAwn(e)Hz, a.e.0 > (3.18)

According to the definition of operator B(:,-) and using Hoélder inequality, Ladyzhenskaya
inequality and Young inequality, we conclude that there exists a constant cs such that

(B (wn(0), wn(0)), Awn(0)]) gC3Hwn(9)H(L4)2xL4x((L4))2van( )H(L4 2% LAX((L4))2 2|[ Awn (0) ]|
< e3lwn ()12 [Vt (0)]| |V (0) | 2| Aw, (0) |2 | Aw, ()]
< )

cllwa (012 1720 (6) | Awa (0)]
< 14w + 2 lwn8) P wn B)]5. (319)

Applying (2.13) and Cauchy inequality, we compute
[(R(wn(0)), Awn(0))] < d2l|wn () ||| Awn (0)]|

< 1 Aw, (0)|17 + 03 wn (0) |13 - (3.20)

=] =



It then follows from (3.18)-(3.20) that

d 1
@Ilwn(ﬂ)lﬁy + §||Awn(9)||2 <2 F(0))1? + 3C§Hwn(9)\l2llwn(9)!\é + 283w (6)
By setting

Hy(0) = wn (0113,
Ln(0) = 2| F(0)]]* + 203 wn (0) 3,
27,

Kn(0) = 5 csllwn (O] [wn (O],

inequality (3.21) implies

d
@HH(O) < 1,(0) + K, (0)H,(0).
Apply Gronwall inequality to (3.22) with 7 < s — 1 < r < s, and then we have

S S

H,(s) < <Hn(r) —i—/

s—1
_ <”w"(””29+/:1 In(Q)d9>exp</:l K(0)d0).

Integrating (3.23) with respect to r between s — 1 and s, we obtain

Ho(s) < (/_1 Hwn(r)H%/dr—l—/:1In(H)dé?)exp(/s:Kn(H)M).

In(e)dé) exp< Kn(é)d0>

s—1

Now, by (3.13), (2.1) and Cauchy inequality we have

1E(0)]1*
1M

d
25/ O + d1llwa(O)]F, <

,a.e.8>T.

Integrating (3.25) over [s — 1, s|, we can get

S

S
1
[lwn ()% + 51/ 1 lwn ()30 < [[wn(s — )| + v 1E(0)12do.

It follows from (3.26) that

/81 Hwn(T)H%dr + /31 1,(0)dé < 6(52,51,)\1)<||wn(s — 1) —1—/8 ) ||F(0)||2d9).

By (3.3) and (3.26), we can also obtain that

S 27 S
| K000 =5 [ @) Pl @00

<clen b ) sw (@) (leals = DIE+ [ [F@)%a0).
0e[s—1,s] s—1

10

2
2

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)



Combining (3.3), (3.24), (3.27)and (3.28), we get that, for any 7 < Tl(ﬁﬁ,t) and any w; €
D" (r),

Hwn(S;Ta wT)H%/ < pQ(t)v \V/S € [t - Qat]7 (329)

where po(t) is given by (3.8). Integrating (3.21) on [s — 1, s|, we get that
| 1w 0P8 <2fun(s = DIE +4 [ IF@)P0+ 453 [ wa(6)]3s
s—1 s—1 s—1

+ 27k / e O) Pl )]0, (3.30)

which implies that
S A A
/ || Awy, (0; 7, w,)||2d0 < p3(t), Vs € [t — 1,t], 7 < (D" ,t),w, € D¥ (1), (3.31)
s—1
where p3(t) is given by (3.9).
Now, multiplying (3.11) with (dj,)'(¢), and then summing from k = 1 to n, we get

IO + 3 0n(B)1% + (B un(8), wa (6)),w,(6)) + (Rlawn(6), 4, (0))

— (F(6),u1(0))
< @I +1FO)P (332

Using (2.10), (2.13) and Cauchy inequality, we have

(B(wn(0), wn(0)), wy,(6)) < [(B(wn(0),wn(0)), w, ()|
< e[| Vwn (O)[[1| Awn (0) |7, (0)]

< %II nO7 + e[l Awn (0) | [lwn (9113, (3.33)
and
(R(w(0)), w,,(0)) < (R(wn(0)),w,(0))]
< O2|wn (0) [yl (0)]
< il!w;w)ll2 + 05 [ wa (0)]13- (3.34)

Combining (3.32)-(3.34), we get that

d
lwr (O + 255 [lwa(0)F, < AIFO) + 463 wa (O] + Actllwa (D)3 Awn(0)|*, ace 0 > 7.
(3.35)

Integrating (3.35) between s — 1 and s, we have

/ )20 <2, (s = 1+ 4 / IP(O)a+ 463 / @)1
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+4ci sup Hwn(9)||%7/ | Aw, (8)]2d6. (3.36)
0es—1,s] s—1

From (3.29), (3.31) and (3.36), we can easily deduce that
s . .
| @m0 Pas < o), 7 < m(D0), w, € Do), (3.37)
s—1

where p4(t) is given by (3.10). By Lemma 2.1 and the fact that wp(t) — w(t) weakly in
L2(t—2,t; D(A)), w!,(t) — w'(t) weakly in L?(t —2,t; H), and w(t) € C([t —2,1]; V), and then

n

taking the limits as n — oo in (3.29), (3.31) and (3.37), we can get the desired results. O
Hereinafter, we denote by DH Y the class of all families DV of elements of P(V), where
DV is defined by DV = {DH(¢)n V|t € R}, DH = {DHA(t)|t € R} € DH. In addition, if the
assumption (Hgz) holds, it is obvious that

lim e’ py(t) =0,

T——00

that is, the family {B(0, p1/2( t))|t € R} belongs to Df.
Corollary 3.2 Let the assumption (Hg) hold. Then the family
Dy = {B(0,p,"*(t)) V[t e R} C DIV C DI

is pullback D ’ —absorbmg for the process {S(t T)}i>r in space V. Moreover, for any t € R
and any DY € DH there also exists some T(DH t) <t such that

S(t,7)DH (1) € DY (t) for all T < 7(DH).

Next, we prove the pullback asymptotic compactness of the process {S(t,7)}i>r in V by
energy method.

Lemma 3.3 Suppose assumption (Hgz) holds. Then the process {S(t,7)}=r is pullback
oy . o
Dy " -asymptotically compact in V.

Proof. Given ¢t € R, a family DV e DV , a sequence {7,} C (—o0,t] with 7,, = —o0, and a

sequence {w,, } C V with Wy, € DV(Tn) for all n, we need to demonstrate that the sequence

{w(t; 7, w5, )} is precompact in V. For simplicity, we write w(™ = w(™ (s) = w(s; 1,, wy, ).
Lemma 3.2 indicates that there exists some Tl(DH t) < t — 3, such that sequences

{w™|r, < Tl(DH )} and {(w™)' |7, < Tl(DH t)} are, respectively, uniformly bounded in
L®(t—2,t; V)N L2(t —2,t; D(A)) and in L?(t —2,t; H). Then from Aubin-Lions compactness
lemma, we get that there exists a subsequence of {w(")}, which we do not relabel, and an
element w € L®(t — 2,t; V) N L2(t — 2,¢; D(A)) with w’ € L2(t — 2,t; H), such that

w™ 2w weakly-star in L=(t — 2,t; V), (3.38)
w™ — w weakly in L2(t — 2,t; D(A)), (3.39)
(w™) — ' weakly in L2(t — 2,¢; H), (3.40)
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w™ — w strongly in L%(t — 2, t; V), (3.41)
w™ (s) = w(s) strongly in V, a.e.s € (t — 2, 1). (3.42)

From (3.38)-(3.42) and the fact w € C([t — 2,t]; V), it obvious that w satisfies the following
equation on [t — 2,¢],

d

&(w(t), ) 4 (Aw(t), U) + (B(w(t), w(t)), ¥) + (R(w(t)), ¥) = (F(t), ), Y& € V. (3.43)

Since {(w(™)'} is uniformly bounded on L?(t—2,t; H), then we can get that {w(} is equicon-
tinuous in H as follows:

[wt™ (1) — wi™ ()]
to to

< (w(”))’(S)dSII</ I(w™) (s)llds

t1 t1

to 1
<(ty—t)? (/ H(w(”))/(s)szs> * by, to € [t — 2,1, with £y > t.
t1

Consider that the sequence {w™} is uniformly bounded in C([t — 2,]; V) and the embedding
V — H is compact. Then, by Ascoli-Arzeld Theorem, we obtain that

w™ — w strongly in C([t — 2,]; H). (3.44)
Using again the uniform boundedness of {w(™} in C([t — 2,t]; V), we can get
w™ (t,) = w(t,) weakly in V, V{t,} C [t — 2,t] with t, — L,, (3.45)
and the weak limit is identified by (3.44). Actually, we can get that
w™ — w strongly in C([t — 2,]; V), (3.46)

which implies the desired relative compactness. If (3.46) is not true, then there exists a
sequence {sp} C [t — 2,t] (without loss of generality we can assume that it converges to some
s4) such that for some ¢y > 0 and each n > 1,

™ (50) — w(s.) Iy > <o (3.47)
From (3.45) and using the lower semi-continuity of the norm, we have
lw(se)llp < liminf [lw™ (s,)]lp (3.48)
Notice that V is a Hilbert space, if we can prove that
lw (sl = limsup [[w™ (s0)]lp, (3.49)
n—s00

then inequality (3.48)-(3.49) will contradict to (3.47). Thus, we just need to prove inequality
(3.49).
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Now, using the enstrophy inequality (3.21) for w and w™ forallt —2 < s1 < 59 <t we
have that

||w(n)(52)||%/ + % /:2 | Aw™ (6)|/2d6
<t sl +2 [ IFO) P+ 25 [ @) 0
+ 5 [P o) (3.50)
and
fuiea)lf + 5 [ lawio)as
<l +2 [ IFO) 0+ 23 [ u@)]2a0
+ 2t [ @) Ple@) s, (351)
.
Define
Quls) =l @I —2 [ 1F@)IPd0 253 [ @)l
ST [ @6 . (352)
and

Q) =)} =2 [ IF@)IFa0 =25 [ )3

27

-5 [ @ Plote) . (3.53

Then we have,

Qn(s2) = Qu(s1) =lw™ (s2)[3, — [[w™ (s1)|}, — 2/ NEOIRTE 253/ 2 W™ (9)I% 6

S1 S1

27 52 n n
- [ e @) @) e
51
1 [
< 2/ | Aw™ @) < 0, for all ¢ —2 < 51 < 3 < 1. (3.54)
S1

Thus, for every n > 1, @,(-) is a non-increasing function on [t — 2,¢]. Similarly, Q() is
also a non-increasing function on interval [t — 2,¢]. Now, by relations (3.42) and (3.44), we
have [[w™ (@)[l;; — [lw(®)lly and [w™ @) [w™ @)IE — [lw(@)|*lw@)]} ae. 6 € (t -
2,t). Furthermore, the boundedness of sequence {||w(™ ()| ||w(”)(0)\|“17} in L*(t —2,t) can be

obtained by the boundedness of sequence {w(™} in L>®(t—2, ; f/') C L*>®(t—2,t; ﬁ) Therefore,
using the Lebesgue Dominated Convergence Theorem, one can show that

/ 0™ (6) 210 (9)£.d6 / () [2[1w(0) ][440, for any s € [t — 2,1].
t—2 t—2
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Thus we have,

Qn(s) = Q(s), a.e.s € (t —2,1). (3.55)

Hence, there exists a sequence {5;} C [t — 2, s, such that §; — s. as k — oo, and
lim Q,(5;) = Q(5k), for all k.
n—oo

Considering that @) is continuous, for an arbitrary € > 0, there exists some k. such that
|Q(8k) — Q(s4)] < , VEk > ke. (3.56)

By (3.55), we can choose n(k.) such that Vn > n(k‘s), it holds
€

n > 5, and [Qu(h.) — Q)| < 5. (3.57)

Since, for any n > 1, @), are non-increasing function, we deduce from estimates (3.56)-(3.57)
that for all n > n(k. ),

Qn(sn) — Q(sx) < Qn(8r.) — Q(s4)
< 1@n(3k.) — Q(s4)]
< @n(Sk.) — QGr. )|+ [Q(Sk.) — Qs4)]
<e, (3.58)
which implies that
liTrlri)sorép Qn(sn) < Q(sy4). (3.59)
By (3.38)-(3.42) and (3.59), we get (3.49). The proof is completed. O

Theorem 3.2 Let assumption (Hg) hold. Then there exists the minimal pullback DV .
attractor

A~

A qv = {ADf,v(tW € R}

D5

for the process {S(t,7)}t>7 in V. Moreover, we have the following relationship
Api(t) = Ay (2)- (3.60)

Proof. Combining Lemma 3.3, Corollary 3.2 and [24, Theorem 3.11|, we immediately get
the existence of the minimal pullback D V_attractor A DAV

We next prove the equality (3.60). For any ¢ € R, it is obvious holds A Dl v(t) C .ADH( )-
Consequently, we just need to prove A Df"’( ) 2 ‘ADH( ). Firstly, by the pullback attracting

property of attractor ADQ’(/ we know

lim dist (S(t,T)DV(T),ADC};,,V(t)) = 0.

T——00
Then from Corollary 3.2 and the embedding Ve H , we obtain
TEIPOO dist (S(t, T)D(T1), AD(I,:I’V (t)) =0.

Finally, it follows from the minimality property of /lD 7 that AL (t) C ADﬁ’V(t)' The proof

is therefore completed. O

15



4 Invariant measures and regularity of statistical so-
lutions

In this section, we first present result on the existence of invariant measure and statistical
solution for Eq. (2.6)-(2.7) proved in [13], and then we prove the regularity of the statistical
solution and reveal the equivalence between invariant measure and statistical solution for the
equations. Hereinafter, Pr(X) denotes the set of all Borel probability measures on X of B(X)
that is the collection of Borel measurable sets of X, and for any u; € Pr(X), supp(u:) denotes
the smallest closed set E such that p(F) = 1.

To get the regularity of the statistical solution for Eq. (2.6)-(2.7), we need to recall some
definitions of statistical solutions. We begin with the definition of a class of test functions.

Definition 4.1 ([13, 14]) We denote by 7 the class of real-valued functionals T = Y (w) on
H that are bounded on bounded subset of H and satisfy

(a) for any w € V, the Fréchet derivative Y'(w) exists, that is, for each w € V there exists
an element Y/(w) such that

[T (w +v) = T(w) = (T(w),v)]

[olly

— 0 as |lv|ly — 0, veV;

(b) Y'(w) € V for all w = (u,w, h) € AV, and the mapping w — Y/(w) is continuous and
bounded as a function from V to V.

We rewrite the Eq. (2.6) as follows:

dw(t
125‘) = F(t,w(t)) = F(t) — Aw(t) — B(w(t),w(t)) — R(w(t)). (4.1)
Notice that for any T € T, if w(t) is the solution of Eq. (4.1), then it holds

%T(w(t)) = (Y(w(®)), F(t,w(t))). (4.2)

A~

Definition 4.2 ([13, 14]) A family of measures {m;}cr C Pr(H) is said to be a statistical
solution of Eq. (2.6) if it satisfies the following conditions:

(a) the mapping ¢ — / I'(w)dm,(w) is continuous for all T' € Cy,(H) (the collection of all
H

continuous and bounded functions on H );

(b) for almost ¢ € R, supp(my) is included in H and the function w — (¢, F(w,t)) is
my-integrable for each ¢ € V. In addition, the mapping

Fis /H (6, F(w, £))dm(w)

belongs to LL (R) for all ¢ € V;

loc
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(c) for each Y € T, the following Liouville-type equation holds

[ twidn(w) - [ Ty, (w / [ ), Fw, am.wias,

forall t,7 € Rwitht > 7

Before we present the result on the existence of invariant measure and statistical solution
of Eq. (2.6)-(2.7), we recall the definition of generalized Banach limit.

Definition 4.3 ([3]) Denote by Sy the collection of all bounded real-valued functions on
[0,400). A linear functional defined on Sy is called a generalized Banach limit denoted by
LIM; 4o, if it satisfies

(1) LIM; 400X (t) = 0 for all nonnegative functions Y(-) on [0, +00);

(2) LIMy 400 Y(t) = lim Y(¢) if the usual limit lim Y(t) exists.

t—-+o0 t——+o0

Any generalized Banach limit LIM;_, o, possesses the following useful property (see in [2]):

LIM, V()] < limsup [V(1)], V() € By (4.3)

t—-+o0

In this article, we consider the “pullback” asymptotic behavior of (2.6). Hence, we need
generalized limits when 7 goes to negative infinity. Toward this end, for any real-valued
function ) defined on (—o0, 0] and any given Banach limit LIM;_, ., we define by

LIM ooV (t) = LIMy 40V (—t).

Theorem 4.1 ([13]) Suppose that assumption (Hy) holds. Let LIM,_,_ be a given general-
ized Banach limit and Ay, = {A,q (t)|t € R} be the pullback DY -attractor given in Theorem

3.1. Then for any continuous mapping w : R~ H satisfying w(-) € Df, there exists a unique
family of measures {p}rer € Pr(H) and supp(pue) € App(t) such that it holds

LIMT_>_Oo /w (t,s)w ))ds:/gw(w)d,ut(w)
U(w)dp(w), (4.4)

AD a®

for each real-valued continuous functional ¥ on H and satisfies the following generalized in-
variance

/ () (w / (St 7)w)dpr (). (4.5)

Moreover, the family of invariant measures {u}ier is a statistical solution of Eq. (2.6).

We next investigate the regularity of the statistical solution for Eq. (2.6). As described in
[3], here we need a class of time-dependent test functions ¥ = ¥(¢,w), which are continuous
real-valued functions defined on R x V' and Fréchet differentiable in the sense that:
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(i) there exists some element ¥/ (s, w) = (V. (t,w), ¥, (t,w)) in R x V that satisfies

V(s + g w+v) = V(s,w) — q¥i(s,w) — (v, ¥, (w))]
[o]] + 1]

— 0 as o] +|a] = 0,

(i) W'(s,w) is continuous from R x V into R x V, where ¥/, (s, w) is uniformly bounded in
V and W/ (s, w) has at most a linear growth in [Jw]|.

Theorem 4.2 Suppose that assumption (Ha) holds. Then the statistical solution {}ier of
Eq. (2.6) given by Theorem 4.1 possesses the following regularity properties:

(a) for any given t > 7, T € R, the support of u; is included and bounded in V, that is
supp (i) C {w(t; 7, wr) € Vi [lw(t; 7, wo)lly < e(t)}; (4.6)

(b) for any time-dependent test function ¥ satisfying above conditions (i) and (ii), the fol-
lowing stronger form of Liouville-type equation holds,

[ wtwdn) = [ v / [ W50+ (@ 0), P ) s ()i,
(4.7)
for every t € [1,T].

Proof. From Lemma 3.2, Theorem 3.2, and Theorem 4.1, we can easily get item (a). Now,
we prove the family of measures {1 }1er satisfies item (b). For any given time-dependent test
function W (¢, w) satisfying conditions (i) and (ii), we have

(s, w(s)) = (s, w(3)) + (W 5,10(5)), Fs,w(s), (1)

where w(t) is a solution of Eq. (4.1). Integrating (4.8) on [7,t] with ¢ > 7, we get
U(t,w(t)) — ¥Y(r,w(r)) = / \Il;(s,w(s)) + <‘I’;U(s,w(s)),]:(s,w(s))>ds. (4.9)

For any 0 < 7, we let wyg € V. It then follows from (4.9) and w(s) = S(s,0)wy, s > 0 that
‘Ij(t’ S(t7 9)w9) - ‘IJ(Tv S(T’ 9)w9)

= /t U (s,5(s,0)wg) + (¥, (s, S(s,0)wg), F(s,S(s,0)wy))ds. (4.10)

T

From (4.6), we find that (4.4) and (4.5) also hold for any real-valued continuous functional 1
defined on V. Then by (4.4), (4.10) and Fubini Theorem, we can obtain

[ Wit w®dpw) - [ wrw)dew
H H

LT . / S(t, 0)uw)d0 — LI, oo . / (7, S (7, 0)wg)d
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1
T—M

1 T t
:LIMMHOOTJW/ / W (s,5(s,0)wp) + (W, (s,5(s,0)wy), F(s,S(s,0)wgy) ydsdd
- M JT

=LIMpy oo

/]\; (\Il(t, S(t,0)wy) — V(1, S(T, G)wg))de

t T
:/ LIMp/— -0 1M / W (s, 5(s,0)wa) + (W, (s, S(s,0)wp), F(s,S(s,0)wy))dods.
T M

o (4.11)

It follows from (4.4), (4.5) and S(s,8) = S(s,7)S(7, 8)wy that

LIMM—)—ooTl]W/ (s, 5(s,0)wp) + (W, (s,S(s,0)wy), F(s,S(s,0)wg))dd
- M

LM 1 - /M W (s, S(s,7)S (7, O)wp)
+ <\I’;U(S, S(s,7)S(T,0)wy), F(s,S(s,7)S(r, 9)w9)>d0
:/H\II’S(S,S(S,T)w) + (W, (s, S(s, T)w), F(s, S(s, 7)w) )dpr(w),

:/H\Il;(s,w) + (Wi, (s,w), F(s,w))dps(w), (4.12)

which along with (4.11) gets the desired result. O

The following result implies that a regular statistical solution for Eq. (2.6), i.e. a statistical
solution satisfies regularity properties in Theorem 4.2, is an invariant measure for the equation.

Theorem 4.3 Let the family of probability measures {4 }ter C Pr(fI) be a reqular statistical
solution for Eq. (2.6), then u; satisfies the generalized invariance (4.5).

Proof. Since 7T is dense in C (I:I ), for the generalized invariance (4.5), we only need to prove

/ T () dpg () = / T(S(t, Tyw)dp, (w), YT € T
H H

Denote by P, the Galerkin projection onto the finite-dimensional space P.H spanned by
the first m eigenfunctions of the operator A, and also denote by {Sp,(f,7)}+>- the solution
operator corresponding to the Galerkin approximate, that is, Sy, (t,7)Pnur = un,(t) for all

A~

t > 7, where wy,(t) is the solution of the following finite-dimensional equation on P, H:

dwy,
dt

where F(t,wy,) = F(t) — Awp, — R(wnm) — B(Wm, wy,). Set

= P F(t, W), wn(T) = Phw,,

U (s,w) = Y(Sp(t, s)Ppw), 7 <s<t,we H, (4.13)

where T is any test function in the sense of Definition 4.1. It obvious that ¥, = ¥,,(s,w) is
a time-dependent test function allowed in (4.7). Then by (4.7) and (4.13), we get

/ Y (Pyyw)dpun(w) — / TSy (£, 7) Pl (10)
H H
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:/ /H(‘l’m);(s,w) +{(F(s,w), (¥p)., (s, w))dps(w)ds. (4.14)

By Lebesgue dominated convergence theorem, we obtain

lim [ T(Pow)dp(w) = / Y (w)dpag (w),

m—-+00 bas Jaa

and

lim T(Sm(t,T)me)duT(w):/E’T(S(t,T)w)d,uT(w).

m—+o00 i

Hence, we can complete the proof if we prove that the right-hand side of (4.14) vanishes as m
goes to infinity. By the property S(t,7) = S(t,5)S(s, T)w, for any t > s > 7, we have

U0 (8, S (s, T)Prw) = Y (S (t, 8)Sm (s, 7) Prw) = Y (S (t, 7) Prw),

which is independent of s. Therefore, taking derivative with respect to s of ¥,,,(s, Sy, (s, 7) Ppw),
we find for all s > 7 that

(9,)5(8, S (8, T) Prnw) + (P F (8, S (8, T) Prnw ), (¥ )1, (8, Sy (8, T) Pryw)) = 0.
Taking 7 = s, we get
(U,)5(s, Prw) + (P F (s, Ppw), (¥)., (s, Prw)) = 0.
Note that W,, (s, Ppw) = ¥,,(s,w) for all w € H and s € R. Then we have
(U)5(8,w) + (P F (s, Prw), ()., (s, w)) = 0. (4.15)
Therefore, by (4.15), we rewrite the integrand of the right-hand side of (4.14) as
(F(s,w) — P F(s, Pnw), (Up,):, (s, w)). (4.16)

Note that F(s,w) = F(s) — Aw — R(w) — B(w,w) and (,,), (s, w) belongs to P, H. Firstly,
it is obvious that for any w € supp(us) and all s € [7,t], we have

(F(5) = P (5), (W)l (5,10)) — 0, m = +o, (4.17)
and
(P A(Ppw) — Aw, (9,,)!, (s, w)) = 0, m — +oo. (4.18)
We next prove t
| [ (Ba0) = B, (00 (5,0 s,
and

/ /H (B(Pow, o) — B(w, w), (Tpn)., (5, w))dpsds

go to zero as m goes to infinity. Using integration by parts and the definition of R(w), we
have for all ® = (¢,1,() € V

(R(w), ®) = —2x(V x w, &) = 2x(V x u,n) + 4x(w,7n),
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= —2x(w, V x &) — 2x(u, V x 1) + 4x(w,n).

For any ¢ € Hi(Q), we have |V x ¢|? < [[Vep|?. Indeed, by some direct calculations we can
get, that

V x (V x @) = —Ap + V(divey), Vo € Hj(Q). (4.19)
Taking inner product of (4.19) with ¢ gets
IV x l? < [IVoll?, Vi € Hy(R). (4.20)
Then by (4.20) and (2.2), we there exists some ¢4 such that

(R(Pmw) = R(w), (U )y, (s, w))
L2x[[w = Prw[[[|(Zm) (s, w)lly + 2x /1w — Pow|[[[(m )3, (s, w) [l
+ 4x[[ P — w][[[ (T )y, (s, w)|

_1
<eadm? || Prw — w]lg | (¥ )y (5, w) [y
_1
et ol | (¥l 5,0) - (421)
By the definition of the operator B(-,-), (2.1), (2.2), and (2.11), we get

(B(Pnw, Ppw) — Bw,w), (¥,,),, (s, w))
=(B(Ppw — w, Prw), (V). (s,w)) + (B(w, Ppw —w), ()., (s,w))

<et| P — w3 (P = w)[[2 | P12 1| P12 (2,0, (5, 0)
el ]l 2| Prw — ]3| P — w2 [0, (5, w0)

el 2 [ Pt — w2 [ Prw — w2 | (10, 5, )

<2e1y A e Pt — w0 1Rl (5 0)

<2ey A ol () (s, ) - (4.22)

For any w € supp(us) and all s € [7,t], we get from (4.6) that the right-hand sides of (4.21)
and (4.22) go to zero as m — +o0. This implies the result. O
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