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ABSTRACT

From point of view of two different schemas several new impressive lump solutions to
(1+1)-dimensional Ito equation have been established. The first schema is the Paul-Painleve
approach method (PPAM) which will be applied perfectly to extract multiple lump solutions
of this model, while the second schema is the famous one of the ansatze method and has
personal profile named the Ricatti-Bernolli Sub-ODE method. In related subject the
numerical solutions corresponding to all lump solutions achieved via each method have been
demonstrated individually in the framework of the variational iteration method (VIM).

Keywords: The spatio-temporal dispersion (1+1)-dimensional Ito equation; the Paul-Painleve
approach method; the Ricatti-Bernolli Sub-ODE method; the variational iteration method;
Lump solutions; numerical solutions.

1. Introduction

In mathematics, Ito, s calculus is used to find a time-dependent function of a stochastic
process, it seems as the stochastic calculus counterpart of the chain rule and the best well
known application for it is the derivation of the Black-Scholes equation for option values.
Moreover, Ito diffusion is a solution to a specific type of stochastic differential equation. That
equation is similar to the Langevin equation used in physics to describe the Brownian motion
of a particle subjected to a potential in a viscous fluid. Ito quantum stochastic differential
equation, Ito for white noise analysis and in guantum stochastic calculus represent general
form of Ito calculus and in the last few decades it has same application as the renormalization
problem in physics and the representation theory of Lie algebras.

The constructed (1+1)-dimensionally Ito equation is the general form of the bilinear KdV
equation which plays vital role in many phenomena arising in various branches of nonlinear
science . In the last few decades some studied are demonstrated for this model see for
example Zabusky and Kruskal [1] who observed unusual nonlinear interactions among
"solitary-wave pulses” propagating in nonlinear dispersive media when he established the
numerical solutions of the Korteweg-de Vries equation which describe the one-dimensional
long-time asymptotic behavior of small but finite amplitude, Ito [2] who extracted the N -
soliton solution and the inverse scattering form for the higher order Sawada-Kotera equation
as well as the N -soliton solutions, the Bicklund transformation and the inverse scattering
form for higher order modified KdV equation. In related subject recent studies to this model
have been established through significant articles see for example; Bhrawy, et al. [3] who
applied the extended F-expansion method based on computerized symbolic computation
technique to extracting the hyperbolic and triangular solutions for the (1+1)-dimensional and
(2+1)-dimensional Ito equations, Hu, et al. [4] who extracted multiple cosh-solutions of the
(1+1)-dimension Ito equation using the systematic method, Liu, et al. [5] who achieved two
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classes of mixed type exact solutions to the (2+1)-dimensional Ito-equation using the test
function based on the Hirotas bilinear form, Ma, [6] who extracted abounded exact
interaction solutions, including lump-soliton, lump kink and lump periodic solutions of the
Hirota-Satsuma-Ito-equation via conducting symbolic computations with maple of Hirota
bilinear form.

Various significant articles have been established to discuss the soliton dynamics of different
non-linear evolution equations [8-28].

The main target of this work, implementing the PPAM [29-32] to achieve distinct types of
lump solutions to the (1+1)-dimensionally Ito-equation as well as other various types of lump
solutions via RBSOM [33]. In addition the numerical solutions of this model have been
established using the VIM [34-36].

This article is organized as follows: in Section 2, we will describe the PPAM and implement
its application in Section 3. In Section 4, we will propose the mathematical analysis of
RBSOM and implement its application in section 5. In Section 6, the VIM is presented and its
applications to construct the numerical solutions are established in Section 7. In Section 8
briefly conclusions has been drawn.

2. The PPAM

To discuss the mathematical analysis of this method, let us firstly invesitigate the general
form of any nonlinear evolution equation hence, let us introduce H as a function of ¢(x,t)

and its partial derivatives as,

H (2,0, 0, P Pisooneo- )=0 (1)

that contained the highest order derivatives and nonlinear terms. This equation under the
transformation  @(x,t) = (&), & = x—wt will be converted to the this ODE:

Z(¢\¢",¢",....)=0 @)

where, Z is a function related to ¢(&) and its total derivatives, while ' = dié;"'

The exact solution for equation (2) in the framework of PPAM [29-32] can be proposed as,

P(&)=A +AR(X)e™, X =S(¢) (3)
or
P(&) = A+ AR(X)e ™ + AR*(X)e ", X =S(&) 4)
e

where X =S(&)=C, N and R(X) in equations (3) and (4) satisfy the Riccati equation

in the form R, — AR? =0 and its solution is,

1
ROO=x+x, ®

Consequently,
¢5 =—N eiNéR-l-SéeiNéRX (6)
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3. Application
We will implement an efficient solver to retrieve lump solutions to the (1+1)-dimensionally
Ito-equation in the framework of the PPAM.

The (1+1)-dimensionally Ito-equation which is the general form of the bilinear KdV equation
[1-3] can be written as,

Vy; +V

XXXt

+3(V,V, + W, )+ 3vxx.|'vtdxj =0 ©)

Under the effect of this transformation v = ¢, the last equation became,

Puit + Proot + 3PPt + PPt ) + 3000, =0 (10)
When one seek to choose &=x—wt that represents the traveling wave solutions with

moving coordinate and substitute into equation (10) it will be reduced to nonlinear ordinary
differential equation of the form,

—we" + ¢ —3wW(@"p" +¢'9") —3wp"¢’ =0 1)
Integrating Equation (11) once we obtain,
¢"+3¢p" —wp' =0 (12)
Via inserting y = ¢’ we get,
W' +3y" —wy =0 (13)

The homogenous balance applied between ", 1* implies M +2 =2M = M =2 hence, the
solution according to the proposed method is;

p(&)=A+Ape ™ + Apie™ _ (14)
Consequently,
w' =—NA e " p—(AA +2AN)e " p* —2AA, e p° (15)

w"=6A’A e """+ (2A°A +10AAN)e N 0% +

) (16)
(BAAN +2AN2)e?Mp? + N2A e Vg

Substitute abouty’,"into Eq. (13) and equating the coefficients of various powers of

e "“¢(X) to zero; we obtain this system of equations,



2A°A + A2 =0,
2A’A +10AAN +6AA, =0,
3AAN +4AN?+3A7 +6A A, —WA, =0, (17)
N*+6A —w=0,
3AY-wA, =0.
From the last equation of the system (17) it is clear that w = 3A§,by substituting about it in

the third and fourth equations of this system and solve it we get many complicated results
from which only four results are valid and the remaining will be refused because in these

results either A=0or A = A, =0 and for simplicity we take A, =1.
The valid results are,
. . 3
0 A :% 1933+111643,N :ﬁ[%w 1933+11164/3 — (1933 +1116J§)2j,
; (18)
A =2(7+4J§), A =1—1(—116—67J§)

- - 3
) A:_1—31| 1933+11164/3, N :%(3877 1933+1116J§—(1933+1116J§)2],

; (19)
A=2(7+43).A =1—1(—116—67x@)

(3)A=i(20+ 121 }N:-_u 121 3_ ®__|
29\ 1933+1116y3) 36 (933411163 V1983+1116,3

1361613 13285693 7172500 (20)
+ . . .
2 (1933+1116y3)° (1933+111643)" 1933+111643 Ao

A=— Az
219 51694 \1933+111643

2 (20+ 121 j Nod 12 3877
=— — = | - 3_ 1
291" "1933+111643) 36 1933+11163)7 V1983111643

1361613 13285693 7172500 (21)
+ = - .
2 (1933+111643)° (1933+1116y3) 1933+111643 he S

- 51894 19334111643

(4) A

A

For simplicity and similarity we will take only one result of these results and extracting the
corresponding solutions and plot it say the firs and the first result.



For the first results which is,

i i 3
A :13—'1 1933+1116+/3, N :ﬁ[3877«/1933+1116\@ —(1933+1116\@)2),

A =2(7+43),A, :1%(—116—67\@)

This result can be simplified to be,
A=17i,N =2i, A =28, A, =-127 (22)
Thus the solution is,

w(£)=A+AR(X)e™ + AR*(X)e ",

_ 1 -N¢g 1 i -2N¢
¢(§)—A;+A[AX+XOJE +A2[Ax+x0j € (23)

-N¢&
Where X =C,; —eT ,and putC, =1, X, =1 then equation (33) become,

2

e—Nf e—N/:
A[l— N J+1 A(l— N ]'f‘l
2
e-zig e—2ir§
l//(é) = 1+ 28 e,2i§ _127 e—2i§ (25)
17i(1— 2 j+l 17i(1— 2 j+1
| |

1449 +34Cos 2¢ +1156Sin 2&

(&) =1+ 28([4C052§—688in 2£ -34]-1[68Co0s2£ +4Sin 28] ]

(26)

197 [4Cos2&-68Sin2& —34]-1[68Cos2& +4Sin 28] ’
1449+ 34Cos2& +1156Sin 2&

4C0s2& - 68Sin 22 - 34
1449 + 34 Cos 2¢ +1156Sin 2¢

Rey/(f):1+28(

17| 4624Sin2¢ ~272C0s 25 +579 @
(1449 +34Cos 2¢ +1156Sin 2¢ )



Imw(§)=—28[ 68C052¢ +4Sin2¢ j

1449 + 34 Cos 2¢ +1156Sin 2¢

17| 1140Sin 4 ~272Cos4¢ +2312Cos2¢ + 2725in 2 (28)
(1449 -+ 34Cos 2¢ +1156Sin 2¢ )’

Fig.1 : The plot of the Lump solution Re. part Eq.(27) in two and three dimensions when:
A=17i,N =2i,A =28, A, =-127, X, =w=C, =1
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Fig.2 : The plot of the Lump solution Im. part Eq.(28) in two and three dimensions when:
A=17i,N =2i,A =28, A, =-127, X, =w=C, =1
By the same manner we can extracting the corresponding solutions for the other three results
and plot them.

4. Mathematical analysis of the RBSOM

Step (1) The solution of Eg. (2) according to the RBSOM is,
' =ay” " +by +cy” (29)

Where a, b, ¢, and n are constants to be determined later.

Step (2) From Eg. (29) and by directly calculating, we get
l//" — ab(3 _ n)V/Z—n + a2 (2 _ n)l//3—2n
(30)

2. .2n-1

+nc’y " +be(n+Dy" + (2ac+b?)y,

Remark: When ac = 0 and n =0, Eq. (29) is a Riccati equation. Whena=0,c=0and n =1,
Eg. (29) is a Bernoulli equation. Obviously, the Riccati equation and Bernoulli equation are
special cases of Eq. (29). Because Eq. (29) is firstly proposed, we call Eq. (29) the Riccati-



Bernoulli Sub-ODE equation in order to avoid introducing new terminology. Eq. (3) has the
following solutions:

Case (1) When n= 1, the solution of Eq. (29) is

Case (2) Whenn= 1, b =0and c = 0, the solution of Eq. (29) is

N
w(£)=(a(n-D(& +C))an, (32)
Case (3) Whenn = 1, b= 0and c = 0, the solution of Eq. (29) is
1

(n-D)
w(&) = ( —+Ce’C ”‘f] , (33)
Case (4) Whenn =1, a= 0and b* — 4ac <0, the solution of Eq. (29) is

1
(1=n)

( -b \/4ac b (1—n)\/:ac—b (§+C)]

w(&)=

’ (34)
and
—b \/4 b2 1—n)+/4ac—b? .
V(&)= [ 20 o A (§+C)] e
Case (5) Whenn =1, a= 0and b? — 4ac > 0, the solution of Eq. (29) is
-b \/ —4 1- \/b2 4 o
w (&)= { 2 coth 4= G +C)J ! (36)
and
-b \/ —4 1- \/b2 4 .
V(&)= { 2 tanp G- 4 (§+C)J C @
Case (6) Whenn =1, a= 0and b? — 4ac = 0 the solution of Eq. (29) is
1 b 1/(1-n)
Ve {a(n—l)@m) _z_a] | 9)

where C is an arbitrary constant.

Step (3) Substituting the derivatives of u into Eq. (29) yields an algebraic equation of i,
Noticing the symmetry of the right-hand item of Eqg. (29) and setting the highest power
exponents of y to be equivalence in Eqg. (29), m can be determined. Comparing the
coefficients of l//i yields a set of algebraic equations for a, b, ¢, and C. Solving the set of
algebraic equations and substituting m, a, b, ¢, C, & =(x—wt) to Eq.(31)-(38), we can get the
traveling wave solutions of Eq.(2).



Moreover, we will give a Bécklund transformation of the RBSOM which is important
extension that improves and gives power to this method.

5. Biacklund transformation of the Riccati-Bernoulli equation

In this sub-paragraph we will give brief description for the Béacklund transformation as
follow,

Let us considery, (&) andy, (&) (v, (&) =y, (v, (£))) are the solution of equation (29)

then,
Ay, (8) _ dva(8) dyoa(Q) _ dwa(d) (o o,y m
dé  dy,, (&) d&  dy,,(9) (ay, " +by,, +oply).
This tends to,

dl//n (5) — dl//n—l (é:) )
@y, " +by, +opy)  (ayT +by,  Fepy)

By integrating both sides of this equation with respect to & and simplifying it we obtain the
Backlund transformation of equation (29) which is,

B _CDl + aDg (l//n—l(g))lim ﬁ
v, (&)= (bDl +aD, +aD, (y, )" " J )

Where D, , D, are arbitrary constants.

According to this transformation when we obtain the solution of any equation by using the
RBSOM we can generate new infinite sequence of solutions to this equation, consequently an
infinite sequence of solution for equation (2) could be realized.

(39)

6. Application:
From the point power of view of the RBSOM, via inserting y"Eq. (30) into Eq. (13)

mentioned above and equating the coefficients of different powers of y/i after suitable choice
of n we get this system of equations,
2a®+a’ =0,
2a’b+ab=0,
6ab +6a°c + 2a’°c +ab” +3b” + 6ac —wa =0, (40)
6abc + 2abc +b® + 6bc —wb =0,
3c? +2ac® +b*c—wc =0.
From which we can easily obtain these results,
a=0,a=-1/2,b=0,c=w/2

(41)
These achieved results implies case (4) and case (5) which are,
Case (4) whenn=1,a=0and b — 4ac <0, w=< 0, the solution of Eq. (29) is
(1-n)
-b <4ac-b?, (1-n)ydac-b’
w (&) = %a + °a tan > (&+C) (42)

and



(=)

(+C) (43)

Jdac-b®*  (1-n)y4ac-b?
+ 23 cot >

N
S
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2

Fig. 3 : The plot of the Lump solution Eg.(42) in two and three dimensions when:
a=-1/2,b=0,c=-Lw=-2,C=1

Fig. 4 : The plot of the Lump solution Eq.(43) in two and three dimensions when:
a=-1/2,b=0,c=-Lw=-2,C=1

Case (5) whenn#1,a= 0 and b* — 4ac > 0, w3 0, the solution of Eq. (29) is

b . \Jb? —4ac coth (1-n)vb? —4ac
2a 2

v(©)=| 5 c+C) ) (44)

@n

(&+C) , (45)

w(&)= 2—a

-b . \Jb% —4ac tanh (1-n)vb* —4ac
2a 2

i

Fig. 5 : The plot of the Lump solution Eq.(44) in two and three dimensions when:
a=-1/2 ,b=0, w=2,c=C=1
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Fig. 6 : The plot of the Lump solution Eg.(45) in two and three dimensions when:
a=-1/2,b=0,w=2,c=C=1

Moreover in the framework of Biacklund transformation we can generate infinite sequence of
solution for each achieved solution.

7. The VIM schemas

To investigate VIM algorithm, let us assume this differential equation,

Where g(&) is nonhomogeneous function and the operators L, N related to the linear and the
nonlinear respectively.

The correction functional for equation (46) according to the VIM is;
¢
Vi (£) Y (€) + [ ALy, (©) + N g7, (1) -  (©))dt. 47)
0

Where A is a general Lagrange’s multiplier, which can be determined using variational
theory, from Eq. (47) the following relations will be extracted:

For the 1-st order ODE in the form,

' +(Sk = p(S), w(0) = p, (48)
For which A =—1, the correction function implies this iteration rule;
5
Vit (&) () = [ G, (0 + A, (1) - PO (49)

The 2-nd order ODE in the form,

w"(&)+cy'(§) +dn(&) = (&), w(0)=p,y'(0)=n. (50)
For which 4 =t — X, the correction function implies this iteration rule;

3
V() V()4 [ (=005 O+ Cwp O+ dy, — T D)t 6

The 3-rd order ODE in the form,

y"(&)+cy"(S) +dy'(S)+eH(8) = £(S), H(0) = p.y'(0) =n,v"(0) =0, (52)



For which 4 =—-4(t— x)?, the correction function implies this iteration rule;

¢
V() =/ (8) = %I(t =X)* () +Cyy () +dyy (1) +ey,, — f(D)dt, (53)

0
Hence,for the general form of ODE,

y™ gy vy "y ) = (6w (0) = £y, v (0) = py"(0) = poety " (0) = P s (54)

The lagrange multiplier 1 takes the general form A= GH5(t—x)™", which implies this

general iteration rule,

¢
V(&) (&) + &2 [ =0 (W™ 49y "y ",y ™) = (1)), (55)

Furthermore, the zeros approximation (&) can be perfectly selected to be,

o (&) =9, (0) +/'(0)E + 5w "(0)E% + £y "(0)E°......+ 2w ™ (0)E™ (56)
where m is the rank of the ODE.

8. Application:
This section involves the implementing of the VIM to construct the numerical solutions
corresponding to the exact solutions using the above schemas individually. The numerical

solution corresponding to the first solution achieved using PPAM which is,
2

e 2i o 2i

w(&)=1+28 — ~127 .
) g2 . e ¢
17|[1— > j+l 17{1— > j+1

That possesses these values of the constants, A=17i,N =2i,A =28 A, =-127,X,=w=C =1
Thus, the first iteration in the framework of the VIM is,

¥, (&) =w(0)+&w'(0), o (&) =0.8—6& —i(1.8+6.85), (57)
¢
va(©) =0 (&) = [ (o +3w5 —wy )t
0 . (58)
v, =0.8-6£ —i(1.8+6.8%) —j3[(0.8-6t) —i(1.8+6.8t)]* —[(0.8—6t) —i(1.8+6.8t)]dt.
Rey, =0.8-16.84& —25.357 —82.24&°, (59)

Im y, =—3.8-19.5£2 —81.3¢°, (60)
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Fig. 7 : The plot of the numerical solution Re. Part Eq.(59) in two and three dimensions when:
A=17i,N =2i,A =28, A, =-127, X, =w=C, =1

2
SR

< 10000 |
A *
‘QQ‘%‘%’#& [
10000 500 |
’OO% 0.10 i
~5000 5
— 3 L X
10000} 2 - : .
_s .
15000 |
<70.10 110000 |

Fig. 8 : The plot of the numerical solution Im. Part Eq.(60) in two and three dimensions when:
A=17i,N =2i,A =28, A, =-127, X, =w=C, =1

By the same manner we can construct the numerical solutions corresponding to the other
three cases.

The numerical solutions corresponding to the first and the fourth solution that achieved using

RBSODM.
Firstly, for the first solution that achieved in terms of these constants a=-1/2 ,b=0 w=2,c=C=1

which is;
w(¢)=—2tan($ +1)
Thus, the first iteration in the framework of the VIM is,

wo($) =y (0)+Sy'(0), yo(5) =—0.03-2¢, (61)

() &) [ (v 3w~y )t

0
¢
y, =—0.03-2¢ - [ 3-0.03- 21T ~[-0.03- 2]t (62)

0

w, =—0.03-2.036 -1.28° - 4&°,
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Fig. 9 : The plot of the numerical solution Eq.(62) in two and three dimensions when:
a=-1/2,b=0,w=-2c=C=1
Secondly, for the fourth solution that achieved in terms of these constants

a=-1/2,b=0,w=2,c=C=1 which is;

w(¢)=—2tanh(& +1)
Thus, the first iteration in the framework of the VIM is,

¥o(S) =w(0)+cy'(0), vy (S) =-1.5-¢, (63)

s

va(€) o(&) = [ (v + 3w —ww ot

v, =—1.5—§—i3[—1.5—t]2 —[-1.5—t]dt. (64)

w, =—15-9.3¢ ~3552 - £,

g 8

¥ B

Fig. 10 : The plot of the numerical solution Eq.(64) in two and three dimensions when:
a=-1/2,b=0,w=2,c=C=1
For all the last three cases, the successive iterations to the VIM could been easily obtained as;

va(&) =& = [ (wi+3vf -y )t

1
_.g(
v3(6) =,(¢) —j( W+ 35—y, )t (63)

S
Vial® = ()= (wi + 395 -y )t

0

Using the fact that the exact solution is obtained by using (&) =limy (&)



Conclusion

In the framework of two distinct and impressive different methods we established the lump
solutions of the spatio temporal dispersion (1+1)-dimensional Ito equation. These two various
manners are the PPAM which has been applied perfectly to extract new lump solutions for
this model figures (1-2), while the other one is the RBSODM which also success to
demonstrate other new lump solutions of this model in Figures (3-6). The two schemas are
implemented at the same time and parallel. Furthermore, the numerical solutions
corresponding for the lump solutions emergence from these two methods have been extracted
in the framework of the VIM in Figures (7-10). The achieved new lump solutions which
weren’t realized are new and express the novelty of these results. These new achieved
solutions will be representing new perceptions of the lump solutions which more significant
compared with that achieved lastly by [3-6].
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