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Abstract

We investigate the fractional order love dynamic model with time delay for synergic cou-
ples in this manuscript. The quantitative analysis of the model has been done where the
asymptotic stability of the equilibrium points of the model have been analyzed. Under
the impact of time delay, the Hopf bifurcation analysis of the model has been done. The
stability analysis of the model has been studied with the reproduction number less than
or greater than 1. By using Laplace transformation, the analysis of the model has been
done. The analysis shows that the fractional order model with a time delay can sufficiently
improve the components and invigorate the outcomes for either stable or unstable criteria.
In this model, all unstable cases are converted to stable cases under neighbourhood points.
For all parameters, the reproduction ranges have been described. Finally, to illustrate our
derived results numerical simulations have been carried out by using MATLAB. Under the
theoretical outcomes from parameter estimation, the love dynamical system is verified.
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1. Introduction

In 1988 and 1944 Stogatz [18],[19] discussed a love affair model in his paper and book
respectively. After that several researchers such as Rinaldi[10], Rinaldi and Gragnani[11],
Gragnani et.al[4], Rinaldi[12] have proposed more realistic mathematical models for love
dynamics. Sprott[17] discussed the dynamics of a love triangle which produce a chaotic
behaviour. Wauer et. al[21] studied the love dynamics for time varying fuctuations. Rinaldi
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et. al[13] constructed full catalog of possible love stories among two individuals.

Delay differential equations and fractional differential equations have gained consider-
able importance due to their applications in various fields such as biology, chemistry, neural
systems, etc. The stability and bifurcation analysis of Ebola Virus and Corona virus models
with time delay have done by Liu and Zhang[6], Radha and Balamuralitharan[9] respec-
tively. By using predictor-corrector method Bhalekar and Daftardar-Gejji[1] have solved
nonlinear delay differential equations of fractional order. The constructions of next gen-
eration matrices for compartmental epidemic models have discussed in Diekmann et al.[2].
The development on fractional order and partial differential equations can be found in the
monograph by Podlubny[8] and the references therein. Gomez-Aguilar[3] have discussed
the analytical and numerical solutions of nonlinear alcoholism model in his paper. Sene[15]
have studied the solutions of fractional diffusion equations and Cattaneo-Hristov diffusion
model in his paper. Liao and Ran[5] have studied the love dynamical models with nonlinear
couples and time delays. Son and Park[16] have investigated the time delay effect on the
love dynamical model for both synergic couple and non-synergic couple.

Many researchers are also working in the field of fractional delay differential equations.
The different fractional order models with time delay have studied in Preethi Latha et. al.[7]
, Wang et. al[20], Santoshi et. al [14].

For the analysis of complex mathematical models, stability analysis is an established
tool.The solutions and their stability change as the parameters in the system vary is un-
derstood by Hopf bifurcation analysis of a dynamical system. This motivates us to do the
stability analysis and Hopf bifurcation analysis of the Love dynamical model for synergic
couples. The summary of main contribution of the new results in this paper are described
below:

• In this manuscript, we formulate a fractional order love dynamical model with time
delay for synergic couple.

• We discuss the asymptotic stability of the equilibrium points of the model by using
Laplace transformation,.

• We analyze the Hopf bifurcation of the model.

• By next generation matrix method, we find the reproduction number R0.

• Reproduction number show that the system is stable and controllable without Hopf
bifurcation.

• Finally, we do the numerical simulations to verify the theoretical results by using
predictor-corrector scheme.
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As far as we could possibly know, there is no such writing present in which the stability
analysis and Hopf bifurcation of the fractional order love dynamical model with time delay
has been done.

The rest of this paper is coordinated as follows. In section 2, the fractional order love
dynamical model with time delay is formulated. The model is stabilized by Laplace trans-
formation strategy and the Hopf bifurcation analysis for the model has been done in section
3. Moreover, the reproduction number for the system has been done and the stability and
controllability criteria of the system have been studied. Section 4 consists the numerical
simulations which illustrate our theoretical results. Concluding comments with overall dis-
cussions are given in section 5.

2. Model Formulation

Son and Park[16] have defined the following love dynamical model for synergic couple,

x′1(t) = −α1x1(t) +R1(x2(t− τ)) + {1 + S1(x1(t))}γ1A2 (1)

x′2(t) = −α2x2(t) +R2(x1(t− τ)) + {1 + S2(x2(t))}γ2A1 (2)

Where xi(i = 1, 2) is the measure of the love of an individuals for his/her partner j (j = 2, 1),
αi > 0 is a forgetting coefficient (i.e. xi decays exponentially when an individual loses his
partner) for i = 1, 2, Ri(i = 1, 2) is the return function (Reaction of i to the partner’s love
xj), γi > 0 is reactiveness to the appeal for i = 1, 2, Aj(j = 1, 2) is the partner’s appeal and
Si(xi) is the synergic function.

Rinaldi and Gragnani[11] have specified the secure return i.e.

Rs
i (xj) =

{
βixj/(1 + xj) for xj ≥ 0,
βixj/(1− xj) for xj < 0.

(3)

Gragnani et.al[4] have specified the non-secure return i.e.

Rn
i (xj) =

{
βixj(1− x8j)/{(1 + xj)(1 + x8j)} for xj ≥ 0,
βixj/(1− xj) for xj < 0.

(4)

where βi > 0 is a reactiveness to the love. Gragnani[4] has described the synergic function
as

Si(xi) =

{
σix

8
i /(1 + x8i ) for xi ≥ 0,

0 for xi < 0.
(5)

where σi is the synergism coefficient.
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Here, we have discussed the fractional order love dynamical model with time delay and
checked the long term behaviour of the synergic couple. The model is,

Dαx1(t) = −α1x1(t) +R1(x2(t− τ)) + {1 + S1(x1(t))}γ1A2 (6)

Dαx2(t) = −α2x2(t) +R2(x1(t− τ)) + {1 + S2(x2(t))}γ2A1 (7)

with initial functions x1(t) = φ1(t), x2(t) = φ2(t), t ∈ [−τ, 0].

Where xi(i = 1, 2) is the measure of the love of an individuals for his/her partner j (j = 2, 1).
αi > 0 is a forgetting coefficient (i.e. xi decays exponentially when an individual loses his
partner) where i = 1, 2. Ri(i = 1, 2) is the return function (Reaction of i to the partner’s
love xj). γi > 0 is reactiveness to the appeal where i = 1, 2. Aj(j = 1, 2) is the partner’s
appeal.

[8] Dα denotes the Caputo fractional order derivative and defined as follows,

Dαf(t) =
1

Γ(α− n)

∫ t

0

f (n)(τ)

(t− τ)α+1−ndτ

where α ∈ R, n− 1 < α < n, n ∈ N and f is a continuous function.

3. Quantitave analysis

3.1. Stability Analysis

Let (x∗1, x
∗
2) be an equilibrium point (1-2) .

So,
−α1x

∗
1 +R1(x

∗
2) + (1 + S1(x

∗
1))γ1A2 = 0 (8)

−α2x
∗
2 +R2(x

∗
1) + (1 + S2(x

∗
2))γ2A1 = 0 (9)

Let ξ1 = x1−x∗1, ξ2 = x2−x∗2, x1,τ = x1(t−τ), x2,τ = x2(t−τ), ξ1,τ = ξ1(t−τ), ξ2,τ = ξ2(t−τ).

By using above transformations, we will find the following linearized equation for (1-2).

Dα(ξ1) = R′1(x
∗
2)ξ2,τ − α1ξ1 + γ1A2S

′
1(x
∗
1)ξ1 (10)

Dα(ξ2) = R′2(x
∗
1)ξ1,τ − α2ξ2 + γ2A1S

′
2(x
∗
2)ξ2 (11)

Let’s take the Laplace transform on both sides of (10-11),

sαX1(s) = sα−1φ1(0)−α1X1(s)+R
′
1(x
∗
2e
−sτ )X2(s)+R

′
1(x
∗
2)e
−sτ
∫ 0

−τ
e−stξ2(t)dt+γ1A2S

′
1(x
∗
1)X1(s)

(12)

sαX2(s) = sα−1φ2(0)−α2X2(s)+R
′
2(x
∗
1e
−sτ )X1(s)+R

′
2(x
∗
1)e
−sτ
∫ 0

−τ
e−stξ1(t)dt+γ2A1S

′
2(x
∗
2)X2(s)

(13)
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where L[ξ1(t)] = X1(s), L[ξ2(t)] = X2(s), ξ̄1(0) = φ1(0), ξ̄2(0) = φ2(0).

Then (12-13) can be written as[
sα + α1 − a1 −ae−sτ
−be−sτ sα + α2 − a2

] [
X1(s)
X2(s)

]
=

[
sα−1φ1(0) +R′1(x

∗
2)e
−sτ ∫ 0

−τ e
−stξ2(t)dt

sα−1φ2(0) +R′2(x
∗
1)e
−sτ ∫ 0

−τ e
−stξ1(t)dt

]
(14)

Let M (s) =

[
sα + α1 −ae−sτ
−be−sτ sα + α2

]
where a1 = γ1A2S

′
1(x
∗
1), a2 = γ2A1S

′
2(x
∗
2) a = R′1(x

∗
2), b = R′2(x

∗
1)

M (s) is considered as characteristic matrix of system ((1)-(2)). So, the characteristic equa-
tion is ,

F (s) = s2α + (α1 + α2 − a1 − a2)sα + (α1α2 − α1a2 − a1α2 + a1a2)− abe−2sτ = 0. (15)

Let s = iv. So the (15) becomes

(iv)2α + (α1 + α2 − a1 − a2)(iv)α + (α1α2 − a1α2 − α1a2 + a1a2)− abe−2ivτ = 0 (16)

By putting s = v(cos(π
2
) + isin(π

2
)), v > 0 and separating real and imaginary parts of the

above equation , we get

v2αcosαπ + (α1 + α2 − a1 − a2)vαcos
απ

2
= abcos2vτ − (α1α2 − a1α2 − α1a2 + a1a2) (17)

v2αsinαπ + (α1 + α2 − a1 − a2)vαsin
απ

2
= −absin2vτ (18)

Squaring and adding ((17)-(18)), we get

v4α + (α1 + α2 − a1 − a2)2v2α − (a2b2)− (α1α2 − a1α2 − α1a2 + a1a2)
2

+ 2v3α(α1 + α2 − a1 − a2)cos(
απ

2
) = −2abα1α2cos2vτ

τ = 1
2v

[
2nπ ± cos−1

{
(v4α+(α1+α2−a1−a2)2v2α−(a2b2)−(α1α2−a1α2−α1a2+a1a2)2+2v3α(α1+α2−a1−a2)cos(απ

2
))

−2ab(α1α2−a1α2−α1a2+a1a2)

}]
, n = 0, 1, 2, ...

Thus

τ1 = 1
2v

[
2nπ + cos−1

{
(v4α+(α1+α2−a1−a2)2v2α−(a2b2)−(α1α2−a1α2−α1a2+a1a2)2+2v3α(α1+α2−a1−a2)cos(απ

2
))

−2ab(α1α2−a1α2−α1a2+a1a2)

}]
n = 0, 1, 2, ..

τ2 = 1
2v

[
2nπ − cos−1

{
(v4α+(α1+α2−a1−a2)2v2α−(a2b2)−(α1α2−a1α2−α1a2+a1a2)2+2v3α(α1+α2−a1−a2)cos(απ

2
))

−2ab(α1α2−a1α2−α1a2+a1a2)

}]
, n = 0, 1, 2, ...

Let τ0 = min{τ1, τ2}.

Theorem 3.1.1: The equilibrium point (x∗1, x
∗
2) of the love dynamical model (6)-(7) is

asymptotical stable when τ < τ0.
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3.2. Hopf Bifurcation Analysis

By differentiating (15) with respect to τ , we get

ds

dτ
=

−2sabe−2sτ

2αs2α−1 + (α1 + α2 − a1 − a2)αsα−1 + 2abτe−2sτ
(19)

Now consider the numerator term,

−2sabe−2sτ = −2abvsin2vτ − i2abvcos2vτ
= M1 + iM2.

Where M1 = −2abvsin2vτ , M2 = −2abvcos2vτ .

Now we consider the denominator term

2αs2α−1 + (α1 + α2 − a1 − a2)αsα−1 + 2abτe−2sτ

=

(
2αv2α−1cos

(2α− 1)π

2
+ (α1 + α2 − a1 − a2)αvα−1cos

(α− 1)π

2
+ 2abτcos2vτ

)
+ i

(
2αv2α−1sin

(2α− 1)π

2
+ (α1 + α2 − a1 − a2)αvα−1sin

(α− 1)π

2
− 2abτsin2vτ

)
= N1 + iN2

where,

N1 = 2αv2α−1cos
(2α− 1)π

2
+ (α1 + α2 − a1 − a2)αvα−1cos

(α− 1)π

2
+ 2abτcos2vτ

N2 = 2αv2α−1sin
(2α− 1)π

2
+ (α1 + α2 − a1 − a2)αvα−1sin

(α− 1)π

2
− 2abτsin2vτ

So, (19) becomes, (
ds

dτ

)
|τ=τ0,v=v0=

M1 + iM2

N1 + iN2

Re

(
ds

dτ

)
|τ=τ0,v=v0=

M1N1 +M2N2

N2
1 +N2

2

.

From the above discussion we get the following Theorem.

Theorem 3.2.1:The love dynamical model from (6)-(7) has Hopf bifurcation when τ = τ0.

By using next generation matrix method[2], the basic reproduction number R0 can be cal-
culated for the synergic love dynamical model (6)-(7). After linearizing the system we get
R0 for the system (6)-(7) is α1γ2A1

α2
.

Note:

• When R0 < 1, the love dynamical model (6)-(7) is stable.

• When R0 > 1, the love dynamical model (6)-(7) is unstable.
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4. Numerical Simulations

By using predictor-corrector scheme[1], we have done the numerical simulation which
illustrates our result in this section. Graphs are done by using MATLAB.Here α1 = 0.3, α2 =
0.5, γ1 = 0.01, γ2 = 0.02, A1 = 25, A2 = 50, β1 = 1, β2 = 1.1, σ1 = 0.4, σ2 = 0.3. To calculate
the critical value and the bifurcation point, let’s choose v0 = 0.1. So, τ0 = 1.5. The phase
diagram of fractional order system (6)-(7) shows in figure 1, which is asymptotically stable,
when τ = 0.9(< τ0) and α = 0.5 with initial values (0.05,0.03). We have changed all
the parameter values for the stability criteria. The parameter estimation was carried out
from the previous studies. The model (6)-(7) undergoes Hopf bifurcation which is depicted
in figure 2 for τ = 1.5(= τ0) and α = 0.5 with initial values (0.05,0.03). The numerical
simulations of the system (6)-(7) have showed in figure 3 and also it calculates the ranges of
reproduction number R0. R0 portrays how decreasing the transmission rate can change the
system dynamics from the limit cycle to stable focus. All ranges of reproduction number
value have been zoned in figure 3 and shows that the system is stable and controllable
without Hopf bifurcation. Figure 4 shows the diagrams of the system (6)-(7) for parameter
estimation of α1, α2. Figure 5 shows the diagrams of the system (6)-(7) for parameter
estimation of γ1, γ2.

Figure 1: When τ = 0.9, the phase diagrams of the system (6)-(7) is asymptotically stable
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Figure 2: When τ = 1.5, the phase diagrams of the system (6)-(7) undergoes Hopf bifurcation

Figure 3: The ranges of Reproduction number R0 for the system (6)-(7)
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Figure 4: Diagrams for the system (6)-(7) for parameter estimation of α1 = 0.3 and α2 = 0.5

Figure 5: Diagrams for the system (6)-(7) for parameter estimation of γ1 = 0.01 and γ2 = 0.02

5. Conclusion

In this manuscript, we have analyzed a fractional order time delay love dynamical model
for synergic couple. By using the Laplace transform technique, the stability of the model
has been analyzed. We have found a formula which gives the critical value τ0. The equilibria
points will be asymptotically stable for all positive time delay values under some conditions
have been demonstrated. As per our study, When the time delay greater than the critical
value τ > τ0, the model (6)-(7) undergoes Hopf bifurcation. The system (6)-(7) is stable
under the parameter values when R0 = α1γ2A1

α2
< 1. The system (6)-(7) is unstable under

the parameter values, when R0 = α1γ2A1

α2
> 1. The accuracy and efficiency of the model have

been proved by numerical simulations. The theoretical results have been illustrated by the
numerical simulations. When ξ < ξ0, the system (6)-(7) is asymptotically stable(see figure
1). When ξ = ξ0, the system damps the oscillatory behavior of solutions and undergoes Hopf
bifurcation(see figure 2). Without Hopf bifurcation the system is stable and controllable(see
figure 3). Figure 4 and 5 describes the parameter estimations of the system.
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