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1 | INTRODUCTION

We are concerned with a class of nonlinear nonlocal problems in presence of a weight f, possibly unbounded, which is allowed
to change sign. The prototype equations are

(=AYu+ p(x)u = h(A,x,u) inQ
u=20 inRN\ Q,
but, actually, we shall consider problems where the leading operator (—A)* is replaced by more general nonlocal ones denoted
by &, see Section [2| for the precise setting. Here Q@ C R" is a bounded domain with Lipschitz boundary 02, A € R and h
satisfies suitable structure conditions.
We shall start analyzing the eigenvalue problem

Reu+ px)u=Au inQ

1
u=0 inR"\ Q, W

showing the existence of a principle eigenvalue A | enjoying the usual properties of the first eigenvalue in the classical locale
case. This fact is far from being trivial, due to the fact that, at this step, f is assumed to be unbounded and sign—changing. Once
the existence of 4, is proved, it is standard to show the existence of a diverging sequence of eigenvalues solving (T}), see Theorem
2l below.

After this preliminary result, we will look for solutions to problems of the form

Reu+ p)u= f(x,u) inQ

e @
u=20 in RY \ Q,
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with different assumptions on f. In particular, we produce two constant sign solutions in Theorem [3|by using the Mountain Pass
Theorem.
Finally, we consider a problem of the form
Reu+ px)u = Ag(x,u) + f(x,u) inQ 3)
u=20 inR"\ Q,
where g(x, -) has sublinear growth at infinity, while f(x, -) exhibits a superlinear growth. In this case we find two constant sign
solutions, and we produce a third nontrivial one by using the Weiestrass Theorem, provided that A is positive and small. Of
course, this result has the flavour of the celebrated one in” for the local case. However, we shall treat a nonlinear source f
which does not satisfy the usual Ambrosetti-Rabinowitz condition (AR-condition for short), as done in'% for the local Neumann
case. Indeed, we employ a more general condition introduced in'’, which covers the case of superlinear reactions with slower
growth near +oco and which fail to satisfy the AR-condition; of course, the lack of the AR-condition makes the situation more
complicated, since it is not clear if Palais-smale sequences are bounded. Thus, our result improves those in 3| where the existence
of two solutions when f = 0 is proved in presence of pure powers. For related results, see also® for the spectral fractional
Laplacian, recalling that such an operator is quite different from the one considered here, see'l* S¢¢tion 23 for a detailed discussion
on this fact. We also mention?, where a probem like (3) with pure powers and with f having critical growth has been studied
in presence of continuous and sign changing coefficients, showing the existence of two positive solutions for A small enough.
We conclude recalling that many other concave—convex problems have been studied in different situations, for instance in® 69
and?Z.

2 | MATHEMATICAL BACKGROUND

The underlying operator & is defined as follows:

Lru(x) = - / (u(x) —u(y)) K(x = y) dy,
RN

where K : RV \ {0} — (0, o) is a function satisfying the following
K-assumption:

1. yK € L'(R"), where y(x) = min {1, |x|* };
2. there exist » > 0 such that K(x) > x|x|~™+29 for any x € RN \ {0};
3. K(x) = K(—x) for any x € RN \ {0}.

Notice that, up to some positive multiplicative constant, 8 = —(—A)® when K (x) = |x|/(N+29),
In order to work with the operator ¢, it is necessary to introduce a suitable functional setting.
From now on, we fix s € (0,1) , N > 25, and Q C R" an open bounded set with Lipschitz Boundary. The space X is

X ={v:RY =R :vlg € L@, 0x) - v VK- 1) € *@},
where @ = R?M \ @ and @ = Q¢ x Q°. The space X is endowed with the norm

1
2

lolly = 10l 2 + / o) = vO)PK Gx — y) dxdy
Q

Moreover, we set
Xo={veX:v=0ae inR"V\Q}.
Like in the case of Sobolev spaces with integer s, it is possible to define a critical exponent that plays the same role in the

embedding theorems. Precisely we define 5
N

_N—2s

and we have the following
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Lemma 1 (%%, Lemma 6). Let K : RY \ {0} — (0, co) satisfy the x-assumption. Then

1. there exists a positive constant ¢ = ¢(N, s), such that for any v € X,

2
2 _ 2 [v(x) = v(p)] .
1012 = 012 o, < € Q/ O dxay:

2. there exist a constant C = (N, s, 4, Q) > 1 such that for any v € X,

/ lo(x) — vWI*K (x — y)dxdy < ||v|l5, £ C / lo(x) — v()*K (x — y)dxdy,
Q Q

that is

1
2

lollx, = / lv(x) — ()| K(x — y) dxdy
Q

is anorm in X, equivalent to the usual one defined in X.

Lemma 2 (%, Lemma 7). (X, || - | y,) endowed with the scalar product
(u,v)x, = / (u(x) = u(y)) (v(x) — v(y)) K(x — y)dxdy
Q

is a Hilbert space.

Recalling that Q has a Lipschitz boundary, we have:

Lemma 3 (12, Lemma 9). Let K : RY \ {0} = (0, c0) satisfies the x-assumption. Then the following assertions hold true:

1. the embedding X, < LP(R") is compact for every p € [1,2*);
2. the embedding X, < L>"(R") is continuous.

A fundamental compactness tool is the following

Definition 1. Let X be a Banach Space, and let X* be its topological dual. Let ¢ € C!(X); we say that ¢ satisfies the Cerami

condition - (C) for short - if the following holds: every sequence (u,), C X such that
((P(”n)),, C R is bounded and (1 + ||u, || x)@'(4,) = 0in X* as n — oo,

admits a strongly convergent subsequence.

We shall use the following variant of the Mountain Pass Theorem, where the original Palais-Smale condition is replaced by

(C), see' for a proof.

Theorem 1 (Mountain Pass Theorem). If X is a Banach space, ¢ € C'(X) satisfies (C), uy, u, satisfy ||u; —uglly > p >0

max {@(uy), p(u) | <inf {@w) © llu—uolly = p} =1,

setl' := {y € C([0,1],X) 7(0) = uy, y(1) =u, } and
¢ :=inf sup @(y()),
7€l 1eq0,1]

then ¢ > 7, and ¢ is a critical value for ¢.

3 | THE EIGENVALUE PROBLEM

In this section we give some results about the following nonlocal eigenvalue problem:
Reu+ px)u=Au inQ
u=20 in R"\ Q,

where & and Q are as above. More precisely, we prove

(P
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Theorem 2. Let K satisfy the x-assumption and let § € L?(Q2) with g > % Then there exists a diverging sequence (/Aln)n and

associated eigenfunctions (&,), C X, \ {0} such that (4,,2,) solve (P ) for any n € N. Moreover, J, is simple with associated
eigenfunction 4; > 0 a.e. in Q.

The proof of Theorem [2] essentially consists in proving that the candidate first eigenvalue is finite, and this is the hardest
part, because f is unbounded and sign-changing. Once the finiteness of 21 is proved, the existence of a diverging sequence of
eigenvalues follows in a standard way by applying the classical genus theory to a perturbed functional. Hence, we start from

Proposition 1. Let K satisfy the x-assumption and let § € L4(Q2) with g > % Then problem (P,) has a smallest eigenvalue

A, € R which is simple and has an eigenfunction i, € X, such that #; > O a.e. in Q.

Remark 1. 1f p* € L (Q), or K(x) = ﬁ we can conclude that &#; > 0 in Q, for instance seell2 or® Remark 1.3,

Proof of Proposition[l] Let¥ : X, — R be the functional defined by

_ 2 2
Y(u) = ||u||X0 +/ﬂu dx
Q
and consider the set

M=queX,: /uzdle
Q
Set
A= ulélj& Y(u). “
Claim I: }; > —c0.

*

Note that g > 2*2—_2, hence 2¢’ < 2*. Then, if u € X, by Theoremwe have that u? € L"/(Q). Hence, by Holder’s inequality,
we have that

/ﬂuzdz < BN ull3, - &)
Q

We know that X, < L?(Q) < L*(Q) and the first embedding is compact. So, by Ehrling’s inequality (for instance,
17| Lemma 10.1.28

see , given € > 0 we can find c(e) > 0 such that
lull3, < ellully, +c@llull; ¥ue X, (6)
From (©) and (6) we get
lull, ~ / pi dz < [lully, + ellpll lully, + eIl llulf. )
Q

Now, we choose € € (0,1/]5]|,)- Reordering the terms from , we have

0 < [lull%, (1 = €llBlly) < ¥@) + (@l Bl llull3, @®)
hence
—c@IIBll,llull} < P(w),
which implies 4, > —co.
Claim 2: The infimum is obtained at a function i, € M with fi; > 0 in Q.
Let (u,), C M be a minimizing sequence for @), i.e. ¥(u,) — A, as n — co. Now, from (8) we observe that (u,,), is bounded,
S0 we may assume that
u, =i, in X, and u, - @, in L*(Q) asn — .

By the weak sequential lower semicontinuity and Lemma 3] we have that
PTD) P 2 : 29 ~2
o1, <timint 15, and tim [ puax= [ pitax.
Q Q

and thus ¥(4,) < 4,. Since &, € M, we get that ¥(#,) = 4,.
By the Lagrange multiplier rule, we have that (4,, i, ) solve problem (P3,)s and so I, € X is an associated eigenfunction to A
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We observe that if u is a normalized eigenfunction for (P;) by the triangle inequality we have

A slP<|u|)=//(|u<x)|—|u(y)|)21<(x—y>dxdy+/ﬂuzdx
D Q

< / / (u(x) — u(y))* K(x — y)dxdy + / pu* dx = W(u) = 4,
D Q

hence we may assume u > 0.
Claim 3: 1, is simple.
We start noticing that

(uhou )y = —/ [w* ™ (x) + u ()u(y)] K(x — y)dxdy <0 9)

Q
for every u € X,.

Now we improve Claim 2, showing that any weak solution u € X, of (Pi, ), u # 0, is such that either
u>0 inQ

or
u<0 inQ.

Without loss of generality we assume that ||u||, = 1 and by (9) we have
Ay =) =Puh) + W) =2 (u )
> Alla* 15+ Alla™ll3 = 4.
Hence, in the previous inequality we find all equalities, and so
Wh) = A llutll; and W) =4l

that is u* and u™ are weak solution of (P,i, ), as well. Moreover, we also get that {u™, u™) x, = 0, that is
0= / [ (™ (x) + u* ()u™(»)] K(x = y) dxdy.
Q

Since K > 0, we get that
ut(y)u~ (x) + ut(x)u”(y) = 0 a.e. in Q and so in Q.

As a consequence, u~ = 0, or ut = 0, as claimed.
Now, let u, v be non trivial solutions of (P;ll). We have shown that we can suppose u, v > 0 with fQ u > 0 and fQ v>0.
Hence it is possible to solve the equation in «

0:/(u—av)dx:/udx—a/udx.
Q

Q Q
Recalling that u — av is a solution of (P3,) as well, we have just seen that there are two available options: u — av > 0 with
u—av # 0 or u — av = 0; in the first case we would have /Q (u — av) dz > 0, and so we deduce that u = av, which proves the
simplicity of 4,. O

Remark 2. 1f p € L®(Q), then &t; € L*(Q) by, and so by 8 Prop- 11 we get that u € C*(Q).
Remark 3. From now on we will denote by 4, the first eigenfunction with ||4;]|, = 1 and &#; > 0 in Q.
Proposition 2. Let V = {u € X, : [,fudx =0} and set
Ay =inf {(Y(u) :ue MnV}.
Then 4, < 4,

Proof. First of all, it is clear from the definition above that 4, < 1.
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Suppose by contradiction that 4, = iV. Then we can find a sequence (1,), C M NV such that ¥(,) — i, = 4,. By (B) we
have

I, (1 = €llBll) < ¥w,) + @Bl lu,ll; = 4 +c@llpll,

hence (u,), C X, is bounded, and so we may assume

u, ~uin X, and u, —» uin L (Q). (10)
Exploiting the sequential weak lower semicontinuity of ¥, by (I0) and since u € M NV, we have

A < ¥(u) < liminf Y(u,) = A, = 4,
and hence
Y(w) = 4,.

By Propositionthis implies that u = +oi, for some ¢ > 0, a contradiction to the fact thatu € M n V. Thus 1, < /AIV. O

Proof of Theorem[2] The first part is contained in Proposition [I] Then, solving (P,) is equivalent to solving the eigenvalue
problem

(Py)

LQuu+ fx)u=Au inQ
Ll=0 ian\Q,

where f = f — A, + 1and A = A — 4, + 1. Thus, in order to show that (P, ) has a diverging sequence of eigenvalues, we apply
the classical genus theorem in the form of 13 Theorem 926 ‘Hence, set

du) = / wrdx, ww) =¥w) -4, -1 / uldx
o Q
and
M= {uGXO RIS 1}.
By definition of A, it is readily seen that / u?> < 1ifu € M .As a consequence, by (B) we get that, if u € .4, then
||u||§(0(1 —elpll) <1+ |4, — 1] + c@lAl,-

Hence, . is bounded. The other assumptions of L3 Theorem9.26 qre easily verified, and so there exists a sequence {(A,,u,)}, of
solutions to (P,) with A, # 0 and 1/A, - 0, [ u, — 0 as n — co. In particular,

1=y, =, -4 + 1)/u§dx foralln € N,
Q

which implies that A, — +oc0 as n — oo, and so

~

A

. — tooasn — oo,

as claimed. O

4 | MOUNTAIN PASS SOLUTIONS BELOW THE FIRST EIGENVALUE

In this section, we study the following nonlinear fractional problem

{SKu +Bu = f(x,u(x)) inQ

ne (P)
u=20 in R \Q,

where, as before, Q C RY is a bounded domain with Lipschitz boundary 0Q and # may be sign changing. As for f, we shall
assume

Hypothesis 1. f : Q X R — R is a Carathéodory function such that f(x,0) = 0 for a.e. x € Q and

M) |fG, 0] <ax)(A+ |t]P ) foraex € Q allr e Rwitha € L®(Q), ={a € L®(Q) :: a>0ae. inQ}, p € (2,2%);
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Q) if F(x,1) = [| f(x,w)dw, then
. F(x,0)
lim

t—>+o0 t

= oo uniformly for a.e x € Q;

Q) if &(x, 1) = f(x, D)t — 2F(x,1), then there exists f* € Ll(Q)Jr such that

E(x,1) < E(x,y)+ f*(x) forae.xeQandall0<t<y, ory<t<0;

(4) there exist 3, € L*() and 7, > 0 such that

-1 < liminf
flo t—0

f(x, 1)
t

<lims
t—0

up

f(x, 1)

p < 190(x)

uniformly for a.e x € Q, where J,) is such that one of the following conditions holds:

@ preLy,

loc le

(i) 9y < 4, ae.in Q.

(Q) or K(x) = 1 and 80 < Ay 9y # Ay

Of course, the requirement in Hypothesis[I(4)(i) ensures that the first eigenfunction is strictly positive in Q, see Remark [T}

Remark 4. Hypothesis 4.1(3) was introduced in'? to replace the stronger Ambrosetti-Rabinowitz condition.

Now, we introduce the functional ¢ : X, — R defined as

o) = %‘P(m— / Fx, u(x)) dx,

whose critical points are solutions of (P).

Proposition 3. If Hypothesesl) — (3) hold and g € L(Q) with g >

Proof. Let (u,), C X, be a sequence such that
lo(u,)| < M,

and

Q

2*
2%-2’

for some M, > 0,

then ¢ satisfies (C).

alln >1

(1 + llu,llx, )¢’ (,) = 0in X as n — .

We have

20(u,) @' (u,)u,) = / [f e u,u, — 2F(x,u,)| dx.
Q

By using (T1)) and (12), we immediately obtain that

/é‘(x, u,)dx <M, foralln>1.
Q

Claim: (u,), C X, is bounded. By contradiction we suppose that, up to a subsequence,

||un||X0 — 00 asn — oo.

Let y, = —2—, n > 1. Then ||yn||X0 = 1 for all n > 1 and so we may assume that

Nl 1,

y,—~yinX, and y,— yin LP(Q)asn — co.

First suppose that y # 0 and let Q, = {x € Q : y(x) = 0}. Then

lu,(x)] > 0 foraex€Q):={x€Q : x¢&Q}

Then Hypothesis[I|2) and Fatou’s Lemma imply that

lim /
n—oo
oe

0

F(x,u,(x)) d

e, I,

an

12)

13)

(14)

s5)
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But
! F(x, 1,(x)) F(x,u,(x)) F(x, 1,(x))
B — dx = B — dx + —_ dx,
T L, AT

0 0

F(x,u, (x
lim/—( "2( ) dx =
n—>oog€ ||un||X0

0

and so

On the other hand, from (TT]) we know that

F(x,u,(x))
W dx < M; forsome M;andalln> 1,
u
nllx,

which contradicts (L6).
Now suppose that y = 0. We fix # > 0 and define

v, = (ZU)%yn € X, foralln>1.

Since
v, = 0in LP(Q),
we have
/F(x,un)dx -0 asn— oo.
Q

By (14), we can find n, > 1 such that
1
0<(@2n:2

<1 foralln > n,.
T,

Let £, € [0, 1] be such that
pu,) = (nax puy,).
From (T8) it follows that
eCu,) = e, =n¥Qy,) — / F(x,v,)dx foralln > ny.

Q
As we have just seen,

/ﬂuzdx < “ﬂ“q”ullgq’

Q

(16)

a7

(18)

19)

Again by Theorems X, = L*(Q) < L*(Q) and the first embedding is compact. By Ehrling’s inequality, given € > 0 we

can find ¢(e) > 0 such that
Ilullﬁq, < €IIuII§(n +c(©llull; forallu € X,

Like in (8], we get
1- €||ﬂ”q)”u”§(0 < W) + (@)l Bl llull3-

Now use (20) in (T9) , so that
o) 2 n[(1 = ellBll) — @Bl Iyl2] - / Feoo)dx n>n,.
Q

Choose € € (0,1/]|p]l,) and note that
ly,l5 >0 asn— oo,

see (I3) and recall that y = 0. By (21, using (I7) and 22), we get that
liminf (¢,u,) > n(1 - €llpll,).
Since n > 0 is arbitrary, by letting # — oo we conclude that
@(C,u,) = oo asn — oo.

Notice that
@0)=0and @(u,) <M, forall n>1.

(20)

2y

(22)

(23)
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Therefore, 23) implies that exists n; > n, such that ¢, € (0, 1) for all # > n,, hence

dig(p(gun)|§=§n =0 foralln > ny,

and so

Y(C,u,) = /f(x, Cu,)C,u,dx forall n>n,. 24)
Q
Using Hypothesis[I(3) we have

/ £x, ) dx < / ECeu)dx+F7N, foralln> m,.
Q Q

Using the definition of &, (Z4) and (I3) we obtain

20(Gu,) = Y(,u,) -2 / F(x,lu,)dx = /f(X, Catty) dx < My (25)
Q Q
fore some M, > 0 and all n > n,. Comparing and we reach a contradiction. This proves the claim.
By the previous claim, now we may assume that
u, ~uin X, and u, — uin LP(Q). (26)

Choosing u, — u € X, as test function in (I2)), passing to the limit as » — oo and using (26}, we find

lim (Rpu,,u, —u)=0

n—00

which implies that u, — u in X, as n — o0, and so ¢ satisfies (C). O

Lemma 4. If Hypothesis[I(4) holds, then there exists @, > 0 such that

T(u) = W) — / 9 dx > agllull -
Q

Proof. The lines of the proof follow those of in the proof of 10 Lemma 18
Of course (1) > 0. By contradiction, we suppose the lemma is not true. Using the 2-homogenity of %, we can find (¢,,),, C X,
such that
lu,llx, =1 foralln>1andX(u,) - 0" asn — co. 27
We may assume
u, =~ uin X, and u, — uin L*(Q)asn — . (28)

It follows from @I) and the lower weak semicontinuity of ¥ that Z(u) < 0, and so

W) < /M dx < 2y llull?. (29)

Q
If u = 0 then from (8) applied to u,, and (28) we see that u, — 0 in X, a contradiction to the fact that [Ju, ||y, = 1 forall n > 1.
Hence u # 0, but now from 29) and Propositionwe can deduce that ¥(u) = ;1] llull2, and so u = +oii, for some o > 0. If
Hypothesis 4(i) holds, then 4, (x) > 0 for a.e. x € Q, and so from the first inequality in (29) we have ¥(u) < A 1llull2, again a
contradiction; if 4(ii) holds, then the contradiction is reached using 9, < }:1 and u # 0. The lemma is thus proved. O

Now, we want to prove the existence of nontrivial solutions of constant sign. For this, we introduce the following truncations-
perturbations of the reaction f:
ift <0,

. 0
1) = 30
Joxn) {f(x,t)+]/t if0 <t 0)

R {f(x,t)+yt if <0

and

1) = 31
J-ten 0 if0<t, GD
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where y > c(e)|| Bll, once € is chosen (see the Proof of proposition . We set

t
F.(x,1) = / folx,w)dw.
0

Then, set A(x) = f + y and define
Y) = ||u||§(0 + / pou*dx  forallu € X,
Q

Finally, we consider the functionals @, : X, — R defined by

@) = %‘i—‘(u) - / F.(x,uydx forallu € X,
Q
Remark 5. If we repeat the proof of Proposition (3| for the functionals @, , we immediately have that they both satisfy (C).

Proposition 4. If Hypothesisholds, p € Li(Q) with g > %, then u = 0 is a strict local minimizer for ¢ and @, .

Proof. We do the proof for the functional ¢, for the others being similar. By Hypotheses[I[(1) and[I[4), given € > 0 we can find
¢, such that

Flx.1) < %(19(;:) ol +e i forae.xeQ allieR, p> 2. 32)
Then, for every u € X, we have
o =39~ [ Fonmax> 2w -1 [ ot ax= Sl -l
Q Q

Recalling Lemma , we can find C > 0 such that ||u||§ < C||u||§(0 and ||u||’; < C||u||’)’(0. Applying these inequalities to (@)
toghther with Lemmafd] we obtain

1 _ 2, €Ch oo P
00> 100 - [ o0 dz = Clulf, - €,

Q
ay—eC
> L ull}, = Cllull},.

Choosing € € (0, &, /C), we have

@) 2 Cyllully, = Cyllull’ . (33)
for some C;, C, > 0. Since p > 2, from (33) we get that u = 0 is a strict local minimizer of ¢ (and similarly for the functionals
) O
Proposition 5. If Hypothesisholds and g € L9(Q) with ¢ > 2*2: > then for every u € X, \ {0}, we have ¢(u) - —oo as

§ — +o0.
Proof. By Hypothesis 1) and 2), given any u > 0 we can find ¢, > 0 such that
F(x,t) > gtz —c¢, foraexeQandall? €R.
Hence, foru € X, u # 0 and { > 0, choosing u > 0 big enough, we have
o(u) > —0 as { — oo.
O

Theorem 3. If Hypothesisholds, p € L1(Q) with g > % then problem (P) admits at least two nontrivial weak solutions

A

it, b € X, such that
O(x) <0<i(x) ae.inQ.

Proof. By Propositiond we can find p € (0, 1) so small that
#,0) =0 < inf {@p, ) |lullx, = p} := 1. (34)
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Then (34), together with Proposition [5| and Remark [5] implies that we can use the Mountain Pass Theorem. So we can find

it € X, such that

®.0)=0<rm, <@, @)
and

@, @) = 0.

From (33)), we see that i # 0, while from (36), we have

Ll + ()i = [ (x,d).
By @ i i

A A _ /At A— A At A A PO
@07y, = (0" =m0y, = (ata ), — a1, < N1,

On (37), we act with —4~ € X|,. Then together with (38)), we get

W)+ /101 < iy, + [ 9@ dx B =0,
Q

From (8) with ¢ > 0 small enough, we have
1- €||ﬂ||q)||ﬁ_||§(0 —c@lIBl a5 < wa@).
Since y > c(e)||fll,,» from (B9), (40) and recalling that la= |13 < Clla~|I3, (see Lemma it follows that
0
A2
clla, <0

for some C > 0, which implies that
>0, a#0.
So, (37) becomes
e+ px)ia = f(x,h).
i.e. it is a weak solution for (P).

In a similar fashion, working this time with @_, we obtain another nontrivial solution & € X|, having negative sign.

S | APARAMETRIC PROBLEM WITH COMPETING NONLINEARITIES

In this section we study the following parametric nonlinear problem:

Leu~+ pOou = Ag(x, u(x)) + f(x,u(x)) inQ
u=0 inR"\ Q,

(35)

(36)

(37

(38)

(39)

(40)

(41)

(E»

A > 0 being a parameter. Strengthening the previous assumption, here we will assume that f € L*®(L2). Moreover, f is a
general superlinear function at co, while g is sublinear. In this case problem (E,) is an extension of the problem studied in“ to

the fractional setting and with more general nonlinearities and a sign changing weight in the operator.
Going into details, we impose the following conditions on g and f:

Hypothesis 2. g : Q X R — R is a Carathéodory function such that g(x,0) = 0 for a.e. x € Q and

(1) there exist b € L®(Q) and P € (2,2*) such that

lg(x, D] < b))+ [t|°7Y) foraexeQ, allt € R;

)]
i g(x,1)
m ——-

t—+o00 t

=0 uniformly for a.e. x € Q;

Q) if G(x,1) = fot g(x, z) dz, then there exist p, g € (1,2), 6 > 0 and #,, #, > 0 such that
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0< g(x,1) <pG(x,t)forae. x e Q, 0< |t] L6,

essginf G(-,+6) > 0,

lim sup gt 1)
-0 |t

molt]? < g(x,1)t forae.x € Q, allt € R.

<%, uniformly fora.e x € Q and

Hypothesis 3. f : Q X R — R is a Carathéodory function such that f(x,0) = 0 for a.e. x € Q and

(1) there exist a € L*(Q), and r € (2,2*) such that

| £, D] < a(x)(1 + 7] forae. xeQ, allt € R;

2
t
tlim @ = 400 uniformly for a.e. x € Q;
—+o00
® f(x,1)
linol % =0 uniformly for a.e. x € Q.
1—

Now, if 4 > 0 set
é},(x7 I) = )’g(xa t)t + f(x7 t)t - APG(}C, t) _pF(x9 t)7
where F(x,1) = [ f(x,w)dw.

Hypothesis 4. For every 4 > 0, there exists g} € L'(Q) such that

&) < &(x, )+ ()
foraexeQandall0 <t <yory<t<0.

Remark 6. The condition essinfg G(-,+6) > 0 in Hypothesis [2(3) is automatically satisfied if stronger assumptions on g are

required, see' .

In what follows, for every 4 > 0, by ¢, : X, = R we denote the energy functional associated to problem (E,) defined as

@) = %‘P(u) —A / G(x,u(x))dx — / F(x,u(x))dx
Q Q
for all u € X,,. Evidently, ¢, € C'(X).
As above, in order to generate nontrivial solutions of constant sign, we introduce suitable truncation—perturbations of the map
t = Ag(x,t) + f(x,1). To do that, from now on we assume that § € L*(Q). So, by (@), fixed ¢ > 0, if = > %, we choose

y > 1B8ll and ]
y > c@llfllo 1217 = c(e)lfll, withc(e) > 1.

Now define
ift <0,

hj(x,t) = { .
Agx, )+ f(x,t) +yt ifO <t
b (x,1) = {Ag(x’t)+f(x’f)+7t if 1<0

(42)

if0 <.

Both hf are Carathéodory functions. We set
t

Hi(x,0) = / h(x, w)dw
0
and consider the C!-functionals (pf : Xy — R defined by

PEw) = %‘I’(u) + g||u||§ - / Hi(x,u(x))dx forallu € X,
Q
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Note that using Hypotheses[2] B} B} the map (x, ) — Ag(x,) + f(x, 1) satisfies Hypothesis[I] and so from Proposition 3} we
have:

Proposition 6. If Hypotheses andE|hold, A>0and g € L*(Q), then functionals ¢, and (pjl—r satisfy (C).
The next two propositions show that for 4 > 0 small, the functionals (pf satisfy the Mountain Pass geometry.
Proposition 7. Assume Hypotheses 2] [B]and 4] hold, 2 > 0 and p € L*(Q). Then:
1. There exists /11 > 0 such that for all 4 € (0, /11) there exists pj{ > 0 such that
inf {qo:(u) S lully, = pj} :=mj} > 0.
2. There exists A* > 0 such that for all A € (0, ﬂi) there exists p; > 0 for which we have
inf {(p;(u) : ||u||X0 = p;} =m; >0.
Proof. Without loss of generality, we assume P < r (otherwise r is replaced by P in the calculations below).
Hypotheses 2] and [3]imply that given 9 > 0 we can find C = C(8) > 0 such that
H(x,1) < g(t*)2 +ACEY +C(A+ M) forae.xeQ, allteR (43)

since |t|> < |t|? + |¢|" for every t € R.
Then, for all u € X, using () and Theorem 3| we have

(I—ellpll,) c@lAll
2

4 9
HOP llull, = Tllullﬁ + EIIuH% - EIIMI@

— ACullZ = (1 + ACllull;

> (1= el + S (=@, +7 = Ollull

— ABllull}, — (1+ ADully,

> (A= 4BIlull}y = D(1+ Dllull? ) Nl (44)

for some A, B, D > 0.
Now, we consider the function
k,(y) = ABy*™> + D(1 4+ A)y=2 forall y € R.

Evidently, k, € C'(0, 00) and since p < 2 < r (see Hypothesesand , we have
k,(y) > c0asy - 0" andas y > .
So, we can find y, € (0, o0) such that
ky(yp) = min {k,(y) 1 y >0} = k() =0,
thatis AB(2 — p) = D(1 + A)(r —2)y, *, and so

ABQ—p) 17
Yo = [D(l + A — 2)]
Then, observing that
1+p—2:r—2>0,
r=p r=p

we can deduce that k,(y,) - 0* as 4 — 0* and so we can find A% > 0 such that for every 4 € (0, A7) we have
k,(vy) < A.

So, from (@) it follows that
inf {@} @) @ llully, = o} = yo(A} = m} = A~ k;(yp) >0

for all 4 € (0, 43). In a similar fashion, we show the corresponding result for ¢ . O

For the next result, we set
A* = min {/1* , /1*_} .
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Proposition 8. If Hypotheses [2} [B| @] hold, A € (0, 4*) and § € L®(Q), then for every u € X, with u > 0 and [|ul|, = 1, we
have ¢} ({u) = —o0 as { — oo.

Proof. Hypotheses |Zk1) and |ZK2) imply that, given 9 > 0, there exists C; = C; () > 0 such that
AG(x,t) > —gtz —C, forae.xeQ, allteR, all, A € (0,1"). (45)
Similarly, HypothesesEkl) and EKZ) imply that, given u > 0, we can find C, = C,(y) > 0 such that
F(x,1) > gtz —-C, forae.xeQ, alteR. (46)
Letu € X, withu > 0 and ||u|, = 1, and let ¢ > 0. Then, from @2)), (@3) and @6), we have

2
#3€0 < 5 [lally, + Wpll + 8=+ )] since uly = 1) @)

for some C > 0.
Since 9 > 0 and ¢ > 0 are arbitrary, we can choose d > 0 so small and ¢ > 0 so large that 4 — 9 > ||u||§(0 + |8l + C. Then,
from 7)), we infer that
@7 (u) > —co0 as ¢ — oo.

Remark 7. In a similar fashion, we show that if u € X|;, with u < 0 and |[u||, = 1, then
@, (lu) > —c0  as{ — oo.
Next we will produce two nontrivial constant sign solution.

Proposition 9. If Hypotheses 2} [} and [ hold, 4 € (0, 4*) and f € L®(Q), then problem (E,) admits at least two nontrivial
weak solution such that
Uo(x) £0 L uy(x) foraex e Q.

Proof. We do the proof for the functional (p;. By Proposition for every A € (0, 4*) it is possible to find p;r > 0 such that

m’ =inf {@* () : llullx, = pi>0. (48)
Thanks to (@8)) and Propositions [6]and 8] we can apply the Mountain Pass Theorem. So we can find u, € X, such that
®;(0) =0 <m] < @} (uy) 49)
and
@7 (uy) = 0. (50)
The inequalities in @9) tell us that u;, # 0, while from (50) we have
Lty + (B(x) + Yug = A7 (X, up). (51)
Like we have already done in Proposition 3] thanks to (9) we have
(ugsty )y, = (g = ttgttg )y, = (gt )y, = g, < =l - (52)

Acting on (5T) with u; and using (52), we obtain
W(u,) + y||ua||§ < <u0, _”5>X0 + / ﬁ(ua)2 dx +ylluy |l = 0. 53)
Q

Recalling now (8) with € > 0 small enough, we have
(A = ellBlNug 1%, = @Il Nlug I3 < P, (54)
with y > ¢(e)||p|l,. Hence, by (53), (54) and recalling that [|uy~|12 < Clluy~|I% (see it follows that
0
A0 =112
CllugI, <0

for some C > 0, which implies that
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So, 31| becomes
Ryug + POuy = fx,up) + Ag(x, u),
i.e. u, is weak solution for (E)).
Analogously, working with @7, we obtain the other nontrivial constant sign solution v, € X|,. O

In the next proposition we produce a third nontrivial solution for (E,) when 4 € (0, 4%).
Proposition 10. If Hypotheses[2] 3} ] hold, 4 € (0, 4*) and f € L®(L), then problem (E,) has a third nontrivial weak solution

Yo (S [uo, Uo] .

Proof. Let u, and v, the two constant sign solutions found in Proposition [0} With y as before, we consider the following
truncation perturbation of the reaction in problem (E,):
Ag(x, v(x)) + f (x, vy(x)) + yvy(x),  if 1 < vy(x),
d;(x,1) = Ag(x, 1) + f(x, 1) + 71, if vy(x) <1 < up(x), (55)
Ag(x, up(x)) + f(x, ug(x)) + yug(x), if t > uy(x).

This is a Carathéodory function. Set D, = fox d,;(x, w) dw and consider the C!-functional Z, : X, — R defined by

2, = %‘I’(u) + gnuug - / D, (x,u(x))dx forallu € X,.
o
By (), since y > |||l We get that
P(w) + yllull; = Cllull, (56)
for some C > 0.
From (36) and (33), it is clear that £, is coercive. Moreover, it is sequentially weakly lower semicontinuous. So, by the
Weierstrass Theorem (seel Theorem 12) "we can find y, € X, such that
E,(yp) =inf {E,w) : u€ X} . (57)
By Hypothesis 3] (3), given € > 0 we can find § = 5(¢) > 0 such that
—F(x,1) < %tz fora.e. x € Q, all |1] < 4. (58)

Recalling Remark 2] for ¢ € (0, 1) small enough, we have that i, € (0, 5] for all x € Q, see Remark 2] Then

R 2. Anog?
2, < % [ +r+e] - =

lay 1%

see (@), @2), (58) and Hypothesis 2] (3).

Since by Hypothesis 2] (3) ¢ < 2, by choosing ¢ € (0, 1) even smaller if necessary, we have
E,(¢ay) <0,

so that from (57)
E,(yp) <0 =E,(0), (59
and hence y, # 0.
Fromwe have 2/ (y,) = 0, that is
L yo + (BX) +7) yy = d;(x, ). (60)

On (60) we act with (v, — y,)* € X,. Then, by (53) we get

<}’0’ (vy — J’O)+>X0 + / (BG) +7) yo(vg — yo) " dx
Q

Q Q

= <UOa (vg — y0)+>xo + / (Bx) +v) vy(vg — y0)+ dx,
Q
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hence
<U0 — Yo, (g — y0)+>Xo + / (B(x) +7) (g — yo)(vy — y0)+ dx=0.
Q

Then, recalling the choice of y, there exists C > 0 such that

<U0 = Yo, (Ug — y0)+>Xo + é/ (Uo - YQ) (vy — y0)+ dx <0,
Q
and so, using (9) in the first inequality, we get

(v — y0)+”§(o < vy = J’o)+||§(o - <(Uo —¥o) s (vy — J’o)+>xo

+ 6/ [(Uo - y0)+]2
Q
= (Vo =¥ (g = ¥0)") 5, +C / (W = ¥o)(vy = y0)* < 0.
Q

Thus we deduce that v, < y, in Q.
Similarly, acting on on (60) with (y, — uy)* € X, and repeating analogous calculations, we obtain y, < u,. Putting together
the two inequalities, we have y, € [vo,uo] = {u € X : vy(x) L u(x) Luy(x)Vx € Q}
Then becomes
LYo + BX)yy = Ag(x, yo) + [ (x. yp),
i.e. y, is a weak solution of problem (E)). [

So, summarizing the situation for problem (E,), we can state the following multiplicity theorem:

Theorem 4. If Hypotheses A hold and € L*(Q), then there exists A* > 0 such that for all 4 € (0, A*) problem (E,) has
at least three nontrivial weak solutions u,, vy, y, € C* (Q) \ {0} such that

ug > 0forae. x € Q,

vy < 0forae. x € Q,

Yo € [ugs v -
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