AN EXPLICIT EXTRAGRADIENT ALGORITHM FOR VARIATIONAL INEQUALITY
PROBLEM WITH APPLICATION TO A MODEL IN ELECTRICITY PRODUCTION

1 OLAWALE KAZEEM OYEWOLE, 2LATEEF OLAKUNLE JOLAOSO, 30LUWATOSIN TEMITOPE MEWOMO.

ABSTRACT. In this paper, we introduce a new explicit extragradient algorithm for solving Variational Inequality
Problem (VIP) in Banach spaces. The proposed algorithm uses a linesearch method whose inner iterations is
independent of any projection onto feasible sets. Under standard and mild assumption of pseudomonotonicity
and uniform continuity of the VIP associated operator, we establish the strong convergence of the scheme.
Further, we apply our algorithm to find an equilibrium point with minimal environmental cost for a model in
electricity production. Finally, a numerical result is presented to illustrate the given model. Our result extends,
improves and unifies other related results in the literature.

1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a real Banach space E with dual space E*. Let T : C' — C
be a nonlinear mapping, a point x € C is called a fixed point of T if z = Tx. We denote the set of fixed points
of T by F(T). Let A: C — E* be a continuous mapping. The Variational Inequality Problem (for short, VIP)
is defined as: find = € C such that

(1.1) (Az,y—x)>0, VyeC.

We denote by VI(C, A), the solution set of Problem (1.1). It is well known that = solves (1.1) if and only if
x is the fixed point of the mapping T, where T' = Po(I — AA) or equivalently, = solves the residual equation
ra(z) = 0, where

(1.2) ra(z) =2 — Po(x — AAx),

for an arbitrary positive A, see [20], for details. Therefore, the knowledge of fixed point algorithm is handful in
obtaining the solutions of (1.1).

Variational inequality plays an important role in studying a wide class of unilateral, obstacle and equilibrium
problems arising in several branches of pure and applied sciences in a unified and general framework (see [2, 8])
and the references therein. There have been extensive studies of this problem by several authors. Several iterative
algorithms have been developed for solving variational inequalities and related optimization problems in Hilbert,
Banach, Hadamard and p-uniformly convex metric spaces, see ([5, 6, 7, 15, 21, 20, 29, 35, 46, 48]).

In 1976, Korpelevich [30] introduced the extragradient method which is given by

o € C,
(1'3) Yn = PC(:CTL - >\A-Tn)a
Tnt1 = Po(zn, — ANyy,), n > 1,

1
where A € (0, —), for approximating solutions of VIP in a finite-dimensional space, where C' C R™ is nonempty,

closed and convex and A : C'— R™ is monotone L-Lipschitz continuous. Several modifications and extensions of
the extragradient method have been proposed in infinite-dimensional spaces (see [5, 23, 34]). However, there are
some setbacks that come with the use of the extragradient method, this include having prior knowledge of the
Lipschitz constant or some estimate of it at the least, also the projection onto the nonempty, closed and convex
subset C. It is well known that the projection onto C is computationally expensive if the feasible set C' is not
simple. These reasons affect the effective usage and the efficiency of the extragradient method.

Key words and phrases. variational inequality; pseudomonotone operator; strong convergence; Banach space; extragradient
algorithm, linesearch rule.
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In an attempt to overcome the difficulty resulting from the projection onto the set C, Bello and Tusem [9],
replaced the feasible set C by a finite sequence of projections onto suitable halfspaces with explicit formula. The
projection onto a suitably constructed halfspace can be calculated using an explicit formula given in [17].

Furthermore, overcoming the difficulty of having prior knowledge of the Lipschitz constant A or at least its
estimation, is found in some prediction of a stepsize with its further correction (see [2, 22, 25, 39]) or in a usage
of an Armijo linesearch rule along a feasible direction. Usually the Armijo linesearch rule has been found more
effective since the former approach preserves the disadvantage brought about by projecting onto feasible set
per iteration. Using the Armijo linesearch procedure and projected reflected gradient method (a modification
of extragradient method), weak convergences results have been recently obtained in infinite dimensional real
Hilbert spaces.

In some of those results, the monotonicity of A is required by the Lipschitz constant L of A may not necessarily

be needed for input parameters see (Theroem 3.1 [31] and Theorem 4.4 [32]).
Very recently, Kanzow and Shehu [28] prove strong convergence of a double projection method for monotone
variational inequality problem in a real Hilbert space. The method employed in [28] involves a stepsize rule

which might need some evaluations of A in the inner iteration without additional projections. To be precise,
they prove the strong convergence of the following porojection method:

Algorithm 1.1. Projection-type method

Step I: Choose the sequences {ay,,} and {3,} and take v,0 € (0,1), s > 0. Let 21 be a given starting point. Set
n:=1
Step II: Set
wy, = (1 — ap)z, + ap.
If r(w,) := 0. STOP.
Step III: Let y,(n) := (1 — n)w, + nPc(w, — Aw,) for n € R. Compute 7, as the maximum of the numbers
s,57v,5y%... such that

(Ayn (), r(wn)) 2 3l (w,)]

and define y,, := yn ().
Step IV: Compute
P <Ayn; Wp — yn>
" Aynll? 7
Tnyl1 = ((1 - ﬁn)wn + BnPC(wn - AnAyn))
Step V: Set n:=n+ 1 and go to step II.

The sequences {a,,} and {f,} are chosen such that

(1) nh_}rrgo an, =0and) | a, = o0;

(ii) 0 < liminf B, <limsupf, < 1.

n—oo n— oo
The residual function 7y (z) = r1(z) := 2 — Po(xz — Az) from (1.2) with A = 1.

In the infinite-dimensional case, many of the extragradient-like method schemes work for the larger class of mono-
tone mappings A. However, this methods may fail to work for pseudomonotone mappings when the underlining
space is infinite dimensional.

In this paper, motivated by the explicit method of Bello and Tusem [9] and the projection-type method of [23],
we propose an explicit extragradient method for obtaining a solution of a VIP. Using this proposed method, we
prove a strong convergence theorem for approximating a solution of VIP for a pseudomonotone operator A in
the framework of 2-uniformly convex and smooth Banach space. The following are the advantages the current
work have over some other works in this direction in the literature.

(i) Our method like the one in [28] employs the Armijo linesearch rule which only requires inner iteration
without employing additional projections.
(ii) Our strong convergence algorithm solves the VIP where the underlining operator is pseudomonotone.
(iii) Our result is obtained in a real Banach space which is more general than the real Hilbert space that
posses simple geometry.
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The rest of the paper will be organized as follows: In Section 2, we recall some basic definitions and give some
important results. We give some important discussions on the explicit extragradient method used in this paper
in Section 3. The convergence analysis of our proposed method is given in Section 4. Some applications of our
result, useful remarks and comments are given in Section 5.

2. PRELIMINARIES

We denote the weak and the strong convergence of a sequence {x,} to a point = by z, — z and z, —
respectively.

Let E be a real Banach space, given a function g : £ — R,

e g is called Gateaux differentiable at x € F, if there exists an element of E, denoted by ¢'(z) or Vg(z)
such that
T +ty) —g(x
lim M =(y,9'(2)),
where ¢'(x) or Vg(x) is called Gateaux differential or gradient of g at . We say g is Gateaux on FE if
for each x € F, g is Gateaux differentiable at z;
e ¢ is called weakly lower semicontinuous at « € E, if x,, — x implies g(x) < hnrg i£f g(zy). We say that g

y €k,

is weakly lower semicontinuous on E, if for each z € E, g is weakly lower semicontinuous at x;
e if g is a convex function, then it is said to be differentiable at a point = € F if the following set

(2.1) dg(x) ={f € E:g(y) —g(x) > (f,y — =), y€ E}

is nonempty. Each element dg(z) is called a subgradient of g at = or the subdifferential of g and the
inequality (2.1) is said to be the subdifferential inequality of g at x.

The function g is subdifferentiable at z, if ¢ is subdifferntiable at every x € E. It is well known that if g
is Gateaux differentiable at z, then ¢ is subdifferentiable at  and dg(z) = {¢’(x)}, that is, dg(x) is just
a singleton set. For more details on Gateaux differentiable functions and other geometric properties of
Banach space see [3, 38, 45, 47].

Let C be a nonempty, closed and convex subset of a real Banach space E with norm || - || and let J : E — 27
be the normalized duality mapping defined by
J(z) = {z* € E*: (x,z*) = ||z||* = ||=*||?, Vx € E},

where E* denotes the dual space of F and (-,-) the duality pairing between the elements of E and E*. Alber
[1], introduced a generalized projection operator II¢ which is an analogue of the metric projection Po : H — C
in the Hilbert space H. The generalized projection IIs : E — C' is defined by

Hc(l') = inf {¢(y71'), Vr € E}7
yeC
where ¢ is the Lyapunov functional ¢ : £ x E — RT defined by

¢(9c,y) = H$||2 _2<‘T7Jy> + Hy||27 Va,y € E.

In the real Hilbert space, Po(x) = Ilg(z) and ¢(z,y) = ||x — y||>. It is obvious from the definition of the
functional ¢ that

(2]l = lylD)? < é(z,y) < (ll=l] + [lyl)*.

The functional ¢ also satisfy the following important properties:

(2.2) (x,y) = ¢(x,2) + ¢(2,y) + 2(x — 2, Jz — Jy)
and
(2.3) 2z —y, Jz — Jw) = ¢(z,w) + ¢y, 2) — ¢(z,2) — Py, w).

Note: If FE is a reflexive, strictly convex, and smooth Banach space, then for z,y € E, ¢(z,y) = 0 if and only
if . =y, see [13, 51].

We also define the functional V : F x E* — R by
(2.4) V(z, ") = ||lz]]* - 2(z,2") + [|«*[]”
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for all z € E and 2* € E*. That is, V(z,2%) = ¢(x, J 'a*) for all x € E and 2* € E*. It is well known that if
FE is a reflexive, strictly convex and smooth Banach space, then

(2.5) V(z,z*) < V(z,z* +y*) — 2(J ta* —2,9)

for all x € F and all z*,y* € E*, see [11].

Let C be a closed and convex subset of E and T : C' — C be a mapping. A point p € C is called an asymptotic
fixed point of T' (see [10]) if C' contains a sequence {z,} such that z, — p and ||z, — Tz,|| — 0 as n — .
We denote by F(T) the set of asymptotic fixed points of T. A mapping T : C — C is said to be relatively
nonexpansive if F(T) = F(T) and ¢(p,Tz) < ¢(p,x) for all z € C and p € F(T) (see [10, 11, 12]). T is
said to be ¢-nonexpansive if ¢(Tz, Ty) < ¢(z,y) for all z,y € C and quasi-¢-nonexpansive if F(T) # () and
o(p, Tx) < ¢p(p,x) for all x € C and p € F(T).

It is known that the class of quasi-¢-nonexpansive mappings is more general than the class of relatively nonex-
pansive mapping which requires the strict condition F(T') = F(T), see ([10, 11, 12]).

Let E be a real Banach space. The modulus of convexity of E is the function dg : (0,2] — [0, 1] defined by
. 1
(2.6) dp(e) = mf{l - Sl +yll : lzll = llyll = L [le - yl| = e}.

Recall that E is said to be uniformly convex if dg(e) > 0 for any ¢ € (0,2]. E is said to be strictly convex if
|z + yll

2
constant ¢, > 0 such that dz(e) > ¢,e? for any € € (0, 2].

< 1 for all z,y € E with ||z|| = ||y|]| = 1 and = # y. Also, E is p-uniformly convex if there exists a

The modulus of smoothness of E is the function pg : R™ — R™ defined by

1
(2.7) pe(t) = sup{;(llz +tyll = llz — tyl]) = 1+ |l2f| = [lyl| = 1}.
t
E is said to be uniformly smooth if }irr(l) pET() =0. Let 1 < ¢ < 2, then F is g-uniformly smooth if there exists
t—

cq > 0 such that pg(t) < ¢qt? for t > 0. It is known that E is p-uniformly convex if and only if E* is g-uniformly
smooth, where (p~ + ¢~! = 1). It is also known that every g-uniformly smooth Banach space is uniformly
smooth.

It is widely known that if £ is uniformly smooth, then the duality mapping J is norm-to-norm continuous on
each bounded subset of E. The following are some important and useful properties of J, for further details, see

[1, 51]:
Let C' C E be a nonempty set. Then a mapping A : C — F is called
(a) monotone on E, if (Ax — Ay,x —y) > 0 for all z,y € E;
(b) pseudomonotone on E, if for all z,y € E, (Az,y —x) >0 = (Ay,y —x) > 0;

(c) Lipschitz continuous on E, if there exists a constant L > 0 such that ||Az — Ay|| < L||z — y|| for all
T,y € b.

Every monotone operator is pseudomonotone but the converse is not true (see for example [43]).

We now give the following useful and important lemmas that are needed in establishing our main results:

Lemma 2.1. [16] Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly smooth
Banach space E. For any x € E and A > 0, we denote

ra(z) =2 —TeJ (Jz — \z)
then
min{L, A}||ri ()| < [[ra(@)|] < max{1, A}||r: (2)[]-

Lemma 2.2. [52] Given a number s > 0. A real Banach space X is uniformly convex if and only if there exists
a continuous strictly increasing function h : [0,00) = [0, 00) with h(0) = 0 such that

[lte + (1 = )yl* < tllzl]* + (1 = O)llyll* — t(1 = )h(|lz — yl]),
forallx,y € X, t € [0,1], with ||z|] < s and ||y|] < s.

Lemma 2.3. [27] Let E be a smooth and uniformly convex real Banach space and let {x,} and {y,} be two
sequences in E. If either {x,} or {y,} is bounded and ¢(Tn,yn) — 0 as n — 00, then ||x, —yn|| = 0 as n — oo.
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Lemma 2.4. [1] Let C be a nonempty, closed and convex subset of a reflexive, strictly conver and smooth
Banach space X. If x € E and q € C, then

(2.8) g=Tecx <= (y—q,Jr—Jqg) <0, Vy e C

and

(2.9) o(y, Heox) + s(Ilgzx,x) < d(y,z), Yy € C, = € X.

Lemma 2.5. [30] Let {a,} be a sequence of nonnegative real numbers satisfying the following relation

an+1 S (1 - an)an + pOnp + ’7117 n 2 O

where

(a) {an} C[0,1], Jim ay, =0 and oo Q= 00;
(b) limsupo < 0;

n—oo

(¢) >0, (n>1) and 270;1 Y < 00.
Then, lim a, = 0.
n— o0

Lemma 2.6. [19, 50] Let {an} be a sequence of real numbers such that there exists a subsequence {n;} of {n}
such that an; < an,;+1 for all j € N. Then, there exists a nondecreasing subsequence {m,} C N such that
m, — 0o and the following properties are satisfied by all (sufficiently large) numbers n € N: a,,, < am, 11 and
ap, < G, +1. In fact, my, = max{i <k :a; < aj41}.

The following is a special case of ([18], Lemma 1).

Lemma 2.7. For allv#0€ E,y € E, x € d" and € d~. We have that ¢(Z,x) > ¢(Z, z) + ¢(z, ), where
z =gz withd .= {y € E: (v,y — §) = 0}, whereas d* and d~ are defined by d* = {y € E : (v,y — ) > 0}
and d” :={y € E : (v,y — §) < 0}, respectively.

The following was stated and proved in ([19], Prop 2.11), see also ([18], Prop 4).
Lemma 2.8. Let F1 and Fy be two real Banach spaces. Suppose A : Ey — Fs is uniformly continuous on

bounded subsets of E1 and M is a bounded subset of Ey. Then, A(M) is bounded.

The following result was stated in real Hilbert space, see ([33]). The result can be applied on a real Banach
space.

Lemma 2.9. Consider VIP (1.1). If the mapping f : [0,1] — E is defined as f(t) = A(tz+(1—1t)y) is continuous
for all x,y € C (i.e f is hemicontinuous), then M(A,C) C VI(C, A). Moreover, if A is pseudomonotone, then
VI(C, A) is closed and convex and M(A,C) =VI(C,A), where M(A,C):={x e C:{(Ay,y —z) > 0,Vy € C}.

3. EXPLICIT EXTRAGRADIENT METHOD

In this section, we give a concise and precise statement of our algorithm, discuss some of its elementary
properties and its convergence analysis. The convergence analysis is given in the next section.

Statement 3.1. Let C' be a nonempty, closed and convex subset of a 2-uniformly conver and uniformly smooth
real Banach space E with dual space E*. For i = 1,2---m, let g; : E — R be a family of convex, weakly
lower semicontinous and Gateauz differentiable functions such that gi(-) is L;-Lipschitz continuous with L =
maxi<i<m L;. Let A: C — E* be a pseudomonotone operator which is uniformly continuous on bounded subsets

of C.
Assumption 3.2. We require the following assumption for our operator and the solution set:

Al. A:C — E* is a pseudomonotone and uniformly continuous on bounded subsets of C.
A2. The solution set VI(C, A) is nonempty.

Assumption 3.3. For the convergence of the Algorithm 3./, we make the following assumptions:
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B1. The feasible set C is defined by
C:=nz,Cc
where
C':={z€ E:gz) <0}
B2. {a,} C (0,1) with Jim v, =0 and S Oy = 00;
B3. 0 < linrr_1>i£fﬂn <limsup g, < 1.

n— oo

Algorithm 3.4. Ezplicit extragradient algorithm

Step I: Choose the sequences {a,} and {f,} satisfying Assumption 3.3, take n,u € (0,1) and A € (0,1). Let
o € C be a given starting point. Set n = 1.
Step II: For i =1,2--- ,m and given the current iterate w,,, construct the family of half spaces
Cp, = {z € E: gi(wn) + (gj(wn), » — w,) < 0}
and set ‘
Cn,=n",C}.
Let wy, := J Y anJzo + (1 — o) J2,) and compute
Zn = chjfl(an — Muw,,).
If ry(w,) =0 : STOP.
Step III: Compute y,, = wy, — Oprr(wy,), n > 1, where 8,, = n™~ and m,, is the smallest positive whole number
m such that

(Ayn, ra(wn)) = =@(wn, zpn).

N =

Step IV: Define
Tn4+1 = J_l((l = Bu)Jwy, + BnJlc, (wn — ¥ Ayn)),
where
o = (AYn, wn — Yn)
! |[Ayal[?

Step V: Set n:=n+ 1 and go to step 1.

Remark 3.5. From the definition of C and C,, it is easy to see that C C C,,. Indeed, for eachi € I and x € C"*,
we have by the subdifferential inequality that

gi(zn) + (gf(mn),x — ) < gi(x) <0.

By the definition of C!, we have that x € C%. Hence, C* C C? for alli € I and therefore C C C,, for all n > 1.

no

Note that if r)(w,) = w, — z, = 0, we have arrived at the solution of the variational inequality. We will assume
implicitly in our convergence analysis that this does not occur after finitely many iterations, so that Algorithm
3.4 generates an infinite sequence satisfying in particular ry(w,) # 0 for all n € N. We will show that this
property implies that Algorithm 3.4 is well defined.

Next we show that Algorithm 3.4 is well defined. This implies that the algorithm terminates after finitely many
inner loops.

Proposition 3.6. There exists a nonnegative integer 0, satisfying Step II11.

Proof. Let n € N be an arbitrary number. Following our assumption r)(w,,) # 0. Assume the contrary, that is,
the step size rule does not terminate after finitely many iterations. We have

(3.1) (A((1 = n,, )Wr + Ny, 20), A (wn)) < %gb(wn, Zn), ¥ my =m > 0.
Letting m — oo, we obtain by the continuity of A, that

(Awn,mr(wn)) < Eduwn, z0).
Let d,, = J~'(Jw, — Muw,,), then Jd,, = Jw, — AAw, and

1
T = Jdu,ra(wn) < So(wn, z)



VARIATIONAL INEQUALITY PROBLEM 7

that is
2(Jwy, — Jdp, ma(wy)) < Apd(wy, 2,).
Using (2.2), we obtain
2(Jwy, — Jdn,mA(wn)) = ¢(wn, 2n) + G(wn, dn) — ¢(2n, dn),
that is
A(Wn, 2n) + S(wn, dn) — G20, dn) < Aud(wn, 2n)-
Since A\, € (0,1) and ¢(wy,, 2,,), we obtain

Hence,
Since d,, = J~}(Jw, — Mw,,) by definition and w, € C , inequality (3.2) contradicts the definition of the
generalized projection operator Il . The result follows. O

We obtain the following as a consequence of Lemma 3.6. In the following result we show that ~,, defined in
Step 1V is well defined.

Corollary 3.7. (Ayn, Ty — yn) > 0. In particluar, Ay, # 0 and therefore vy, is well defined and positive.

Proof. Consider again a fixed n € N. Recall by Lemma 2.1, that ||rx(wy)|| > 0 holds due to our implicit
assumption regarding the termination of the algorithm. Since the step size rule in Step III is well defined by
Lemma 3.6, the definition of y,, yields

(33) (A — ) = O (A 1r () > 2w, 20) > 0.

Hence proved. U

4. CONVERGENCE ANALYIS

In this section, we show that Algorithm 3.4 generates a sequence {z,} which converges strongly to the solution
of the variational inequality. Firstly, we prove a result which guarantees the existence of weak cluster points of
the sequence. That is, we show that {x,} is bounded.

Proposition 4.1. Let Assumption 3.2, B2 and B3 of Assumption 3.3 hold. Then the sequence {x,} defined by
Algorithm 3.4 is bounded.

Proof. Define for each n the sets

hy: = {2€E:{Ayn,z—y,) <0},
hn L= {Z SO <Ay7laz - y”> = 0}’
(41) h: = {2 € E:{(AYn,z —yn) > 0},

where {y,} is defined as in Algorithm 3.4. Recall from Corollary 3.7, that Ay, # 0.

Let p € VI(C, A). Since A is pseudomonotone, we have (Ax,x — p) > 0,Va € C. This implies p € h,, for all
n € N since y,, € C. We again assume that Algorithm 3.4 does not terminate after finitely many iterations. We
have (Ay,,w, — yn) > 0 by Corollary 3.7. Therefore, w,, € h;" and w, ¢ h,, for all n € N. Using the definition
of v,, we obtain

Up = Wy — ’YnAyn
<Ayn7wn - yn>
Wy, — —— 7" Ay
" [ Ayl > "
= thwn.

Hence, u,, is the generalized projection of w,, onto the set h,. In particular, we have that u,, € h,.

Using Lemma 2.7, we obtain

(4.2) O(p,wn) = G(p, un) + G(Wn, un).
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Define v, :=Il¢, (wy — Yo Ayn) = He, (uy,). Using (2.2) and (2.8), we obtain
(/j)(pa Un) + (b(unzvn) - ¢(p> un) = 2<Jun — Jun,p— Un> <0.

This implies
(4.3) o(p,un) = ¢(p, vn) + S(un, vn).-
Combining (4.2) and (4.3), we obtain

(b(pa wn) > (b(pa 'Un) + ¢(un7 'Un) + (b(wm Un)
Therefore,
(44) (b(pa 'Un) < ¢(p7 wn) - ¢(un7 'Un) - (b(wn, Un)
From the positivity of ¢(-,-), we obtain

¢(p, vn) < G(p, wn).

Further, from Algorithm 3.4, we have

¢(pa wnJrl) = ¢(pa J_l((l - Bn)']wn + BnJvn))
1pI1? = 2(p, (1 = Bn)Jwy + BrJvn) + [|(1 = Ba) Jwy + BrJw,]|?

= (1= 32)9p,wn) + Bnd(p;vn) — Bn(1 — Bn)g(l|[Jwn — Jul|)
= 0P, wn) = Bu(l = Bn)g([|Jwn — Jvl]).

But,

¢(pa wn) = ¢(pa J_l(aanO + (1 - O[n)J(En))

IpII? = 2(p, anJzo + (1 — an)Jap) + [JemJzo + (1 — a) Tz |2

(45) < an¢(pv SC()) + (1 - an)¢(p7 xn)

Thus
(P Tpt1) < and(p,2o) + (1 — an)d(p, zn)
< max{$(p, o), d(p,zn)}
<
< max{¢(p, o), ¢(p, z0)} = ¢(p, 7o)

This shows that the sequence {z,} is bounded.

||pH2 - 2<p, (1 - ﬁn)‘]wn + ﬁnJUn> + (1 - Bn)”wnHQ + 6n”vn||2 - /871(1 - Bn)g(Han - JUnH)

1I1? = 20 (p, Jx0) — 2(1 — ) (P, Jon) + avnlzoll* + (1 — an)l|zal|* — an (1 — an)g([[Jzo — T ])

O

Note that in the proof of Proposition 4.1, we have not used the uniform continuity assumption on A on bounded
subsets of C. Furthermore, it does not require condition B2 of Assumption 3.3. As a direct consequence, we

have that {Ax,} is bounded. Also, the sequences {z,}, {y.} and {Ay,} are bounded.
The following Lemma is required to prove our strong convergence.

Lemma 4.2. The sequence {x,} generated by Algorithm 3./ satisfies the following estimates:

(1) Gp41 S (]- - an)an + anbn;
(ii) —1 <limsupb,, < +oo.

n— oo

where a, = ¢(p, Ty), by = (X1 — p, Jro — Jp) and p = Iy (e a)To.

Proof. From Algorithm 3.4 and (2.5), we have

¢(pa xn-‘rl) = ( ((1 - Bn)an + ﬁnt]vn))

= HpHQ - <p7 (1 - 6n)‘]wn + Bn‘]vn> + ||(1 - /Bn)an + ﬁnJUnHQ
[IplI* — 2(

(1 - Bn)(b( 7wn) + ﬁn¢(p7 'Un) - 6n(1 - ﬁn)g(Han - J'UnH)
(4.6) < o(p,wn),

1- ﬂn)<p7 an> - 2ﬂn<pa Jvn> + (1 - Bn)”wn||2 + ﬂn||vn||2 - Bn(l - Bn)g(H‘]wn -

Junl[)
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that is
¢(pa $n+1) < (15(1?, J_l(aanO + (1 - an)Jer))
= Vp,anJzo + (1 — ap)Jzy,)
< Vp,anJzo + (1 — an)Jay — an(Jzg — Jp)) + 2{an (Jzo — Jp), J HanJzo + (1 — an)Jx,) — p)
= V(p,apnJdp+ (1 —an)Jzy,) + 200 (Tnt1 — p, Jxog — Jp)
< and(pp) + (1 — an)o(p, Tn) + 200 (Tny1 — p, Jzo — Jp)
(4.7) < (1= an)o(p,xn) + 20 (xpni1 — p, Jxo — Jp).

This establishes (i). Next we prove (ii). Since {z,} is bounded, we have

sup b, < sup?2||Jzg — Jp||||Tn+1 — p|| < 0.
n>0

This implies that limsupb, < oco. We now show that limsupb, > —1. We assume the contrary, that is

n—oo n—oo
limsupb, < —1. Then there exists ng € N such that b, < —1, for all n > ng. Then for all n > ng, we get
n—oo

from that
Ap+41 S (1 - an)an + anbn
< (1—-an)a, —an
= ap— ag(a, +1)
S ap — Op
By induction on the last inequality, we get
n
(4.8) nt1 < apy — Z ;.

’i=7L0
Taking superior limits of both sides in the inequality above, we obtain

n

(4.9) liranHSolip O, < Gpy — nlggo Z o = —00.
1=nN0
This contradicts the fact that {a,} is nonnegative. Therefore (ii) holds. (]

Recall by Proposition 4.1, that {z,} is bounded. This implies there exists at least one weak limit. The following
result provides a condition under which each of such weak limit belongs to the solution of the variational
inequality.

Lemma 4.3. Let {wy,} and {v,,} be subsequences of {w,} and {v,} respectively, such that ||wy, — vn, || =0
as k — oo, then klim (Awy, , & — Wy, ) > 0 and klim [|wn, — zn,|| = 0.
—00 —00

Proof. Let u, and v, be defined as above. We divide the proof into three steps. First, we show that (Ay,, , wn,, —
Yn,) = 0 as k — oo holds on the chosen subsequence. To this end, replace p by ¢ in (4.4), then

P(Uny, wny,) < O(q,wny) — A(q,vny)
||wnk‘|2 - ankHQ + 2<q7 Jvnk - mec>

By Lemma 2.3, we obtain
(4.11) lim ||wn, —wn,|| =0.
k—oc0

Now since u,, € d,, we have
Using the boundedness of {||Ay,||}, we get
(4.12) (AYny» Wy, = Y )| < N AYng [y, — uny |l = 0,k — oo.

Therefore, (AYn,., Wn, — Yn,) = 0. Secondly, we show that there exists {w,, } such that, for all z € C we

lim

k—o0

have lim (Awy, ,x —wy,) > 0.
k—o0
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In so doing, choose the subsequence {z,, } of {z,} with 2, =g, J~ 1 (Jw,, — AMuw,,) for all k € N. We now

ik
consider two cases depending on the behaviour of the bounded sequence of step sizes {6, }.

Case 1: Suppose that hrn 0,, = 0. Subsequencing if necessary, we may assume without loss of generality

that hm O, = 0. We ﬁrst show that hm [|wn,, — 2zn, ]| = 0. It suffices to show that lim sup [|wn, — zn,|l =0
k—
hOldb. Abbume the contrary that lim sup ||wnk Zni || = 6 > 0. Observe that 6 # +oo, {wnk Zn, } 1s bounded.
k— o0

Hence, § < 4+00. Let 5, = %Gnkznk—l—(l—%ﬂnk)wnk or equivalently, yi —wy,, = %GW(ZM — W, ). Since {2z, —wp, }
is bounded and klim 0n, = 0, it follows that
— 00

(4.13) lim ||gx — wp,|] = 0.
k— o0
From the step size rule and the definition of i, we get
(4.14) (A, wn, = 20, < £@(Wnys2m,), k€N,

Since A is uniformly continuous on bounded subsets of C, u € (0,1) and the right hand side is bounded from
below by a positive constant, we obtain from (4.13), that there exists n € N such that

0 = 2(Awn,,wn, — 2n,) — 2{AWn, , Wn, — Zn,)
(4.15) > pp(wn,, zn,), k€N, K>N.
This is a contradiction since p > 0 and ¢(-,-) > 0. Therefore, lim sup ¢(wn,, , 2n, ) = 0, by Lemma 2.3, we obtain
k—o0
(4.16) lim [|Wn, — 2zn, || = 0.

Case 2: Suppose hm mf 0n, > 0. Then there exists a constant 6 such 6, > 0 > 0 holds for all k¥ € N. It follows
from the step size rule in Algorithm 3.4, that

7
(4-17) <Aynmwnk - y”lk> 2 Eenk ¢(wnk7znk)'
Therefore, by the first step and Lemma 2.3, we have klim [|wn, — 2zn,|| = 0. O
—00

Lemma 4.4. There exists a subsequence {wy, } of {w,} such that for all z € C, 0 < likm inf(Aw,, , x — wy, ).
—00

Proof. By the definition of z,, together with (2.8), we obtain
(4.18) (Jwn,, — Nwp, — Jzp,, ¢ — 2n,) <0, x€C,p,.
This implies that
(JWny, — T2, @ — 20y, ) < MAWn,, & — 2n,,), Yo € Chp,.
Hence
(JWny, — J2ny s @ — Zny,) + MAWn, s Zn), — Wny ) < MAWn,, & — Wy, ), Yo € Cy,.
Fix x € C,, and let k¥ — co. Using the continuity of J on bounded subsets of E, A € (0,1) and the fact that

klim [|wn, — zn,|| = 0. We have that 0 < likm inf(Awy, , z — wy, ) for all x € C,, . Thus, conclusion follows from
— 00 — 00
this, the fact that w,, € C and C C C,. O

Next we show that ¢ € VI(C, A)
Lemma 4.5. Let {w,, } be a subsequence of {wy} such that wy,, — ¢, then ¢ € VI(C, A).

Proof. First, we show that ¢ € C. Indeed, it follows from z,, € C,, that
gi(wn, ) + (gi(wn, )y 20, — Wpy) < 0.
By using Cauchy Schwartz inequality, we have
gi(wn) < (gi(Wn,); Wy — 2n,.)
< lgilwn )l - lwn, = 2 |l-

Since ¢, is Lipschitz continuous and {w,, } is bounded, we have that {g}(w,, )} is bounded. Thus, there exists
L; > 0 such that ||g;(wy, )|| for each i. Therefore, we obtain

gi(wnk) <L ||w’ﬂk - an”v
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where L = maxi<;<m{L;}. Hence, by the weakly continuity of g; and Lemma 4.3, we have
9i(q) < liminf g;(wy,, ) < lim L - ||wy, — 2n, || = 0.
k—o0 k—o0
Thus, q € C.

Now, take an arbitrary « € C and fix a positive number €. Using the previous result, we can obtain N large
enough such that

(Awp, , & — wp,) +€>0, Y k>N.
For some b, € E satisfying (Aw,,,b,,) = 1, since Aw,, > 0, we can rewrite the above inequality as
(4.19) (Aw,, ,x + by, —wy,) >0, k> N.
Using the fact A is pseudomonotone in (4.19), we get

(A(z + €bn,,), x + €by, —wyp,) >0, Vk> N.
Thus,
(Az,x — wy, ) > (Ax — A(x + €by, ), © + €bn,, — Wy, ) — €(Ax, by, ), k> N.
Let € — 0, then by the continuity of A and boundedness of {w,,} we have
likn_1>iolgf<Ax,x — wy, ) > 0.

Since ||Jwy, — Jxn, || < an,||Jxo — Jxn, || — 0, by the uniform continuity of J on bounded subsets of C, we
obtain ||wy,, — zp, || = 0 as k — oo. Thus, z,, — ¢ implies w,, — ¢. We, therefore, have for all z € C,

(4.20) (Az,z — ¢) = lim (Az,z — wy, ) = liminf(Az,z — w,,) > 0.
k—o0 k—o0
We obtain by Lemma 2.9 that ¢ € VI(C, A). O

We now state and prove the strong convergence of the sequence {x,,} generated by Algorithm 3.4 to the solution
of the underlying variational inequality.

Theorem 4.6. Given Statement 3.1 and assume Assumptions 3.2 and 3.3 hold. Then, the sequence {x,}
generated by Algorithm 3./ converges strongly to the point p = Iy 1(c a)To-

Proof. Let p € VI(C, A). As in previous proofs, we maintain the notations u,, and v, that is uw, = w, — v, Ayn
and v, = Ig, (uy) =g, (Wy — YnAyy). Then, from Algorithm 3.4, we obtain

¢(pv anrl) = (15(17, Jfl((l - 5n)an + ﬂnjvn))
1pII? = 2(p, (1 = Ba) Jwn + BnJvn) +1[(1 = Ba) Jwn + BnJvnl
1pl1? = 2(1 = Ba){p, Jwn) = 2Bu(p, Jvn) + (1 = Bu)llwnl|* + Ballvall* — Ba(1 = Ba)h([| Jwy — Jval])
(1 - Bn)(ZS(P, wn) + 5n¢(pa Un) - ﬁn(l - ﬁn)h(”‘]wn - Jvn”)
(1 = Bn)oswn) + Brd(p, wn) — Bu(l = Bu)h(||[Jwn — Jvn])
(421) = o(p,wn) = Bn(1 = Bp)h(||Jwn — Joul]),
which implies; ¢(p, p11) < &(p, wy). Hence,

IN

¢(p, vnt1) < d(p,wn) = B(p, Jﬁl(angO + (1 = ay)Jzy,))
= V(p,anJaxo+ (1 — ay)Jzy)
< Vp,andzo + (1 — an)Jz, — an(Jzg — Jp)) + 20, (J HanJzo + (1 — a)J2y) — p, Jag — Jp)
< o, Vp,Jp) + (1 — an)V(p, Jxn) + 200 (Xni1 — p, Jxg — Jp)

(4.22) < (1= an)o(p,zn) + 200 (xpnt1 — p, Jzo — JIp).

We divide the rest of the proof into two cases.

Case 1: Suppose that there exists ng € N such that the sequence {¢(p,z,)} is monotone non-increasing.
Since {¢(p, x,)} is bounded, it is convergent and hence

oD, xn) — d(P,Tpt1) = 0, as n — oo.

We obtain from (4.21) and simple estimation on ¢(p, wy, ), that
Bn(1 = Bp)g([[Twn — Jval]) < ¢(p, Jzo) + (1 — an)d(p, 2n) — G(p Tpt1)-
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Using conditions B2, B3 and the property of h, we have ||Jv, — Jw,|| = 0 as n — oo. Thus, by the uniform
continuity of J on the bounded subsets, we get

(4.23) nl;n;o [|wn, —vp]| = 0.
Furthermore,
(4.24) [|JZnt1 — Jwp|| = Brl|Jvn — Jwy|| = 0, as n — oco.

Since J is norm-to-norm continuous on bounded subsets of E, we have ||x,+1 —wy,|| — 0 as n — oco. Therefore,
(4.25) 1Znt1 — Znl] < [|@ns1 — wal| + [Jwn — 20]| = 0, as n — oo.

We now show that, the sequence {z,} converges strongly to p = Iy ayzo. Let {z,,;} be a subsequence of
{x,} such that z,,;, — ¢ and

limsup(z, 41 — p, Jro — Jp) = jli{go@njﬂ —p,Jxo — Jp).

n—roo

Since ||Zp4+1 — Zn|| = 0 as n — oo, we have from Lemma 2.4 equation (2.8), that

(4.26) lim sup(xy+1 — p, Jxo — Jp) = lim (g — p, Jxo — Jp).
j—o0

n—oo

It follows from Lemma 2.5, Lemma 4.2 (i) and (4.26), that ¢(p,x,) — 0 as n — oco. Therefore, by Lemma 2.3,
that

lim ||p — z,|| = 0.
n—oo
This implies {x,} converges strongly to p = Iy (¢, 4)%o-
Case 2: Suppose that there exists a subsequence {x,,} of {x,} such that ¢(p,zn,) < ¢(p,Tn,+1), Vn € N.

By Lemma 2.6, ther exists a non-decreasing sequence {m,} C N such that m,, — oo and the following inequality
holds

(427) (b(pa xmn) S ¢(pa xmn—&-l) and ¢(pa xn) S ¢(pa xmw,+1)-
Note that from
¢(pa -rnLn) S ¢(p7 xmn—i-l) S (1 - ﬁmn)(b(pv w’mn) + 67nn¢(pa Umn) - ﬁmn(l - /an)h(HJUmn - Jw?anH)
< 0P, wm,) = Bm, (1 = B, ) o[ JVm, — Jwm, )
< am,d(p,x0) + (1 — am, )P, Tm,,) = Bm, (1 = B, o[ Jvm,, — Jwm,[])-
Hence,
6mn(1 - 6mn)h(”=]vmn - menH) < < ¢(pa xmn) - ¢(p7 xmn) + O‘man
(4.28) < am,M; —0asn— oco.

By following the same argument as in Case 1, we obtain ||vy,, —2zm,, || = 0, ||Wm, —Tm, || = 0, ||Zm, +1—Wm, || =
0 and ||Zm, +1 — Tm,, || = 0 as n — oo. Since {z,, } is bounded, there exists a subsequence, still denoted {z,,, }
such that x,,, — ¢ € C asn — oo and
lim sup(Zm, +1 — p, Jxo — Jp) = lm (s, +1 — b, Jzo — Jp).
n—r oo n—roo
Hence from (2.8), we have
lim sup(zy,,, +1 — p, Jxo — Jp) = lim (¢ — p, Jzg — Jp) < 0.
n—roo

n— oo

From (4.27), we have

0 < 6o Tm,41) = &P Tm,)
< (1= am)op, tm,) + 200m, (Tm,+1 = P, J2o = Jp) = ¢(p, 2m,,).
Since oy, > 0, we get
(4.29) O(p, Tm, ) = 0 asn — o0

and by Lemma 2.3, we obtain lim ||z, —p|| = 0. Consequently, we obtain ||z, —p|| — 0 as n — oo. Therefore,
n— 00

the sequence {z,,} converges strongly to p = Ily (¢, a)%o. (]

We obtain a result given in the real Hilbert space as a direct consequence of our main theorem:
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Corollary 4.7. Let C be a nonempty, closed and convexr subset of a real Hilbert space H. Let g; : H — R,
1=1,2...,m, be family of convex, weakly lower semicontinuous and Gateaux differentiable functions, A : C — H
be a bounded, uniformly continuous pseudomonotone operator. Suppose VI(C, A) # 0 and Assumption 3.3 is
satisfied. Then the sequence {x,} given by the following Algorithm 4.8 converges strongly to a unique solution
p = Pyr(c,a)zo, where Pyc,ay is the metric projection of C' onto VI(C, A).

Algorithm 4.8. FEaxplicit extragradient algorithm

Step I: Choose the sequences {ay,} and {8, } satisfying Assumption 3.3, take n, u € (0,1) and A € (0,1). Let zg
be a given starting point. Set n = 1.
Step II: For i =1,2--- ,m and given the current iterate w,,, construct the family of half spaces
Cl={z e F:gi(w,) + (g)(wy),z — wy,) <0}
and set
C,=nm,CL.
Let wy, := (anzo + (1 — ap)zy,) and compute
zn = Po, (W, — AMw,,).
If ry(w,) =0 : STOP.

Step III: Compute y, = w,, — Opra(wy), n > 1, where 6, = n™" and m,, is the smallest positive whole number
m such that

(Ayn,ra(wn)) 2 Sllwn =zl
Step IV: Define
Tpy1 = (1 = Bn)Jwn + B PCr(wn — YnAyn))

where

~ {Ayn, wn = yn)

A = g In)

|| Aynl]?
Step V: Set n:=n+ 1 and go to step 1.
Remark 4.9. We remark that Algorithm /.8 coincides with Algorithm 1.1 and Corollary 4.7 coincides with

Theorem 4.4 of [28] when the half space C,, is replaced by a feasible set C' and the pseudomontone A is reduced
to a monotone operator.

5. A PRACTICAL MODEL AND COMPUTATIONAL RESULTS

In this section, we provide an application of our main result in the form of an equilibrium-optimization which can
be regarded as an extension of a Nash-Cournot oligopolistic equilibrium in electricity markets. The equilibrium-

optimization model has been investigated in some research articles (see for example [14, 42]). In this equilibrium
model, we assume that there are n companies, with each company ¢ possessing generating units I;. Let x
denote the vector whose entry z; stands for the power generated by unit j. Following [1], we suppose that the

P;(s) is a decreasing affine function of s where s = Z;V:1 z; and NN is the number of generating units, that is
Pi(s) = a — Bi(s). The profit made by company i is given by fi(z) = P;(s)(>_ ez, j) — 2o jer, ¢j%j, where ¢;z;
is the cost of generating x; from generating unit j. Suppose that K; is the strategy set of company i, that is the
condition ) jer, ©j € K; must be satisfied for every 7. Then the strategy set of the model is

K=K xKyx---xK,.

In other for each company to maximize its profit, a commonly used approach by choosing the corresponding
production level under the presumption that the production of other companies are parametric input is the Nash
equilibrium concept.

We recall that T € K = K X Kg X - - X K}, is an equilibrium point of the model if f;(Z) > f;(Z[x;]), Vz; €
K;, V1,2...,n, where vector Z|z;] stands for the vector obtained from Z by replacing #; with x;. By taking

flz,y) = o(x,y) — P(x, ) with
WWF-ZMWM
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TABLE 1. Algorithm 3.4

Size N CPU time (seconds) Number of Iter. (n)
10 0.3383 16
20 0.4741 14
50 2.4429 14
80 5.8955 17
100 11.6723 21

Then the problem of finding a Nash equilibrium point of the model can be formulated as
(5.1) zeK: f(z,z) >0,Vz e K.

We suppose for every j, the cost c; for production and the environmental fee f are increasingly convex functions.
The convexity assumption here means that both the cost and fee for producing a unit production increases as
the quantity of the production gets larger. Under this convexity assumption, it is easy to see [53] that (5.1) is
equivalent to

ze€C:(Bx—a+Vyp(x),y—x) >0, Vyel,

where a == (a, -+, )T,
pp 0 0O - 0 0 B B - B
By — 0 B 0 - 0 B= Bz 0 B2 - B
0o 0 0 0 B8, Bn Bn Bn Bn O

and (1) := 2T Byx + Z;\Ll cjx;. This holds when ¢; is differentiable convex for every j.

We test the proposed algorithm with the cost function given by

1
cj(zj) = iPxf + gz, P; > 0.
The algorithm was coded in MATLAB 2019a on a Dell i7 Dual core 8.00GB(7.78 GB usable) RAM laptop. The
computational results are shown in Table 1. The parameters §; for all j = 1,2...,n, matrix P and vector ¢
were generated randomly in the interval (0, 1], [1,50] and [1, 50] respectively. We perform our Algorithm 3.4 by

varying the choices of N, different initial choices xg generated randomly in the interval [1,50] and n = 10 with
[Zn+1—2n]] -6
el <10

r ing criterion.
o1 —ol] our stopping criterio

6. CONCLUSION

In this paper, we proposed an explicit extragradient method for solving variational inequality problems. Our
proposed algorithm empolys an Armijo linesearch rule which does not depend on a Lipschitz constant of the
underlining pseudomotone operator. We established a strong convergence theorem of the algorithm under some
mild conditions in the framework of Banach space. As a numerical experiment we give an application of our
result to a model in electricity production. Our result extends the results of [28], [14] and other corresponding
results in this direction.

Declaration
The authors declare that they have no competing interests.

Acknowledgement: The first and second authors acknowledges with thanks the bursary and financial support
from Department of Science and Technology and National Research Foundation, Republic of South Africa
Center of Excellence in Mathematical and Statistical Sciences (DST-NRF CoE-MaSS) Doctoral Bursary. The
third author is supported by the National Research Foundation (NRF) of South Africa Incentive Funding for
Rated Researchers (Grant Number 119903). Opinions expressed and conclusions arrived are those of the authors
and are not necessarily to be attributed to the NRF and CoE-MaSS.

REFERENCES

[1] R.P. Agarwal, D. O’Regan and D.R. Saha, Fixed point theory for Lipschitizian-type mappings with Applications, Springer, New
York, 6 (2009).



VARIATIONAL INEQUALITY PROBLEM 15

2
Lovent

o 2 4 6 8 10 12 14 16 0 2 4 6 8 10 2 1
Iteration number (n) Iteration number (n)
0.35 T T 12 T T T T T T T T
—O— X%l —O— X,y %l
0.3
0.25
o 02 o
NG =
X X
o o
& £
X 015 S
0.1
0.05
0
0 2 4 6 8 10 12 14 0 2 4 6 8 0 12 1 16 18
Iteration number (n) lteration number (n)
35 T
—O— Xy Xl

2
g%l

0 5 10 15 20 25
Iteration number (n)

F1GURE 1. Top Left: N=10; Top Right: N= 20; Middle left: N= 50; Middle right: N=80;
Bottom: N=100.

[2] T.O. Alakoya, L.O. Jolaoso, O.T. Mewomo, Modified inertia subgradient extragradient method with self adaptive stepsize for
solving monotone variational inequality and fixed point problems, Optimization (2020), DOI:10.1080/02331934.2020.1723586.

[3] T.O. Alakoya, L.O. Jolaoso, O.T. Mewomo, A general iterative method for finding common fized point of finite family of
demicontractive mappings with accretive variational inequality problems in Banach spaces, Nonlinear Stud., (2020), 27 (1) ,
1-24.

[4] Y.I. Alber, Metric and generalized projection operators in Banach spaces: properties and applications in: Kartsatos, A.G
(Ed). Theory and Applications of Nonlinear Operators and Accretive and Monotone Type. Lecture Notes in Pure and Applied
Mathematics, 178, Dekker, New York (1996), 15-50.

[5] R.Y. Apostol, A.A. Grymenko and V.V. Semenov, Iterative algorithms for monotone bilevel variational inequalities, J. Comp.
Appl. Math., 107 (2012), 3-14.



16 1 OLAWALE KAZEEM OYEWOLE, 2LATEEF OLAKUNLE JOLAOSO, *OLUWATOSIN TEMITOPE MEWOMO.

[6] K. O. Aremu, H. A. Abass, C. Izuchukwu and O. T. Mewomo, A viscosity-type algorithm for an infinitely countable family of
(f, g9)-generalized k-strictly pseudononspreading mappings in CAT(0) spaces, Analysis, 40 (1), (2020), 19-37.

[7] K.O. Aremu, C. Izuchukwu, G.N. Ogwo, O.T. Mewomo, Multi-step Iterative algorithm for minimization and fixed point problems
in p-uniformly convex metric spaces, J. Ind. Manag. Optim., (2020), DOI:10.3934/jimo.2020063.

[8] J.P. Aubin and I. Ekeland, Applied Nonlinear Analysis, Wiley, New York (1984).

[9] J.Y. Bello and A.N. Iusem, An explicit for monotone variational inequalities, Optimization., 61 (2012), 855-871.

[10] D. Butnariu, S. Reich and A.J. Zaslavski, Asymptotic behavior of relatively nonexpansive operators in Banach spaces, J. Appl.
Anal., 7 (2001), 151-174.

[11] D. Butnariu, S. Reich and A.J. Zaslavki, Weak convergence of orbits of nonlinear operators in reflexive Banach spaces, Numer.
Funct. Anal. Optim., 24 (2003), 489-508.

[12] Y. Censor and S. Reich, Iterations of paracontractions and firmly nonexpansive operators with applications to feasibility and
optimization, Optimization, 37 (1996), 323-339.

[13] I. Cioranescu, Geometry of Banach spaces, Duality Mappings and Nonlinear, Kluwer, Dordrecht, 1990.

[14] J. Contreas, M. Klusch and J.B. Krawczyk, Numerical solution to Nash-Cournot equilibra in coupled constraint electricity
markets, EEE. Trans. Power. Syst., 19 (2004), 195-206.

[15] H Dehghan, C. Izuchukwu, O.T. Mewomo, D.A. Taba, G. C. Ugwunnadi,, Iterative algorithm for a family of monotone inclusion
problems in CAT(0) spaces, Quaest. Math., (2019) http://dx.doi.org/10.2989/16073606.2019.1593255.

[16] C. Fang and S. Chen, Some extragradient algorithms for variational inequalities. Advances in variational and hemivariational
inequalities, 145-171, Adv. Mech Math., Vol 33. Springer, Cham (2015).

[17] M. Fukushima, An outer approximation algorithm for solving general convex programs, Oper. Res., 31 (1983),

[18] A.N. Iusem and R. Garcia, Otero: Inexact versions of proximal point and augumented Lagragian algorithms in Banach spaces,
Numer. Funct. Anal. Optim., 22 (2001), 609-640.

[19] A.N. Iusem and M. Nasri, Korpelevich’s method for variational inequality problems in Banach spaces, J. Global Optim., 50
(2011), 59-76.

[20] C. Izuchukwu, G.N. Ogwo, O.T. Mewomo, An Inertial Method for solving Generalized Split Feasibility Problems over the
solution set of Monotone Variational Inclusions, Optimization, accepted (2020), to appear.

[21] C.Izuchukwu, G.C. Ugwunnadi, O.T. Mewomo, A.R. Khan, M. Abbas, Proximal-type algorithms for split minimization problem
in p-uniformly convex metric space, Numer. Algorithms, 82 (3), (2019), 909 — 935.

[22] L.O. Jolaoso, T.O. Alakoya, A. Taiwo and O.T. Mewomo, A parallel combination extragradient method with Armijo line
searching for finding common solution of finite families of equilibrium and fixed point problems, Rend. Circ. Mat. Palermo II,
(2019), DOI:10.1007/s12215-019-00431-2.

[23] L.O. Jolaoso, T.O. Alakoya, A. Taiwo and O.T. Mewomo, Inertial extragradient method via viscosity approximation approach
for solving Equilibrium problem in Hilbert space, Optimization, (2020), DOI:10.1080/02331934.2020.1716752

[24] L.O. Jolaoso, A. Taiwo and T.O. Alakoya O.T. Mewomo, A self adaptive inertial subgradient extragradient algorithm for
variational inequality and common fixed point of multivalued mappings in Hilbert spaces, Demonstr. Math., 52 (2019), 183-203.

[25] L.O. Jolaoso, A. Taiwo, T.O. Alakoya, O.T. Mewomo, A unified algorithm for solving variational inequality and fixed point
problems with application to the split equality problem, Comput. Appl. Math., 39 (1), (2020), Art. No. 38, 28 pp.

[26] L.O. Jolaoso, A. Taiwo, T.O. Alakoya, O.T. Mewomo, Strong convergence theorem for solving pseudo-monotone variational
inequality problem using projection method in a reflexive Banach space, J. Optim. Theory Appl., 185 (3), (2020), 744-766.
[27] S. Kamimura and W. Takahashi, Strong convergence of a proximal-type algorithm in a Banach space, SIAM J. Optim., 13

(2002), 938-945.

[28] C. Kanzow and Y. Shehu, Strong convergence of a double-type method for monotone variational inequalities in Hilbert spaces,
J. Fized Point Theory Appl., 20 (1), (2018), Art. 51, 24 pp.

[29] S.H. Khan, T.O. Alakoya, O.T. Mewomo, Relaxed projection methods with self-adaptive step size for solving variational
inequality and fixed point problems for an infinite family of multivalued relatively nonexpansive mappings in Banach Spaces,
Math. Comput. Appl., accepted (2020), (to appear.)

[30] G.M. Korpelevich, The extragradient method for finding saddle points and other problems, Ekon. Mat. Metody., 12, (1976),
TAT-756.

[31] P.E. Mainge and M.L. Gobinddas, Convergence of one-step projected gradient methods for variational inequalities, J. Optim.
Theory Appl., 171 (2016), 146-168.

[32] Yu. V. Malitsky, Projected reflected gradient methods for monotone variational inequalities, SIAM J. Optim., 25 (2015),
502-520.

[33] J. Mashregi and M. Nasri, Forcing strong convergence of Korpelevich’s method in Banach spaces with applications in game
theory, Nonlinear Anal., 72 (2010), 2086-2099.

[34] N. Nadezhkina and W. Takahashi, Weak convergence theorem by an extragradient method for nonexpansive mappings and
monotone mappings, J. Optim. Theory. Appl., 128 (1) (2006), 191-201.

[35] G. N. Ogwo, C. Izuchukwu, K.O. Aremu, O.T. Mewomo, A viscosity iterative algorithm for a family of monotone inclusion
problems in an Hadamard space, Bull. Belg. Math. Soc. Simon Stevin, 27 (2020), 127-152.

[36] O.K. Oyewole, H.A. Abass, O.T. Mewomo, A Strong convergence algorithm for a fixed point constrainted split null point
problem, Rend. Circ. Mat. Palermo II, (2020), DOI:10.1007/s12215-020-00505-6.

[37] O.K. Oyewole, L.O. Jolaoso, C. Izuchukwu and O.T. Mewomo, On approximation of common solution of finite family of mixed
equilibrium problems involving p-a relaxed monotone mapping in Banach space, Politehn. Univ. Bucharest Sci. Bull. Ser. A
Appl. Math. Phys., Series A, 81 (1), (2019), 19-34.

[38] K.O. Oyewole, O.T. Mewomo, L.O. Jolaoso and Safeer H. Khan, An extragradient algorithm for split generalized equilibrium
problem over the set of fixed points of quasi-phi-nonexpansive mappings in Banach spaces, Turkish J. Math., 44 (4), (2020),
1146-1170.

[39] S. Penislov, V. Semenov and L. Chabak, Convergence of the modified extragradient method for variational inequalities with
non-Lipschitz operators, Cybernet. Systems Anal., 51 (2015), 757-765.



VARIATIONAL INEQUALITY PROBLEM 17

[40] S. Reich, A weak convergence theorem for alternating method with Bregman distance, in: A.G. Kartsatos (Ed.), Theory and
Applications of Nonlinear Operators of Accretive and Monotone type, Marcel Dekker, New York, 1996, 313-318.

[41] R.T. Rockfellar, Monotone operators and the proximal point algorithm, SIAM J. Control Optim., 14 (1977), 877-808.

[42] T.D. Quoc and L.D. Muu, Iterative methods for solving monotone equilibrium problems via dual gap functions, Comput.
Optim. Appl., 51 (2010), 709-728.

[43] Y. Shehu and O.S. Iyiola, On a modified extragradient method for variational inequality problem with application to industrial
electricity production, J. Ind. Manag. Optim., 15 (1) (2019), 319-342.

[44] Y. Shehu and O.S. Iyiola, Strong convergence result for monotone variational inequalities, Numer. Algorithms, 76 (2017),
259-282.

[45] A. Taiwo, T.O. Alakoya, O.T. Mewomo, Halpern-type iterative process for solving split common fixed point and monotone
variational inclusion problem between Banach spaces, Numer. Algorithms, (2020), DOI: 10.1007/s11075-020-00937-2.

[46] A. Taiwo, L. O. Jolaoso, O. T. Mewomo, A modified Halpern algorithm for approximating a common solution of split equality
convex minimization problem and fixed point problem in uniformly convex Banach spaces, Comput. Appl. Math., 38 (2), (2019),
Article 77.

[47] A. Taiwo, L.O. Jolaoso and O.T. Mewomo, Parallel hybrid algorithm for solving pseudomonotone equilibrium and Split Common
Fixed point problems, Bull. Malays. Math. Sci. Soc., 43 (2020), 1893-1918.

[48] A. Taiwo, L.O. Jolaoso and O.T. Mewomo, General alternative regularization method for solving Split Equality Common Fixed
Point Problem for quasi-pseudocontractive mappings in Hilbert spaces, Ric. Mat., 69 (1), (2020), 235-259.

[49] A. Taiwo, L.O. Jolaoso, O.T. Mewomo, Viscosity approximation method for solving the multiple-set split equality
common fixed-point problems for quasi-pseudocontractive mappings in Hilbert Spaces, J. Ind. Manag. Optim., (2020),
DOI:10.3934/jimo.2020092.

[50] A. Taiwo, L.O. Jolaoso, O.T. Mewomo, A. Gibali, On generalized mixed equilibrium problem with a-8-u bifunction and u-7
monotone mapping, J. Nonlinear Convex Anal., 21 (6) (2020), 1381-1401.

[61] W. Takahashi, Nonlinear Functional Analysis, Fized Theory Appl., Yokohama-Publishers, 2000.

[62] H.K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal., 16 (1991), 1127-1138.

(53] L.H. Yen, L.D. Muu and N.T. Huyen, An algorithm for a class of split feasibility problems: Application to a model in electricity
production, Math. Meth. Oper. Res., 84 (2016), 549-565.

12,3 SCHOOL OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, UNIVERSITY OF KWAZULU-NATAL, DURBAN, SOUTH AFRICA.

1.2 DST-NRF CENTER OF EXCELLENCE IN MATHEMATICAL AND STATISTICAL SCIENCES (COE-MASS), JOHANNESBURG, SOUTH
AFRICA .

Email address: 1217079141@stu.ukzn.ac.za,

Email address: 2216074984@stu.ukzn.ac.za

3

Email address: “mewomoo@ukzn.ac.za



	1. introduction
	2. preliminaries
	3. Explicit Extragradient Method
	4. Convergence Analyis
	5. A practical model and computational results
	6. Conclusion
	References

