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Abstract We consider the incremental subgradient algorithm employing dynamic step sizes
for minimizing the sum of a large number of component convex functions. The dynamic step
size rule was firstly introduced by Goffin and Kiwiel [Math. Program., 1999, 85(1): 207-211]
for the subgradient algorithm, soon later, for the incremental subgradient algorithm by Nedic
and Bertsekas in [STAM J. Optim., 2001, 12(1): 109-138]. It was observed experimentally that
the incremental approach has been very successful in solving large separable optimizations,
and that the dynamic step sizes generally have better computational performance than others
in the literature. In the present paper, we propose two modified dynamic step size rules for the
incremental subgradient algorithm and analyse the convergence properties of them. At last,
the assignment problem is considered and the incremental subgradient algorithms employing
different kinds of dynamic step sizes are applied to solve the problem. The computational
experiments show that the two modified ones converges dramatically faster and stabler than
the corresponding one in [STAM J. Optim., 2001, 12(1): 109-138]. Particularly, for solving
large separable convex optimizations, we strongly recommend the second one (see Algorithm
3.3 in the paper) since it has interesting computational performance and is the simplest one.

Keywords Separable convex optimization; Incremental subgradient algorithm; Dynamic step

size; Diminishing step size

1 Introduction

We consider the following separable convex optimization problem

min f(z) =) _ fi(x), (1.1)
i=1
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where X C R" is a nonempty, closed and convex subset, each f; : R™ — R is a convex function
and m is always a very large number. Such kind of optimizations arise in many applications,
such as neural network training, machine learning and tomographic image reconstruction;
see, e.g., [2, 3, 4, 5, 6, 7] and the references therein.

One of the ordinary algorithms for solving problem (1.1) is the subgradient algorithm:
having z*, set

2= Px (b —ar D gik), (1.2)
i€l

where g; . is a subgradient of f; at z¥, ag, > 0 is a step size and Px stands the projection on
X. The subgradient algorithm was proposed by Shor in 1960s ([8]) and has been extensively
studied in the literature; see e.g., [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] and references therein.
Since the negative subgradient is not always the descent direction of f, the step size sequence
{ax} should be chosen such that the generated sequence approaches the solution set. On
can find many classical step sizes for the algorithm in the literature, including the constant
step sizes, the diminishing step sizes, the Polyak step sizes and the dynamic step sizes in
[8,9, 10, 11, 12, 13]. The incremental subgradient algorithm seems first proposed and studied
by Nedic and Bertsekas in [2] for solving problem (1.1), which is motivated by the idea of the
incremental gradient algorithm for separable smooth optimizations (see, e.g., [4, 5, 6, 20, 21]
and the references therein). The algorithm is similar to the ordinary subgradient algorithm
(1.2). The main difference is that at each iteration, the iterate is updated incrementally by
a cycle of m subiterations. Where, each subiteration is a subgradient iteration for a single
component function f;. More precisely, letting z* be the current iterate, the next iterate
xF*t1 is obtained as follows

xk—H = Pm,k (13)

where ¢, 1, is obtained after the m steps

ik = Px[oicix —ongik), ik € 0fi(pi—ir) 1=1,2,---,m, (1.4)

starting with
poe = z". (1.5)

The updates described by (1.4) are referred to as the subiterations of the kth cycle. The au-
thors in [2] established the convergence properties of the incremental subgradient algorithms
employing a number of variants of step size rules. In particular, we note that some numerical
experiments provided there show that the incremental subgradient algorithm often converges
much faster than the corresponding ordinary one (employing the same step sizes), and in
most cases, the dynamic step size rule performs better than others. It is known that the
classical dynamic step size rule was first introduced for the subgradient algorithm by Goffin
and Kiwiel in [1] where two parameters 6y and Ry should be given in advance (noting that
o is updated dynamically and Ry is fixed).



Inspired by these studies, we propose two modified dynamic step size rules for the in-
cremental subgradient algorithm; see, Algorithms 3.2 and 3.3 in Section 3. The convergence
properties of them are analyzed, respectively. At last, the assignment problem is considered
and the incremental subgradient algorithms employing different kinds of dynamic step sizes
are applied to solve the problem. The computational experiments show that the two modified
ones converges dramatically faster and stabler than the corresponding one in [2]. Particularly,
for solving large separable convex optimizations, we strongly recommend Algorithm 3.3 since
it has interesting computational performance and is the simplest one in the sense that there
is only one parameter &y should be given in advance.

The paper is organized as follows. As usual, some basic notions, notation and preliminary
results are provided in the next section. In section 3, two modified dynamic step size rules for
the incremental subgradient algorithm are introduced, together with convergence analyses.
In section 4, we consider the assignment problem, and we apply the incremental subgradient
algorithms employing different dynamic step sizes to solve the problem, together with some
numerical experiments. The last section includes some conclusions.

2 Notation and Preliminaries

Notation and terminologies used in the present paper are standard; the readers are referred
to some textbooks for more details; see, e.g., [22, 23]. Let R™ be the n dimensional Euclidean
space and the standard Euclidean norm is denoted by || - [|. Let X C R"™ be a non-empty
subset of R™ and # € X. The normal cone of the set X at point = is denoted by Nx(z), that
is,
Nx(z) :={veR"|(v,y —z) <0 Vye X}

The distance and the projection at the point x in relation to the set X are denoted by dx (z)
and Py (x):

dx (z) := yig)f{{Hx —yll}, Px(x):={ye X :|z—yl =dx(z)}.

Recall that the subset X is said to be convex if for any z,y € X and any A € (0,1), there
is Az + (1 — Ay € X. The following properties of Py are well known in the case when X is

convex.

Proposition 2.1. Let X C R" be a closed convex set and x € R™. Then Px(x) is a singleton,
and the following assertions hold.

(i) Px(x) = {yz} if and only if
(T = Yo,y —ye) <0 VyeX.
(ii) Px is nonexpansive, that is,

| Px(z1) — Px(x2)|| < ||lz1 —x2|| Vi, 22 € R™



Let f: R™ — R be a function defined on R™. Recall that f is said to be convex function
if the following inequality holds for any z,y € R"

fAz+ 1 =Ay) <Af(x)+ 1@ =Nf(y) vAe(0,1).
Let Of(x) stands the subdifferential of f at x, which is defined by

of(x) ={g e R"|f(y) > f(x) + {9,y — x),y € R"}.

Any element g € 9f(x) is called a subgradient of f at z. The following result gives some
properties of convex functions.

Proposition 2.2. Let f: R™ — R be a convex function and x € R™. Then, f is continuous
on R™ and Of(z) is a non-empty bounded closed convex subset in R™.

The following proposition provides the necessary and sufficient condition for a point to
be a solution of problem (1.1).

Proposition 2.3. A point z* € X is a solution of the problem (1.1) if and only if

0e€0f(z") + Nx(z").

3 Incremental subgradient algorithms employing dynamic step
sizes and convergence properties

We consider here the incremental subgradient algorithm employing dynamic step sizes for
solving the separable convex optimization (1.1):

géi)r(l f(x) = Zz;fz(x),

where each f; : R — R is convex and X C R" is a nonepmty, closed and convex subset.
Two modified dynamic step sizes for the incremental subgradient algorithm shall be proposed
below. For this puepose, we recall the following incremental subgradient algorithm employing
the classical dynamic step sizes, which was said to be path-based incremental target level
algorithm in [2].

Algorithm 3.1. (/2, path-based incremental target level algorithm])
Step 0 Select 2° € R", Ry > 0,00,C > 0. Letk =1 =m = k(l) =0, 0p = 0 and
~1
rec — +00.

Step 1 If f(z¥) < fEZ1, then set fE. = f(a), 2F.,. = 2¥; otherwise, set f£, =
k=1 .k _ k-1
rec »%Trec = Lrec -

Step 2 If 0 € Of (2¥) + Nx(a¥), then stop; otherwise, go to Stepl.



Step 8 If f(z*) < fMV — 15, then set k(1 +1) = k,00 =0, 531 = 6 and | =1+ 1.
Step 4 If o, > Ry, then set k(l+ 1) =k, ox = 0, §i41 = 30, and 2* = z¥,,. Choose
g* € of(xk,.), and set | =1+ 1.
Step 5 Let ff = O _ 6. Calculate %' wvia (1.3)-(1.5) with the step size
_ rk
akZ’}/kkaéflev, O0<y<nm<y<2 (3.1)
Step 6 Set o141 = 0+ aC, k =k + 1 and go to Stepl.

Accordingly, we see that two parameters §y and Ry are used in Algorithm 3.1 which
should be given in advance. The numerical experiments in [2] show that the computational
performance of the algorithm relies heavily on these two parameters (noting that dy is updated
dynamically by Step 4 and Ry is fixed). We shall propose two modified dynamic step size rules
for the incremental subgradient algorithm. The first one is very similar with Algorithm 3.1,
where the only difference is that we add Step 3 below to update parameter Ry dynamically.

Algorithm 3.2. Step 0 Select 2°, Ry > 0,50 > 0. Let k =1=p=k(l) = l%(p) =0,00=0
and foL = co.

Steps 1-2 are same as Steps 1-2 of Algorithm 3.1, respectively.

Step 3 If f(zF) < ffe(f) - %50, then set l;:(p—i— 1) =k, Rpp1 = %Rp and p=p+ 1.

Step 4 If o, > Ry, then set k(I + 1) =k, op = 0, §i41 = 30, and 2¥ = zF,.. Choose
g* € of(xk..), and set | =1+ 1.

Steps 5-7 are same as Steps 4-6 of Algorithm 3.1, respectively.

The second one is simpler than Algorithm 3.1 in the sense that only one parameter dg is
kept and updated dynamically by a different criteria in Step 3 below.

Algorithm 3.3. Step 0 Select 2°, 6o >0, k=0,1=0, f-L = +oo0.

Steps 1-2 are same as Steps 1-2 of Algorithm 3.1, respectively.

Step 3 If f(a*) < fEr—16,, then set ff = fr,—6;; otherwise, set ff, = fEl—6,1 =
[+1,0 = %

Step 4 is same as Step 5 of Algorithm 3.1.

Step 5 Set k=Fk+ 1, and go to Step 1.

We always assume for the remainder that the solution set of problem (1.1) is nonempty,
that is,
X* = Argmin .y f(z) # 0. (3.2)

This particularly implies that
f*=1inf f(z)> —oc. (3.3)
rzeX

Furthermore, our convergence results need the following assumption, which is also used in [2,
Assumption 2.1].



Assumption 3.1. (subgradient boundedness) There exist constants C1,Cs,...,Cy > 0 such
that
lgll < Ci Vg€ dfi(xy) Udfi(pi—1k), i=1,2,....m, keN. (3.4)

We first give the following important lemma, which can be derived directly by a careful
look through the proof of [2, Lemma 2.1].

m

Lemma 3.1. Let Assumption 3.1 hold and C := > C; in (3.1). Let {2*} be a sequences
i=1

generated by the Algorithm 3.2 or Algorithm 3.3. Then the following inequality holds:

| 25—y [P<l| 2%~y |2 —20x (F(o*) - 1)) +03C? Wy e X, (3.5)

3.1 Convergence results for Algorithm 3.2

In this subsection, we study Algorithm 3.2 and its convergence properties. To this end, we first
give some lemmas. The first lemma is taken from [2, Proposition 2.4], which is regarding the
convergence of the incremental subgradient algorithm employing the diminishing step sizes
(defined by (3.6)), which is also useful for proving the main result of the present subsection.

Lemma 3.2. (/2, Proposition 2.4]) Let Assumption 3.1 hold, and let {xz*} be a sequence
generated by (1.3)-(1.5). Suppose that the step sizes {ax} satisfy

ar >0, Y ap=00 and Y pogai < oo. (3.6)
Then, we have limy_,o f(2¥) = f*.

Lemma 3.3. Let {zF} be a sequence generated by Algorithm 38.2. Then, we have p < oo and

Il — 00, and lim & = 0.
l—00
Proof. From Step 3 of Algorithm 3.2, we see that
- - 1
P < 15— -6 iz (3.7)
J

Summing up the inequalities in (3.7) over j = 1,2,...,p and noting that ffe(g) = fL.=f(zhH
(see Step 3), there holds:

p
i J
HotD)y < £ty = S 2, 3.8
Fa) < ) - 35 39
Letting p — 400, we get that hJIl f(:cf“(p)) = —oo. This contradicts (3.3), and so we have
pP—00

proven p < oco.
Next, we show [ — co. Assume on the contrary that [ < co. Then, there holds from Step
5 that

[e o]

> aC <R,
G=k(1)



This particularly implies that
lim «aj = 0. (3.9)
k—o0

On the other hand, we see from (3.1) that for any k > k(1), there is

T ol Gk,
g = Vg 02 L= o2 :

Noting from Step 3 that f(z*) > ffe(i) — 16, (for each k > k(1)), it follows that ay, > % > 0.
This contradicts (3.9), and then | — oo.
We are left to show llim 6; = 0. To this end, let llim 0] = 00o- If 0o > 0, then there exists
—00 —0

lp € N such that
0 =000 VYI>1I (3.10)

(as {0;} is nonincreasing). Recalling that [ — oo, we conclude from Step 4 of Algorithm 3.2
(see also Step 3 of Algorithm 3.1) that

1
fr&™) S ) = 50 Mz o,

Summing up the inequalities in the above expression over [y < I < n and noting (3.10), we
get that

PO < F400) — 2~ )

rec 2
Then, we have that llim ffe(é) = —o0, which contradicts (3.3). Thus, llim d; = 0 is shown,
—00 —00
and the proof is complete. O

We are ready to show the main result of the subsection.

m

Theorem 3.1. Let Assumption 3.1 hold and C := . C; in (3.1). Let {z*} be a sequence
i=1
generated by Algorithm 3.2. Then lim fE_= f*.
k—ro0

k
rec —

{fE_}). Suppose on the contrary that fo, > f*, and let f** € (f*, foo), € = foo — [** > 0.
Noting llim 8, = 0 by Lemma 3.3, there is [ € N such that
—00

Proof. Let klim foo (which exists because of (3.3) and the decreasing monotonicity of
—00

§<e=foo— [ VI

Then, recalling that {f~_} is decreasing monotone, we see from Step 6 of Algorithm 3.2 (see

also Step 5 of Algorithm 3.1) that

fly > oo —e> f V> k(D). (3.11)



By the continuity of f and the convexity of X, one can take § € X such that f(7) = fu.
Applying Lemma 3.1 (to y = y), we get that

lz**+ =gl < ll=* = gl* — 20 (£(2F) = f(7)) + afC? )
< |la® = gl1* = 20 (f(2*) = f,) + 03C? Yk > k(1)

where the second inequality is from (3.11). In view of (3.1), it follows that

b+t — g2 < [l — g2 — 20PC? 4+ 0FC? < [lF — g2 — (2 - 1)C% Yk > k(D).

Summing up the inequalities over k > k(l), we see that

2 N -
> (E-1)C%j < [|l2"0 — g%,
E>k(1) "

Then, we have

Y aj <o (3.12)
Noting p < oo by Lemma 3.3, we set
B 01 =
L={1eN = "L k) > k).

Then, the cardinality of L is infinite because of hm 0; = 0. Taking into account of Steps 4

l—o0
and 7 of Algorithm 3.2, we get that
k(l+1)
Y Cap>R, VielL
k=k(l)
This implies that
k(1+1)
Z a2 Z o> Y
leL k=k(l leL

Combining this and (3.12), Lemma 3.2 is applicable to showing that klim fk. = f*, which is
—00

a contradiction. Therefore, klim fk. = f* is show, completing the proof. O
— 00

3.2 Convergence result for Algorithm 3.3

In this subsection, we study the convergence properties of Algorithm 3.3. To proceed, we
show the following lemma.

Lemma 3.4. Let {xy} be the sequence generated by algorithm 3.3. Then, we have | — oo
and lim §; = 0.
l—o0



Proof. 1f | < oo, then by Step 3 of Algorithm 3.3, the exists ky € N such that
0,
fa) < J =5 vk > ko,
Summing up the inequalities over k > kg, we get that

Fa®) < fafo) = (k- ko)él Yk > k.

2
Thus, there holds klim f(z¥) = —o0, which contradicts (3.3) and so [ — co. Furthermore, by
—00
definition of ¢;, it is clear that lim J; = lim 570 = 0. The proof is complete. O
=00 l—00

The following theorem is regarding the convergence property of Algorithm 3.3.

m
Theorem 3.2. Let Assumption 3.1 hold and C := Y C; in (3.1). Let {zi} be a sequence

)

=1
generated by Algorithm 8.8. Then, we have klim ffec = f*.
— 00

Proof. Let klim k . = fx (which exists as we have explained at the beginning of the proof
—00

of Theorem 3.2). Suppose on the contrary that foo > f*. Noting Step 3 of Algorithm 3.3,
we see that either f/iv = fk — 6 or fFol =k _§ for all | € N. Recalling klim Ik = foo,
—00

lev

[ = oo and llim 9; = 0 (from Lemma 3.4), there exists kg € N such that
—00

fE, > VE> k. (3.13)

Now, take x* € X* C X (which exists by the blanket assumption (3.2)). Then, by assump-
tion, Lemma 3.1 is applicable (to y := z*) to getting that

2t — 2% )|? < l2¥ — 27| = 200 (f(2F) = ) + arC?
In view of (3.1) and (3.13), there holds
ky_ ¢k )2
E+1 x*”2 < Hajk . :L,*HQ — (2 — ’Yk;)(f(x )Cg lew)
By_ £k 2
< ka . x*”2 _ 1(2 — %) (f(= )55 lev) Yk > ko.

[z

Summing up the inequalities over k > ko, it is clear that

— 1(2-7) \
D () = fl)? < et — 2P < oo (3.14)
k>ko
On the other hand, recall again that [ — oo (from Lemma 3.4). By definition of Algorithm

3.3, we see that [ increases only when the second case of Step 3 occurs. Then, we conclude
that for each [ € N, there exists k; € N such that

rec lev

1 1
f(l‘kl) > fklil - 5(5[ == fkl + 5(5[ and kl+1 > kl~
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Then, there holds
l

f(zky — f,ev >3 vieN. (3.15)
By definition of §;(:= %), we obtain that
Z(f( — Ih) >Z — £ >ZZ:ZEZOO‘
k=0 =0 =0
This contradicts (3.14), completing the proof. O

4 Numerical results

In this section, Algorithms 3.1, 3.2 and 3.3 are applied to solve the assignment problem. The
problem is to assign m jobs to m machines; see more details in [2]. If job 7 is performed
at machine j, it costs a;; and requires p;; time units. Given the total available time ¢; at
machine j, we want to find the minimum cost assignment of the jobs to the machines. The
problem is formulated as

min Z Z aijYij

1= 1]
s.t. Zyij:]-’ i:1,2,...,m,

m

Yopijyi; <tj, j=1,2,...,n,

=1

yz‘j:loro, i:1,27...,m7j:1’27_..7n

where y;; is the assignment variable, which is equal to 1 if the ith job is assigned to the jth
machine and is equal to 0 otherwise. As pointed out in [2], the dual problem is

max f(x) := ilfl(x)
st. >0,

where

() = min a;i +x Lag, i=12....m.
fi(x) yij=10r0, 37 1%1; ij ]pZJ Yij — Z j

As done in [2], each f; is evaluated as follows:
1 n
fl(.’E) = Qi+ TP — E Zt]’.’E]’ Vz >0,
=1

where j* € {1,2,...,n} is so that

1<j<n



Moreover, a subgradient g = (g1, 92, ,gn)” of f; at x is given by

. m
ISR BT I
ng* I 7 J -

m

In our experiments, we chose n = 4 and m = 800. The data {a;;} and {p;;} for the problems
are generated randomly according to a uniform distribution over intervals [1,5] and [1, 10],

m
respectively, and the values t; were calculated according to the formula ¢; = % > pij- The
i=1

experiment results are reported in Tables 4.1-4.3.

Tables 4.1 and 4.2 report the numerical results of applying Algorithms 3.1-3.3 with the
same parameters Rg = 5, 5o = 5 x 10* and the same initial point (Algorithm 3.3 is only with
the parameter o = 5 x 10*). Where the notation f% _/time stands the best estimations of
the cost f* and the CPUtime of the kth iteration. Both tables show that Algorithms 3.2 and
3.3 converges dramatically faster than Algorithm 3.1.

Table 4.3 demonstrates the number of iterations required for Algorithms 3.1-3.3 and
parameter choices to achieve a given threshold cost f. The notation used in the tables is as
follows:

> 300 means that the value f has not been achieved within 300 iterations.

Ry/dp/iter are the values of the parameters Ry, dp and the number of iterations needed
to achieve or exceed f.

It is shown in Table 4.3 that the computational performance of Algorithm 3.1 relies heavily

on parameters (Ry and dp), and Algorithms 3.2 and 3.3 are always more effective and stabler
than Algorithm 3.1.

Table 4.1
2% =(0,0,0,0), Ry = 5,00 = 5 x 10%, f* ~ 1949.25

Incremental subgradient algorithm with dynamic step sizes
Iter | Algorithm 3.1 | Algorithm 3.2 Algorithm 3.3

k| fh/time (s) | fh/time (s) | fh,/time (s)

1 1230.00/0.07 1230.00/0.07 1230.00/0.07
10 1891.03/0.40 1949.01/0.35 1940.36/0.35
50 1913.81/1.59 1949.03/1.35 1949.18/1.35
100 | 1919.98/4.85 1949.18/4.53 1949.22/4.53
500 | 1930.93/103.05 | 1949.25/103.57 | 1949.25/103.01

Table 4.2
20 = (3,4,5,6), Ry = 10,09 = 5 x 10°, f* ~ 1949.25

11
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Incremental subgradient algorithm with dynamic step sizes

Iter
k

Algorithm 3.1
fhectime (s)

Algorithm 3.2
Fh/time (s)

Algorithm 3.3
flee/time (s)

1

690.25/0.07

690.25/0.07

690.25/0.07

10

1435.32/0.18

1449.00/0.18

1632.92/0.18

50

1534.44/1.50

1641.19/1.39

1920.82/1.38

100

1548.73,/4.50

1772.63/4.50

1949.01/4.60

500

1571.28/102.32

1949.03/102.59

1949.19/102.14

Table 4.3
f* ~1949.25, f = 1949

Incremental subgradient algorithm with dynamic step sizes

Initial point Algorithm 3.1 Algorithm 3.2 | Algorithm 3.3
20 Ry/do/iter Ry/do/iter do /iter
(0,0,0,0) 1/5 x 10*/ > 300 1/5 x 10*/10 5 x 10*/19
(0,0,0,0) 10/5 x 10/52 10/5 x 10%/10 5x 10%/19
(0,0,0,0) 20/5 x 10*/30 20/5 x 10*/10 5x 10%/19
(0,0,0,0) 30/5 x 10*/ > 300 | 30/5x 10%/10 5x 10%/19
(0,0,0,0) 30/6 x 10*/ > 300 30/6 x 10%/10 6 x 10%/19
(0,0,0,0) 10/1 x 10°/196 10/1 x 10°/30 1 x 10°/139
(0,0,0,0) 20/1 x 10/95 10/1 x 10°/38 1 x 10°/139
(0,0,0,0) 40/7 x 10*/98 40/7 x 10*/51 7 x 10%/8
(0.8,0.5,0.1,1.5) 5/2 x 10*/62 5/2 x 10*/18 2 x 10%/38
(0.8,0.5,0.1,1.5) 20/6 x 10*/136 20/6 x 10*/39 6 x 10*/35
(3,4,5,6) 20/4.5 x 10°/ > 300 | 20/4.5 x 10°/170 | 4.5 x 10°/93
(3,4,5,6) 10/5 x 105/ > 300 | 10/5 x 10°/277 5 x 10°/85

5 Conclusions

In the present paper, we propose two modified dynamic step size rules for the incremental
subgradient algorithm (Algorithms 3.2 and 3.3), and we establish the convergence results
of them. Numerical experiments show that the modified ones converges dramatically faster
and stabler than the classical one in [2]. Particularly, for solving large separable convex
optimizations, we strongly recommend Algorithm 3.3 since it has interesting computational
performance and is the simplest one in the sense that there is only one parameter dg should be

given in advance. In our future study, we shall use the randomization and the e-subgradients

in the context of the incremental approaches.
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