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1 Introduction

Since Rosenbrock [1] introduced the concept of singular systems in 1974, which have
been widely used to describe some problems in practical fields, such as optimal con-
trol problems, constrained control problems, some population growth models and so on.
Therefore, the theory of singular differential systems [2, 3| has more significance than

the theory of ordinary differential equations. In this paper, we consider the following
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nonlinear singular fractional difference system with “maxima”
E,Vj x(t) = f(t,x(t), max x(s)), te (hN)ZiZOh,

s€(hN)!__ ) (1.1)
z(t) = p(t), t € (hN)

a—mh>

where E is a singular n xn matrix, z € R", f : (AN),xR"xR" — R", ¢ : (hN)?_ . — R",

T 1 (AN)gyn, = (AN)p, a — mh = mineqpny,,,(t — 7(t)), m and ng are fixed positive

a+h(
constants. Moreover, in (1.1) the operator , V7 , is the Caputo-type fractional h-difference
operator — see Section 2 for details. Due, therefore, to the fractionally of the operator

problem (1.1) is nonlocal. Note that in (1.1) and throughout we use the notation
(hN), :={a,a + h,a + 2h},

for h >0 and a € R.

The discrete fractional calculus in recent years has attracted much attention as a new
area of research within the larger arena of difference calculus. One reason for this is due
to the inherently nonlocal structure of the fractional difference and sum (no matter the
underlying definition used). This nonlocal nature imparts significantly enhanced difficulty
in the analysis of such difference operators.

For example, the analysis of initial and boundary value problems is more complicated
(see, for example, representative papers by Atici and Eloe [4-6], Dahal and Goodrich
[7], Ferreira [8], and Goodrich [9]), and, similarly, the connections between the sign of a
fractional difference and the monotone or convex behavior of the underlying function is
exquisitely complex (see, for example, representative papers by Abdeljawad and Abdalla
[10], Du, Jia, Erbe, and Peterson [11], Goodrich and Lizama [12, 13|, Goodrich, Lyons,
and Velcsov [14], Goodrich, Lyons, Velcsov, and Scapellato [15], Goodrich and Muellner
[16], and Jia, Erbe, and Peterson [17-19]). Consequently, there is mathematical value
in continuing to develop our understanding of these types of nonlocal operators. We
should also like to note that, increasingly, fractional difference operators have been used
in applications such as tumor modeling [20-22], cryptography [23], and image processing
[24].

The method of upper and lower solutions combined with monotone iterative [25] has
been widely used to prove the existence of extremal solutions on nonlinear problems.
Previous studies have mainly focused on the nonlinear differential systems [26-29] and
nonlinear singular differential system [30-32]. However, we notice that this method for
nonlinear singular difference system has been studied very rare, due to the memory of the
fractional difference operator and the weak singularity of the kernel.

In the current paper, we extend this method to nonlinear singular difference system

with “maxima”, we give a variable initial condition rather than fixed initial condition.



Further, we give a new singular fractional difference comparison principle, which will be
used in our main results. Then, by means of upper and lower solutions and monotone
iterative technique, existence of maximal and minimal quasi-solutions are proved. Finally,
an example is given to illustrate Theorem 3.1 is attainable. While the first author has
studied a problem similar to (1.1) recently [33, 34], in neither of these papers is the
inclusion of a singular matrix E considered as in (1.1). In fact, in neither [33] nor [34] is
a matrix coefficient considered. Therefore, this distinguishes the study here from earlier

works and, moreover, requires a somewhat different approach.

2 Preliminaries

We begin with basic definitions which will be necessary for the following proof. The
recent textbook by Goodrich and Peterson [35] can be consulted for a wealth of additional
information on the discrete fractional calculus. We begin by recalling the definition of the

Caputo h-difference operator — see, for example, [33, pp. 816-818] for additional details.

Definition 2.1. Let v € (n — 1, n], where n € N, and put p := n —v. Then the Caputo

h-difference operator, denoted ,Vy , of order v for a function u : (hN), — R is defined

by
h i -y
(V5 u)(t) = M) > (t—=(s+ 1) (Viu)(sh), t € (AN)apun,
S=h
where V} is the n-fold composition of the backwards h-difference defined by
t)—u(t—h
(Vi) (t) = D) e,
and t,(f) denotes the h-factorial function defined by
_ L(f+
t;; — (h - V)
I (%)
t
for any t, v € R such that 7 +1¢{-,-2,—-1,0}.

Remark 2.1. Let Z~ denote the nonpositive integers. Then as is the standard convention

_ t t
we take t} := 0 whenever 7 +veZ and 7 ¢7Z" .

Throughout this paper, we will use the following notation (See [29])

(151, Loyt 3 Tjm1y Ziy Tip 1y - s T+l Ypi 4257 ° ,yn) for p; > 1,
NG - S\ -
_ Pi q;
(Zi7 [x]m? [y]Qi) - £ .
(g:lam27"' 7xp37\ypi+1ﬂ"' s Yi—15 Ziy Yit1, - 79’@) or p; <1,
vV vV
Di gi+1



where p; and ¢; are nonnegative integers such that p, + ¢ =n—1,¢:=1,2,--- 'n. It
follows from [36] that the pair (£, A) is regular and impulse-free. Then there exist two
nonsingular matrices M, N such that

I,
MEN = 0 .
0 0
Then the system (1.1) is equivalent to
;’L,*x(l)(t) = M1f<t, x(t), max x(s)) =g <t, z(t), max x(s)),

se(hN)!_ se(hN)!_ )
0= Mgf(t,x(t), max  x(s )) =g )<t x(t), max x(s)), (hN)ZiZOh,

s€(hN){__ () s€(hN){__ )
z(t) = ¢(t), t € (hN)G
(2.1)
where N71z(t) = col(zM(t), 2P (¢)), 2 € R", 2 € R*™". And M = (M], M]),
M, € R My € Rv=xn N = (NI, NJ), Ny € R, N e R~ According to the
above notations, the system (2.1) can be written as

oV xi(t) = gil t, @i, [x]p,, [7] o max zi(s), max  z(s)| max  z(s)| ),
" ( : ! s€(AN){__ () [ €(rN);_ ) L’l [ €(AN);_, 1) ]‘h’)
1=1,--
0=gilt,zi, [x]p,, [T]g,, max  z(s), max  z(s)| , max  x(s ,
g( zlps el s€(hN);__(py (#) [se(hN)iT(t) ()}pz Le(hN)ﬁm) ()Lz)
i=r+1,---,n, (hN)ZIZOh,
mz(t) = Qpi(t)a (hN)a mh*
(2.2)

Definition 2.2. The function ag, 8y : (hN)?T"0" s R™ is called a couple of lower and

a—mh
upper quasi-solutions of the system (2.1) if the following inequalities are satisfied:

;

oV w00i(t) < gi(t 001, laol, [Bolg,, _ maxaoi(s), | max ao(s)] | e fofs)] ).

sE(hN)]__ )y sE(hN)]__ ) s€(MN){__ )
i=1,,m,
0. < gi(t00i ool (ol max api(s), | max ap(s)] .| max  G(s)] ).
8 ! (hN)t T(t) (hN)z T(t) pi SE(hN)t T(t) i
i=r+1,---,n, te (hN)ZIZOh,
avy* (1) > g; t, iy i L0 q; » max ilS), max S s max apls y
o) 2 a0t o [l ool _ e (o), [ o o(o)] [ o aoto)] )
i=1,,1,
02 it Bois [Bolpis [aolas_ max Bo(s), [ max  fo(s)| | max  ao(s)] ).
P q sE(hN)iﬂ_(t) Se(hN)i—-r(t) Di sE(hN)ziT@ qi
i=r+1,,n, te(hN)IP"
aoi(t) < pit), t € (AN)i_
L /BO’L(t) = Z(t)’ te (hN)a—mh
(2.3)



Remark 2.2. When the system (2.1) is a scalar case, i.e., n = 1, p; = ¢; = 0, the couple
of lower and upper quasi-solutions of the system (2.1) are said to be lower and upper

solutions of the system (2.1).

Remark 2.3. The function of ag, fo : (AN)*T"" 5 R" is said to be a couple of quasi-

a—mh

solutions of the system (2.1), if the inequalities (2.3) are satisfied as equalities.

We give the following sets for convenience.

S(ag, Bo) = {u: (AN)* 00 5 R™ | ag(t) < u(t) < Bo(t), t € (AN)2oh

a—mh a—mh J

Lemma 2.1. (See [37]) Let (X, ||-||) be a Banach space and T : X — X be a contraction
mapping. Then T has a unique fixed point in X.

In our further investigations, we will need some results on linear singular difference
inequalities and systems. Consider the following singular fractional difference system with
“maxima”

(Vi () + Ai(t) + B, max  ai(s) = o0y(t), i =1,--- 7,

sE(hN)iiT(t)

Aiz;(t) + B; max x;(s) =o0y(t), i=r+1,---,n, te (hN)ZIZOh, (2.4)

sE(hN)’é_T(t)

L «rz(t) = Qpl(tL te (hN)melw

where A;, B; are positive constants.

Lemma 2.2. Assume that the function z; : (hN)*T"" — R and A = max {1(“?3?12) (A; +

By), %} < 1. Then the system (2.4) has a unique solution for ¢t € (hN)*Tmo"

a—mh *

Proof. Let X be the space of real-valued functions defined on (hN)?*"%" Then we define

mh

anorm | - || on X by ||z = max{|z(t)| : t € (hN)*T"""} 50 that the pair (X, || - |) is a

a—mh
Banach space. Now we define the map 7' : X — X by Tz = (Tiz,Tzx), where T; and T5
are defined as follows

( Tyz;(t) = zi(a) + V" [ — Aizi(t) — B; max  xi(s) +oi(t)|, i=1,--- 1,

se(hN)iiT(t)

Bi 1 . a+mn
\ Tomi(t) = A SE(’%%)EW) zi(s) + Eai(t), i=r+1--,n, te (AN (2.5)

( zi(t) = @i(t), 1€ (AN)g_ -

a+noh
a—mh >’

Next, we will show that 7" is a contraction map. For t € (hN) and x;, y; € X, we

have

T = Tigl = | Vi = Alwt) =) = Bi(_max ai(s) = _max  yi(s))]]

s€(AN);__ ) s€(hN);_ )



< oV (Ai 4 Bi)lla; — uil|

<—Az Bz i — Yills :17"'77
< et Bl =il i =10
B; B;
|Tox; — Toy;| = | — — max x;(s)+— max y(s))
i sE(hN)LTM i se(hN)iiT(t)

B; .
< ZH‘T@' —yill, i=r+ 1, n, te (hN)Thom
It follows that

d(Tx;, Ty;) = d((Tvwy, Tow;), (Thyi, Toy:))
< Ad(xi,y:), t € (hN)ZIZOh'

Hence, by Lemma 2.1, the operator T has a unique fixed point — that is, the system (2.1)

has a unique solution. The proof is complete. O

Lemma 2.3. Assume that the function m : (hN)*T"0" — R” satisfy the inequalities

a—mbh

"

a V*mzt S_Azmlt _B’L mln mi87i:1""77‘,

hoi(f) Q SsE(hN)__ ()

0 S _Azml(t> o B’L min mi(s)’ t=r+ 17 e, N, te (hN)aJer (26>
sE(hN)ziT“)

m’(t) S O’ te (hN)Z—mha

\
where A;, B; are positive constants, and A; > B;. Then the inequality m;(t) < 0 for
t € (hN)*tnoh,

Proof.  Since the operator ,V,” is positive, it follows that the inequality (2.6) is equiv-
alent to

m;(t) —m;(a) <V, 7| —Ami(t) — B, min  m(s)|, i=1,---,r,

s€(hN)§7T<t>
0<—Am;(t)—B; min  my(s), i=r+1--- ,n, te (hN)yn, (2.7)
se(hN)ii‘rm
mz(t) S 0, t e (hN)meh‘

By induction, when ¢t = a + h, from the assumption A; > B;, we obtain

m;(a+ h) Savg”[—Ai(mi(a+h)— min mi(s))], i=1,--- .71
SE(hN)ZiZﬂ(t)
0< —A; (mi(a +h)— min mi(s)>, i=r+1,---.n, te (hN)yn, (2.8)
SE(hN)ZiZﬂ(t)

my(t) <0, te (hN)

a—mh*



Since m;(a+h) — min mi(s) > 0, so we have m(a+ h) < 0. Now, we assume that
SG(hN)Z+h—7—(t)

m;(t) <0 for t € (hN)2T™ We will show that m;(a+ (n+1)h) < 0. From the inequality
(2.6), we have

mi(a+ (n+1)h) < aV;”[—Ai(mi(a+(n+1)h) - min ml(s)ﬂ,
SE(hN)ZIEZIRZq(t)

i=1,

0< —Ai<mi(a+(n—|—1)h) - min mi(s)>, i=r+1,---,n, te(hN)gin,
a+(n+1)h
SE(AN) ;4 (1) h—r(2)
m;i(t) <0, te (hN)2_ ..
(2.9)

Similarly, we have m;(a + (n + 1)h) < 0. Thus, we conclude that m;(t) < 0 for
t € (hN)2t"0" " The proof is complete. O

a—mh *

3 Monotone iterative technique

Here we develop the monotone iterative technique for nonlinear singular fractional dif-
ference system with maxima which yields monotone sequences converging to the extremal

solutions of the system (2.1).

Theorem 3.1. Assume that the following conditions hold.

(Az1) The functions ag, B : (AN)*T"" — R™ are a couple of lower and upper quasi-

solutions of the system (2.1) respectively, and ag(t) < Bo(t) for ¢ € (hN)* 70",

(As2) There exists a function g : (hN)*7/9" x R™ x R" — R" such that g;(t,z,y) =
9;(t, x5, [x],,, [7]g,, 25, (7], [2]g,) is monotone nondecreasing with respect to [z],,, [y,
and monotone nonincreasing with respect to [z]y;, [yl,,, and for z, y € S(ao, Bo), y(t) <

x(t) the following inequality holds:

gi<t,xi,[x]pi,[x]qi, max mi(s),[ max x(s)L

sE(AN){__ ) s€(hN);__ )

, max (s
|:s€(hN)t ( )} qi>

i t—7(t)

—gi<t,yi,x %),  max yis,[ max :cs] ,[ max :cs] >
N I R Gl

> _Az(xz<t> - yz-(t)) — BZ( max J]Z(S) — mat,x %’(3)), 1 = 17 2’ ceen,

se(hN)LTm se(hN)tiT(t)
(3.1)
r 1
where A; and B; are positive constants, and B; < A; < (1/—+7)
2(n0h)h



Then there exist sequences {a,(t)}, {Fn(t)} which converge uniformly and monoton-
ically to p(t) and r(t), where p and r are minimal and maximal quasi-solutions of the
system (2.1) respectively. Moreover, if x(t) is a solution of the system (2.1) such that
ag(t) < z(t) < Bo(t), then p(t) < z(t) < r(t) for t € (AN)Ton

a—mh *

Proof. For functions p, v € S(ap, fy) and consider the following singular fractional dif-

ference system with “maxima”

}Vt*xl(t)—i_AlmZ(t)—i_Bl max :CZ(S) :Ui(talua V)7 1= 17 » Ty
’ sE(hN)ﬁiT(t)
Ajzi(t)+ B; max xi(s) =oi(t,p,v), i=r+1,---.n, te (hN)ZIZOh, (3.2)

sG(hN)E_T(t)

zi(t) = @i(t), t€ (hN)g_ .,

\

where

ita ) = Z<t7 i 2 ) a % 7[ a i| a|: a :| )
oi(t, s v) = gi( L, i [Wps (Ve Se(lgg)ﬁ(t)u@) seéﬁoﬁm“(s) o Locaiax v(s)]

+ Ajpi(t) + B max  p(s).

O+5, _mas ()
By Lemma 2.2, the system (3.2) has a unique solution. Suppose that for the couple p,

v € S, Bo) there exist two distinct solutions x(t) and y(t) of the system (3.2). Define

a function m(t) = z(t) — y(t) for t € (AN)T"% m(t) = (ma(t), ma(t), - ,mn(t)). Then

m;(t) (j =1,2,---,n) satisfy the inequalities

a Z,*mi(t) =a lfz,*xi(t) Ta ]I’jL,*yi<t>
= —Ai(z;(t) — yi(t)) — Bi< max x;(s) — max yi(s)>

SE(hN)ifT(t) SE(hN)E*T(t)
< —Amy(t)— B;  min  my(s), i=1,--- 7,
sE(hN)i_Tm
0= —Az xi(t) —yi(t)) — Bl< max I;(S) — max  Y;(s >
( ( ) ( )) sE(AN)_ ) ( ) sE(hN)’é_T(t) ( )
<—Aimit _Bi min mis7i:r+17...7n7 t e hNa-ﬁ-noh’
< (t) e (s) (hN)“n

mi(t) <0, te (hN)°

a—mh-*

In view of Lemma 2.3, we have z;(t) < y;(t), t € (hRN)*T"" " Similarly, we can show that

a—mh *
yi(t) < a;(t), t € (AN)?1™" So, we obtain that the system (3.2) has a unique solution.
Define the map o : S(«ag, 5y) X S(ag, o) — S(aw, Bo) by o (u,v) = z, where
x = (x1,22, -+ ,x,) and x;(t) is the unique solution of system (3.2) for the function-

s u, v € S(ag, Bo). We shall now show that ag(t) < o7 (ap(t),Bo(t)). Define ay(t) =



o (ao(t), Bo(t)), p(t) = ao(t) — en(t) for ¢ € (AN)FEROL p(t) = (pa(8), pa(t), - pult)).
Using the assumption (Ajs»), we have

a Z,*pz(t>
= aVZ,*aoi(t) ~a 27*a1i(t)

Sgi(t,aou[ao]pw[ﬁo]q“ max Oé[)z‘(S),[ max 040(3)]

se(hN);T(t) se(hN)§7T<0

max ﬁ(o)(s)} qi>

|
Di se(hN)ifr(t)

+ Ajaq;(t) + B;  max  ay;(s) — oy(t, ao, fo),

se(hN)iiT(t)

< —Ai(ani(t) — an(t)) — Bi( max  ag;(s) — max ali(s))

se(hN)i_T(t) se(hN)g_T(t)

< —A;pi(t) — B; mip pi(s), i=1,---r

sE(hN)tiT(t)

and that

Ogi(t,ai,a » ., max ais,[ max as},[ max 5])
9i T, i, [0]p;» [Bolg, O 0i(s) sl o(s) o Loeha Bo(s) y

t—7(t) t—1(t)
+ Ajaq;(t) + B;  max  aq4(s) — o4(t, ao, Bo),

sE(hN)i_T(t)

= —Al Qg t) — Qayy t)) — BZ< max Qpil\S) — max a4\ S >
(o00) — () = B mox awls) = _max s
a+noh

< _Azpz(t) — B; min pi<$)> i=7+ 17 e, te (hN)a+h )

SE(hN)i*T(t)

and that

pi(t) <0, te (hN)2

a—mh-*

a+noh

o, . Similarly, we can

Consequently, by Lemma 2.3, we have ag(t) < ay(t) for t € (hN)
show that ay(t) < Bo(t) for t € (hN)2tmoh

a—mh *

Let 1, v € S(ag, By) be such that u(t) < v(t) for t € (hN)*T™"  From the definition

a—mh *

of & and Lemma 2.3, it follows that the inequality o7 (u,v) < &7 (v, u) is valid.
Define the sequences of functions {«,(t)} and {3,(t)} by the equalities

an1(t) = A (an(t), Bu(t)), Brsr(t) = o (Ba(t), an(t)).
By induction, we have
0o(t) < ar(t) < o < anlt) < Bult) < o < Bult) < Bo(t), for t € (RN)EFTOP

Using the Arzela-Ascoli theorem, thus both sequences {a,,(t)} and {5,(t)} are uniformly
convergent on (AN)*™™" Then there exist functions p(t) and r(t) such that

a—mh *

lim o, (t) = p(t), lim 4, (t) = r(®)

n—oo

9



From the uniform convergence and the definition of the functions «,(t) and 3,(t), it
follows that

(V2 0ni(t) + Aini(t) + B, max  ani(s) = 0i(t, an, Bucr), i = 1,000,

se(hN)i_T(t)

Aiozm-(t) + Bz max Oén’z'(3> = O-i(t7 Qp—1, ﬁn—l)a 1=r+ ]-7 PR te (hN>ZiZOh7

sG(hN)iiT(t)

L an,i(t) = 901<t)7 te (hN)g—mh?

(3.3)
and

( oV Bri(t) + AiBni(t) + By max  fB,i(s) = o4(t, a1, n-1), 1 =1,--- 1,

SG(hN)i,T(t)

Azﬁn,z(t) + Bz max ﬁn,i(s) == Ui(ta 6n717 O‘n71>7 t=r + 17 e, N, t e (hN)ZiZOha
sE(hN)ﬁiT(t)

L Bn,i(t) = Qpi(t)’ le (hN)Z—mhv

(3.4)

From the systems (3.3) and (3.4) as n approaches infinity we obtain that the functions
(p,r) is a couple of quasi-solutions of the system (2.1).

In the next step, we will show that (p,r) are minimal and maximal quasi-solutions of

the system (2.1). Let (z,u) € S(a,By) be quasi-solutions of the system (2.1). Suppose
that for some n, a,(t) < z(t) < Bu(t), an(t) < u(t) < Bu(t), t € (AN)* T Put

a—mh *
p(t) = anii1(t) — z(t) so that a1 (f) < 2(t) on (AN)2_ .. For t € (hN)*T7" we wish to
prove that a,11(t) < z(t) on (AN)*7/". From the condition (Aj.), we deduce that

aViapi(t) =aVi omi1i(t) — oV 2i(t)

= —Ajan41,i(t) — Bi max apt14(s)+ 0 (t, ap(t), max Bn(s)>

SE[t—h,t] se(hN)ﬁ_Tm
—gilt, zi(1), [Z]p;» |U]g,, Max  zi(S), max z(s , max  u(s
g ( (®): [zlpi; [ula sE(hN)]__ ) (s) [se(hN)ﬁT(t) ( ):|Pi Le(hN)ﬁTM ( )L)
= —Aj(an11,i(t) —ani(t)) — B; nt1,i(8) — nyi
(ans1(t) =~ i) = Bil|_mmax  aniaas) = _max  ani(s))

t—7(t) t—1(t)
+ A;(zi(t) — an(t —|—B‘< ma zi(8) — ma o s)
i(2i(t) n(t)) i se(hN)i}:(t) i(s) se(hN);:<t) n(8)

= —Aj(ant1,i(t) — zi(t)) — Bi(se(}g\l}%f . nt1i(8) — se(z?ml;?ff . Zi(5)>

< —Appi(t)—B; min pi(s), i=1,---,r

sE(hN)’é_T(t)
and that
0 =—Ajont14(t) —Bi  max  apy1,i(s) + oi(t, an, Bn)
s€(hN)t

t—1(t)

—gil t, anss [am] s s ., max a~s,[ max as],[ max s] ),
g,( nis [@nlpi, [Pl se(hN)!__ () se(hN)!_ n(s) pi Lse(hN)__ fals) ai

10



= —Ai(an+1,i(t) — 2zi(t)) — Bi n+1,i(8) — i
(nprit) — (1)) (se(hn&%immL (s) se(}g&%:t)zw))

§ —Aipi(t) - Bi min pi(s)7 1= —+ 1’ cee L, t e (hN)Zizoh’
sE(hN)iﬂ_(t)

and that

pi(t) <0, te (hN)g

a—mh*

By Lemma 2.3, we have p(t) < 0, showing that a,1(t) < 2(t) for t € (hN)*T70"  This

a+h
proves that a,,1(t) < z(t), t € (hN)**™" Using a similar argument we can prove that
2(t) < Bpyi(t) and ap1(t) < u(t) < Bupa(t) for t € (AN)T™  Thus we conclude

that o, (t) < z(t),u(t) < Bu(t) on (AN)* ™" for all n € N. Now as n — oo yields
p(t) < 2(t),u(t) < r(t), t € (WN)*T"" which shows that (p,r) are minimal and maximal
quasi-solutions of the system (2.1) respectively.

Let z € S(ap, o) be a solution of the system (2.1). The functions (z, z) is a couple of
quasi-solutions of the system (2.1), from the above discussion, we have p(t) < z(t) < r(t)

for t € (AN)*t™ The proof is complete. O

When n =1 and p; = ¢; = 0, we could obtain the following corollary.

Corollary 3.1. Assume that the following conditions hold.
(Ass) The functions ag, B : (AN)*T™" — R are lower and upper solutions of the

a—mh
system (2.1) respectively, and ag(t) < Bo(t) for t € (RN)21mo,
(As.4) There exists a function g : (hN)ZiZOh X Rx R — R such that for z, y € S(a, fo),

y(t) < z(t) the following inequality holds

g(t,x, max x(s))—g(t,y, max y(s))

s€(MN){__ ) s€(AN){__ ) (3 5)
> —A(x(t) — y(t —B( max x(s) — max 3), ‘
> —A(z(t) —y(t)) eomx () SE(hN)’é_T(t)y( )

r 1
where A and B are positive constants, and B; < A; < @—4_2
2(7’Loh)h

Then there exist sequences {a,}, {#.} which converge uniformly and monotonically
to p(t) and r(t), where p and r are minimal and maximal quasi-solutions of the system
(2.1) respectively. Moreover, if z(t) is a solution of the system (2.1) such that ag(t) <
z(t) < Bo(t), then p(t) < z(t) < r(t) for t € (AN)*"ol

a—mh *

4 Application

Now we will give an example to illustrate that the above suggested method is attain-

able.
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Example 4.1. Consider the following singular fractional difference system with “maxi-

7

ma ) 1
oV5i () = ———2 max x(s)—1,
h, 1< ) 1-— $1(t) sE(hN)LTM 1( )
0=a2(t)— max z(s), te (hN)?, (4.1)
s€(hN)t

t—7(t)

\ xl@) - IQ(t) =0, te (hN)O—lv

where v = 0.5, h =1, a =0, 7(t) = 1 for t € (hN)>,. It is easy to check that the system
(4.1) has a zero solution. ay(t) = (—7, —i)T is a lower solution and fy(t) = (3, i)T is an
upper solution of the system (4.1). We will construct sequences of functions that converge
uniformly to 0.

Now we can construct a increasing sequence, which converge to 0. It is easy to see

that the matrices L; and Ly can be chosen as

-2 0\ (8 0
0 —-1)°\o &)’

respectively. Choose kg1 = %, koo = %, and consider the following singular fractional

difference system

Yot = — poxE 1y (m+ L) —s (s) + -
VAN = - — x - - max x1(s)+ —
hox1 143 4 ! 4 s€(N)!_ ! 4
6
=2x1(t) — 8 a - =,
n(0) =8 _me ) -
1\? 1 1\ 29 1 (4.2)
— (=) — (== H+-) -2 ht .
( 4) ( 4) * (xQ( )+4) 1 <se<i§?ﬁ(t) x2(8>+4)
29 5
= 29(t) — = — =, te (hN)?,
2 1 56(’%%}1@) 2(s) 4 (hN)7
k k
ml(t) = _ﬂ7 xQ(t) = _Ea te (hN)(ll
4 4
Then the system (4.2) has an exact solution ay(t) = (—1, —%)T
Choose ki1 = %, ki = % and consider the following singular fractional difference

12



system
1 1
) -8 ( max  x1(s) + 5)

1 1
Vieti(t) = —7+2x - —1+2 (@) + ¢

h 21 (1) 1+% + 5 + (xl( ) 5 s€(hN);__ )
29
=2 t)—8 T an
nih =8 e 1) T

1\ 2 1 1 29 1 (4.3)
< 5) ( 5) i ($2( )+ 5) 4 (ﬁ(;{%%i(t) e 5)

101
t € (hN)?,

t) - 2 (s)

=X _ — max TolS) — —

? 4 seanyi,, o 1007
k k

2i(t) = ——=%, mo(t) = —%, t e (hN)°,

5
29 101 )T

Then the system (4.3) has an exact solution a(t) = (—5, — 02
Analogously, we will construct a decreasing sequence that uniformly converges to 0.
and consider the following singular fractional difference system

Choose po1 = 37 Po2 = %,
1 1 1 1
a 4 t) = -2 -—1 2 t)— =] —8 — —
h7*x1( ) 1- %1 § 4 i (ml( ) 4) (36(1?1\11%}(7@) or(o) 4)
4
=2x1(t) —8 max x1(s)+ -,
1(t) s€(AN)__ ) 1(s) 3
1\* 1 1\ 29 1 (4.4)
O=|-) —~ t)y——| —— —=
(4) 17 (“() 4> 1 <se<£§?§XT(t) 7a(s) 4)
29 11
= 29(t) — — + =, te (hN)3,
o 1 56(’%%)1(,» 2(s) 3 (hN)7
w(t) =T aat) = BF, v (hN)D,
4 4
Then the system (4.4) has an exact solution f3;(t) = (2, %)T
Choose p1; = Z—;, P12 = %%, and consider the following singular fractional difference
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1 2 2 2
a Zv*xl(t):—Q—Qx§—1+2<x1(t)—§)—8( max xl(s)——>

1-2 SE(AN):_ () 9
74
= 21, (t) — 8 =
nlt) =8, e Bty
11\* 11 11\ 29 11 (4.5)
(50) 50 (xQ( ) 50) 4 <se<f?§r?fi(t> 72l 50)
29 6017
= t) — — Tnnn? € hN 57
za(t) e 28)F Fha (h);
2 11
x1(t) = §p11, To(t) = %pl% t e (hN)2,.

Then the system (4.5) has an exact solution 35(t) = (35, %)T.
Obviously, we can see that ag(t) < ai(t) < as(t) < z(t) = 0 < Ba(t) < [1(t) < Bo(t)

on (hN)® . So, Example 4.1 illustrates that the Theorem 3.1 is feasible.

Acknowledgments

This paper is supported by the Natural Science Foundation of Hebei Province (No.
A2020205026), the Science and Technology Project of Hebei Education Department (No.
QN2020202), the Science Foundation of Hebei Normal University (No. L2020B01), the
National Nature Science Foundation of China (No. 11771115), and the Key Project of
Natural Science Foundation of Hebei Province (No. A2020201021). This work does not

have any conflicts of interest.

References

[1] H. H. Rosenbrock, Structural properties of linear dynamical systems, Int. J. Control
200, 191202 (1974).

[2] S. L. Campbell, Singular Systems of Differential Equations I, Pitman Advanced Pub-
lishing Program, London (1982).

[3] S. L. Campbell, Singular Systems of Differential Equations II, Pitman Advanced
Publishing Program, London (1982).

[4] F. M. Atici, P. W. Eloe, Discrete fractional calculus with the nabla operator, Electron.
J. Qual. Theory Differ. Equ., Special Edition I, 12 pp (2009).

14



[5]

[11]

[12]

[13]

[14]

[16]

[17]

F. M. Atici, P. W. Eloe, Initial value problems in discrete fractional calculus, Proc.
Amer. Math. Soc. 137, 981-989 (2009).

F. M. Atici, P. W. Eloe, Linear systems of fractional nabla difference equations,
Rocky Mountain J. Math. 41, 353-370 (2011).

R. Dahal, C. S. Goodrich, An application of a nonstandard cone to discrete boundary
value problems with unbounded indefinite forcing, J. Difference Equ. Appl. 25, 832—
903 (2019).

R. A. C. Ferreira, Ezistence and uniqueness of solution to some discrete fractional
boundary value problems of order less than one, J. Difference Equ. Appl. 19, 712-718
(2013).

C. S. Goodrich, On discrete sequential fractional boundary value problems, J. Math.
Anal. Appl. 385, 111-124 (2012).

T. Abdeljawad, B. Abdalla, Monotonicity results for delta and nabla Caputo and
Riemann fractional differences via dual identities, Filomat 31, 3671-3683 (2017).

F. Du, B. Jia, L. Erbe, A. Peterson, Monotonicity and convezxity for nabla fractional
(q, h)-differences, J. Difference Equ. Appl. 22, 1224-1243 (2016).

C. S. Goodrich, C. Lizama, A transference principle for nonlocal operators using a

convolutional approach: Fractional monotonicity and convezity, Israel J. Math. 236,
533-589 (2020).

C. S. Goodrich, C. Lizama, Positivity, monotonicity, and convezity for convolution
operators, Discrete Contin. Dyn. Syst. 40, 4961-4983 (2020).

C. S. Goodrich, B. Lyons, M. T. Velcsov, Analytical and numerical monotonicity
results for discrete fractional sequential differences with negative lower bound, Com-
mun. Pure Appl. Anal. 20, 339-358 (2021).

C. S. Goodrich, B. Lyons, A. Scapellato, M. T. Velcsov, Analytical and numeri-
cal convexity results for discrete fractional sequential differences with negative lower
bound, J. Difference Equ. Appl. 27, 317-341 (2021).

C. S. Goodrich, M. Muellner, An analysis of the sharpness of monotonicity results via
homotopy for sequential fractional operators, Appl. Math. Lett. 98, 446-452 (2019).

B. Jia, L. Erbe, A. Peterson, Monotonicity and convexity for nabla fractional q-
differences, Dynam. Systems Appl. 25, 47-60 (2016).

15



[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[29]

B. Jia, L. Erbe, A. Peterson, Two monotonicity results for nabla and delta fractional
differences, Arch. Math. (Basel) 104, 589-597 (2015).

B. Jia, L. Erbe, A. Peterson, Convexity for nabla and delta fractional differences, J.
Difference Equ. Appl. 21, 360-373 (2015).

F. M. Atici, M. Atici, M. Belcher, D. Marshall, A new approach for modeling with
discrete fractional equations, Fund. Inform. 151, 313-324 (2017).

F. M. Atici, N. Nguyen, K. Dadashova, S. Pedersen, G. Koch, Pharmacokinetics and
pharmacodynamics models of tumor growth and anticancer effects in discrete time,
Comput. Math. Biophys. 8, 114-125 (2020).

F. M. Atici, S. Sengtil, Modeling with fractional difference equations, J. Math. Anal.
Appl. 369, 1-9 (2010).

Z. Wang, B. Shiri, D. Baleanu, Discrete fractional watermark technique, Frontiers of
Information, Technology, & Electronic Engineering 21, 880-883 (2020).

G. Wu, D. Baleanu, Y. Bai, Discrete fractional masks and their applications to image
enhancement, Handbook of fractional calculus with applications, vol. 8, 261-270, De
Gruyter, Berlin (2019).

G. S. Ladde, V. Lakshmikantham, A. S. Vatsala, Monotone Iterative Technique for
Nonlinear Differential Equations, Pitman Publishing Co., Boston (1985).

R. Agarwal, S. Hristova, D. O’Regan, Iterative technique for the initial value problem
for Caputo fractional differential equations with non-instantaneous impluses, Appl.
Math. Comput. 334, 407-421 (2018).

Z. M. He, P. G. Wang, W. G. Ge, Periodic boundary value problem for first order
impulsive differential equations with supremum, Indian J. Pure Appl. Math. 34 (1),
133-143 (2003).

S. Hristova, A. Golev, Monotone-Iterative method for the initial value problem with
wmatial time difference for differential equations with “maxima”, Abst. Appl. Anal.,
Volume 2012, Article ID 493271, 17 pages (2012).

D. D. Bainov, S. G. Hristova, Monotone-iterative techniques of Lakshmikantham
for a boundary value problem for systems of differential equations with maxima, J.
Math. Anal. Appl. 190 (2), 391-401 (1995).

16



[30]

[31]

[32]

[33]

[34]

T. Jankowski, Minimal and maximal solutions to systems of differential equations
with a singular matriz, Anziam J. 45, 223-231 (2003).

J. A. Uvah, A. S. Vatsala, Monotone method for first order singular systems with
boundary conditions, J. Appl. Math. Sim. 2 (4), 217-224 (1989).

A. R. Abd-Ellateef Kamar, Gamal M. Attia, K. Vajravelu, M. Mosaad, Generalized
quasilinearization for singular system of differential equations, Appl. Math. Comput.
114 (1), 69-74, (2000).

X. Liu, A. Peterson, B. Jia, L. Erbe, A generalized h-fractional Gronwall’s inequality
and its applications for nonlinear h-fractional difference systems with ‘mazxima’; J.
Difference Equ. Appl. 25, 815-836 (2019).

X. Liu, B. Jia, P. Wang, Some new results for nonlinear fractional h-difference sys-
tems with “mazima”, Rocky Mountain J. Math. 50, 1073-1084 (2020).

C. Goodrich, A. C. Peterson, Discrete Fractional Calculus, Springer, New York
(2015).

I. Masubuchi, Y. Kamitane, A. Ohara, N. Suda, H., control for descriptor systems:
A matriz inequalities approach, Automatica 33 (4), 669673 (1997).

E. Zeidler, Nonlinear Functional Analysis and its Applications: Part 1: Fized-Point
Theorems, Springer, New York (1986).

17



