SOME PARAMETERIZED HERMITE-HADAMARD AND SIMPSON TYPE
INEQUALITIES FOR CO-ODINATED CONVEX FUNCTIONS

HUSEYIN BUDAK AND MUHAMMAD AAMIR ALI*

ABSTRACT. In this paper, we first obtain an identity for twice partially differentiable mappings
involving some parameters. Moreover, by utilizing this identity and functions whose twice partially
derivatives in absolute value are co-ordinated convex, we establish some inequalities which generalize
several inequalities, such as trapezoid, midpoint and Simpson’s inequalities.

1. INTRODUCTION

The inequality which is known as Hermite-Hadamard inequality offered by C. Hermite and J.
Hadamard independently (see, e.g., [9], [21, p.137]). This is one of the most well proved inequali-
ties in the theory of convex functions with a geometrical interpretation and having many applications.
These inequalities can be stated as: If the mapping F : I — R is convex on the interval I of real
numbers and k1, ko € I with k1 < K9, then

(1.1) f(““””) < @im 7]—'(x)dx< F (k1) + F (r2)

2 2

If F is concave mapping, then the above inequality is reversed. We note that Hermite-Hadamard
inequality may be regarded as a refinement of the concept of convexity and it follows easily from
Jensen’s inequality. Hermite-Hadamard inequality for convex functions has received renewed attention
in recent years and a remarkable variety of refinements and generalizations have been studied.

On the other hand, the following inequality is well known in the literature as Simpson’s inequality.

Theorem 1. Let F : [k1,k2] — R be a four times continuously differentiable mapping on (K1, k2)
and ||.5’-'(4)HOo = sup ‘.7-'(4) (x)| < 00.Then, the following inequality holds:

b ()] [

For recent refinements, counterparts, generalizations and new Simpson’s type inequalities (see, [4,
6,10,11,13-15,18,22,23,25-28,30-32, 34, 36]).

In [12], Du et al. gave the following generalized identity to find the estimations of Simpson’s type
inequalities for differentiable extended (s, m)-convex functions.

1
< <4>H —r)t.
= 2880 Hf o (w2 = m1)

Lemma 1. [12/Consider the mapping F : I C [0,00] — R is differentiable on I° (interior of I), where
K1, ke € I° such that 0 < k1 < ko. If F' is integrable on k1, ke and A\, pu € R, then for all x € [mr1, k2],
where m € (0, 00| is fized, the following equality holds:

Af(mm)+(1—u)f(m2)+(ﬂ—x)f(m’“+"”“2)—HQ ! / F («) da

2 —MEL Jow,

= (e — ) V (T—)\)J:’(Tng+(1—7)n1)d7+/1

0 3

(1—p) F (tha + (1 — 7) K1) dT] :
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Theorem 2. [12] We assume that the conditions of Lemma 1 hold. If |F'| is an extended (s, m)-convex
function on [k1, ka], for some fized s,m € [—1,1] x (0,1] and 0 < A\, < 1, then for all € [mky, K],
the following inequality of Simpson’s type holds

Af(mm1)+(1—u)T(m2)+(u—)\)]—'<mH1+m>— ! /m}'(x)dx

2 K2 — ME1 S,
< (ke —mhkn) [v1 (A, 8) | F (R2)| + mwva (A, g, 8) [F' (k)]

where
e S)_2)\S+1+2u5+1+25%[2(s+1)—2(5+2)(u+)\)]+(s+1—us+2u)
LA 8) = Gr1)(s+2)
and
v (3 s)_2(1—A)S+2+2(1—u)5”+23+1[2(M+A)(s+2)—2(s+3)]+(As+2A—1)
2V K 8) = (s+1)(s+2) '

From Lemma 1 and Theorem 2, we obtain the following results.

Corollary 1. Consider the mapping F : I := [k1, k2] — R is differentiable on I° (interior of I). If F'
is integrable on k1, ke and A\, p € R, then for all x € [k1, ko], the following equality holds:

mm)mu>f<n2>+<ux>f<”1§“2)@im /@f@dm

= (k2 — K1) l/OQ(T—A)f’(T/ig—F(l—T)/ﬁ)dT—l—[(T—u)f’(T/ig—F(l—T)m)dT].

Corollary 2. We assume that the conditions of Corollary 1 hold. If |F'| is a convex function on
[K1, k2], for 0 < A\, u <1, then for all x € [Kk1, k2], the following inequality holds

‘A]’(m)Jr (1— ) F (k2) + (uA)}"(m;Hz) - @im /N,jz}"(x)dn:

< (w2 —me) 1 (A, D |F (52)] + v (A, 1) [ (61)]] -

For the other concepts used in Lemma 1 and Theorem 2, one can read [12].
A formal definition for co-ordinated convex function may be stated as follows:

Definition 1. A function F : A — R is called co-ordinated conver on A, for all (z,u), (y,v) € A and
7,0 € [0,1], if it satisfies the following inequality:

(1.2) Flrz+(1—71) y,ou+(1—0) v)

< 70 Flr,u)+7(1 —0)F(z,v)+0(l —7)F(y,u) + (1 —7)(1 — 0)F(y,v).

The mapping F is a co-ordinated concave on A if the inequality (1.2) holds in reversed direction
for all 7,0 € [0,1] and (z,u), (y,v) € A.

In [8], Dragomir proved the following inequality which is Hermite-Hadamard type inequality for
co-ordinated convex functions on the rectangle from the plane R2.
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Theorem 3. Suppose that F : A — R is co-ordinated convez, then we have the following inequalities:

(1.3) }_(MJFI‘EQ /€3+/€4>
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K1 K3
1 K2 R4
< F(x,y)dydx
= (ke — K1)(Ka — K3) / (@, y)dy
K1 K3
K2 K2
< L4 /]—'( o+ — /]—"( d
S 1lmom x, K3)dx p—— T, Kq)dx
K1 K1
17 17
+ /f(nl,y)der /f(/w,y)dy
K4 — K3 R4 — R3
K3 K3
< f(/ﬁ,/ﬁ:},) +f(l€1, I€4) + f(ﬁg,ﬁg) +f(l€2, 1€4)

4

The above inequalities are sharp. The inequalities in (1.3) hold in reverse direction if the mapping F
18 a co-ordinated concave mapping.

Over the years, many papers are dedicated on the generalizations and new versions of the inequalities
(1.3) using the different type convex functions. For the other Hermite-Hadamard type inequalities for
co-ordinated convex functions, please refer to [1-3,5,7,16,17,19, 24,29, 33, 35, 37].

In [20], Ozdemir et al. gave the following identity and using the this identity, the authors established
some Simpson type inequalities for double integrals:

Lemma 2. F : A := [k1, k2] X [k3,k4] — R be a twice partially differentiable mapping on A°. If
2
0°F € L(A), then we have the following equality
0t0o
F (o1, S5) 1 (s ) 4 47 (1450, ) 1 7 (8 ) 4 7 (245 )
9
+.7:(I€1, KZ3) + f(lﬁg,lﬁg) + .7:(;‘421,:‘424) -‘1-.7:(532,/%4)
36
1 2 K3 + m) ]
—_ F(x,k3) +4F | =, + F(x,kq)| dx
s [P (25 (@)
1 e K1+ Ko
e F (K1, 4F , F(k2,y)| d
s . { i)+ ( 2 y) A y)} !
1 K2 Kg
+ F (x,y) dydx
(K2 — K1) (K4 — Ks3) /m /ﬁg (®:9) dy

(k1T + (1 = 7) K2, k30 + (1 — 0) Kg) dodr

= (k2 — K1) (K4 _“3)/01 /Olq(T’U) 8856'];

which the mapping q : [0,1] x [0,1] — R is defined by

(-be-b) vsr<h 0so<)

(T—%)(J—%) 0<7<3 3<o0<l1
q(r,0)=

D1 tsrsi vses)

((-9- tsr<i o<
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Inspired by the ongoing studies, we give the refinements of the inequalities proved by Du et al.

in [12] for partially differentiable co-ordinated convex functions which generalize the results given
in [16, 20, 24].

2. NEW PARAMETERIZED INEQUALITIES

In this section, we first define the following mapping

@(Kla R2i K3, H4)

+hy Ryt
- (Hl)\1)(u2)\2)]-“<m2m”{32'i4>
i +
Pl ) (“1’,%2,%) + (L) (4 = A2) F <m7 = “4)
fi t K K1+ K
+(M1_)\1))\2}-< 12 2’H3>+(M1_)\1)(1_M2).7:< 12 2,&4)

FAAF (K1, k3) + (1 — py) Ao F (K2, k3) + A1 (1 — po) F (K1, k4) + (1 — ) (1 = po) F (K2, ka)
__ F(x,lig)dfﬂ*m/ f(m,ﬁ3+ﬁ4>dm

R2 = R1 Jg, K2 — K1 2
1- " A i
P2 [ (@ k) do - — F (k1,y) dy
Ro — Ry K1 KR4 — R3 K3
— A [ K1+ K 1- o4
-B 1/ 7-'( . Q,y)dy“l/ F (K2, y) dy
R4 — R3 Jy, 2 R4 — K3 Jg,

1 K2 K4
+ F (x,y) dydx
(k2 — 1) (2 — i3) / / (=3) dy

Now, we give the following equality.

Lemma 3. Let F : A := [k, k| X [k3, k4] — R be a twice partially differentiable mapping on A°. If
0*F
Ot0o

€ L(A), then we have the following equality

bt *F
@(Iil,lig;lig,li4):(Iﬁg—/il)(lﬁ4—/<,3)/ / w(T,0) =—— (Tha + (1 = 7) k1,064 + (1 — 0) K3) dodT
0 0 0tdo

where the mapping w : [0,1] x [0,1] — R is defined by

(1= A1) (0= A2) OSTS%,OSOS%

(T=A)(0—py) 0<7<3, §<0<1
w(r,0) =

(1 — 1) (00— X2) %STﬁl,OﬁoS%

(T—m)(0—py) 3<7<1, §<o<1
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Proof. From the definition of the mapping w (7, 0), we have

2
(/@27111)(/-@47113)/ / w(T,a)%(ngJr(l—T)m,amlJr(1—0)/{3)d0d7’

= (ko — K1) (k4 — K3 / / (r—X1)( )\2)85’;: (the+ (1 — 7) k1,084 + (1 — 0) k3) d7do
o

O*F
+ (k2 — K1) I€4—I€3/ / (1= A1) ( )88 (the + (1 = 7)K1,0k4 + (1 — 0) k3) drdo

+(@—m)(54—53)[ / (T—pl)(a—)\g)aag;(Tﬁg—l—(l—T)/£17J/$4+(1—0)H3)de0

O*F
+ (kg — K1) (k4 — K3 // T — lq) )88 (tha + (1 = 7) k1,0k4 + (1 — 0) K3) dTdo
= (2—!431)(4—/433)[J1+J2+J3+J4].

Integration by parts, one can easily obtain

0
(21) 1 = / / (T — A1) ( )8 ;: (The + (1 = T) k1,064 + (1 — 0) kg) drdo
- (52—%1)(54—%3)
1 1 K1+ Ko K3+ K 1 K3+ K
<[a-m) (G-m) (222 + (52 # (=57
K1+kKo
1 1 2 K3 + Kq 1 K1+ K2
_<2—/\2> @_m/m .7-'(33, : )dm+(2—>\1>>\2}‘( : ,n3>
r1tKD
Ao 2
+A1 A F (Kl,ﬁg) — ‘7:(.%‘,53) dx
R2 — K1 Jo
1 1 KS;rM n I\ K3;N4
3N / FIEI2 ) dy— —2 / F (k1,y) dy
2 Kq — K3 Juy 2 K4 — K3 Jpy
1 N1J2r'€2 N342r'<4
+ F(z,y)dydx| ,
(k2 — K1) (K4 — K3) /m Ko (=, 9) dy ]
3 1 92F
2.2 = - A — —_— 1-— 1-— drd
@2 = [* [ 06— ) g (LT om0 ) drdo
_ 1 1 K1+ Ko
Ry Y e [(2 )\1)(1 Mz)]:< 5 ,/@3)—}—)\1(1 o) F (K1, Ka)

K1+Ko
1—py 2 1 1 K1+ Ko K3+ Kg
_ - P2 de — [ = =\ z_
e [ Fema— (o) (3om) F (U
1 K3+ K 1 1 L K3+ K
(e 3+ Ka 1 / st ha
1(2 Mz)}-<f€1» 5 >+(2 ﬂz) Py F | =, B x
1 1 e A 4
(Lo, Lo 7 (P52t 2 [ Feawdy
2 R4 — R3 'f;+*»4 2 R4 — R3 Hg;m

m1+n2 K4
F(x,y)dydz| ,
+(’12*I€1 (k4 — K3) / /m% (z,y) yw]
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(2.3) J3 = / / (r—1y) )\)aa;: (The + (1 = 7) k1,064 + (1 — 0) K3) dTdo
0

(K2 — /‘ﬂl) (Ka — K3)

o mE (57

1 1 K1+ Ko /ﬂ:3+f€4
“(5mm) (3-2) 7 (55"
1 ! " K3 + K4
“(3-A —)d 1— )\
(2 2) Ko — K1 /m;rmz}-(x’ D) ) T+ (1= py) Ao F (K2, k3)
1 K1+ K2 )\2 K2
_ (2 —,Ul) )\2.7:( 5 ,I<J3> — P— /m;rw]:(x, K3) dx
ragr K3trg
1— at 1 ) - e
_ 1 / ]:(K;Q’y)dy+<—’u1> / ];v< 1 2’y> dy
K4 — K3 2 ki — ks 5
K +!€4
+ / / (x,y dydx] ,
(52 - Kl I€4 — l<;3 h1+m2
and
O*F
(24) (T —m) )8 9% (tho + (1 = 7) k1, 0k4 + (1 — 0) k3) drdo

(K2 — K1) (H4 — K3)

X {(1_%)(1_#2)7‘-(“2’“4)— (;—M) (1—,“2)-7:(%1;—%2,%4)
_;__'[Z/:ZM F(x, k) dx — (1 — py) <; —u2> ]~'</$27 fig—;m)
o lome )
+<;—u2> @im /;]—'(m7f€3;—ﬁ4)dm

1 K2 Ka
+ F(z,y)dydx| .
(KJQ — Hl) (KJ4 — Iig) /61;*62 /03;*:4 ( y) 4 ‘|

By the equalities (2.1)-(2.4), we have

(k2 — K1) (K4 — K3) [J1 + J2 + J5 + J4]

= (M1—>\1)(M2—>\2)}'<M;H2,H3J2rﬁ4>

k3 + K K3+ K
A1 = 20) F (1 S ) 0 ) Gy = ) 7 (e, )

+ +
=)0 (T ) = A0 (1= ) 7 (P )

+>\1>\27:(’€17 K3) + (1= py) Ao F (K2, k3) + A1 (1 — po) F (K1, k4) + (1= pg) (1 = po) F (K2, Ka)

— Ny [F2
/ .7-'90,%3)dx—72 f(m,IM)da?
K2 — K1 K2 — K1 Jy, 2



SOME PARAMETERIZED HERMITE-HADAMARD AND SIMPSON TYPE INEQUALITIES 7

/ F(x,Kkq) dx — / F(k1,y
ﬁg—m R4 — R3
- A K K
*71 1/ .F< s 23y> / f /4327
R4 — R3 Sy, 2 R4 — R3

HCE fil)l(m — K3) /m /Ks F(z,y) dydzx

which completes the proof. O

Remark 1. If we choose \y = Ao = % and [, = fg = % i Lemma 3, then Lemma & reduces to
Lemma 2 which was proved in [20].

Remark 2. If we choose A\ = Ao = 0 and p; = py = 1 in Lemma 3, then Lemma 3 reduces
to [16, Lemma 1].

Remark 3. If we choose \y = Ao = 1y = iy = % in Lemma 8, then Lemma 3 reduces to [24, Lemma

1.

is a co-ordinated convex

function on A, then we have the following inequality

|O (K1, K2; K3, ka)

< (k2 — K1) (ks — K3)

2 2

X {\Ill 67';; (K2, ka)| + Uy 59 (ka,k3)| + U3 ;:g (k1,K4)| + U3 8:5:0 (&1,/433)]
where
W_[A‘Hu‘i’_h_%ml 5}{)\§+M‘;’_)\2_5li2+5]7
3 8 8 12 3 8 8 12
N4t M by 5[ A+ o o Tae 3k 1
\112:[3_8_8 12} {_3+A2+”2_8+3}’
M4l o, o Tm 3\ L] [A+u A buy 5
‘1’3:{‘ 3 “1*“1‘8+3H 5 8 8 12}
and
qf4=[—ﬁ§“‘3’+g+u§-ml§%+ﬂ {—A§§“3+A5+M3—W+;}

Proof. Taking the modulus in Lemma 3, we have

|O (K1, K23 K3, ka)|

1 2

1
0*F
< (ke — K1) (K — /-13)/ |w (7, 0)] (thea+ (1 — 7) K1, 0k4 + (1 — 0) k3)| dodT.
0 0 87—80—
82
Since is a co-ordinated convex function on A, we have
0o
2F
(the + (1 — 7) k1, 0k4 + (1 — 0) K3)
loxaoles
O*F O*F O*F O*F
< 710 9790 (ko,ka)|+7(1—0) 9790 (K2, k3)|+ (1 —7)0o 990 (k1,ka)|+ (1 —=7T) (1 —0) 590 (k1,K3)| -
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Then it follows

|@(fi1, R2;5 K3, fi4)|

< (k2 — k1) (K4 — Ks)
82 2
[878 (K2, K4) / |w (7,0 TO'dO‘dT—f—‘a o (K2, K3) / / |w (1,0)| 7 (1 — 0)dodr
0?F 0*F
+ o (K1, K4) // |w TU)|(1—7’)0d0d7’—|—‘aTa (K1, K3) // |w 7'0')|(1—T)(1—0’)d0’d7’:|

2

0100

2

drdo

2

f’ 2
9790 (K1, Ka)

+ Uy 3790

< (k2 — K1) (ks — K3) {‘1’1 + Vs

+ U,y

E

(K1, K3)

(K2, Ka) (K2, K3)

This completes the proof. O

Remark 4. If we choose \\ = \o = L and
to [20, Theorem 3].

in Theorem 4, then Theorem J reduces

(e[S}

Ho =

Remark 5. If we choose Ay = A2 = 0 and py
to [16, Theorem 2J.

o = 1 in Theorem 4, then Theorem 4 reduces

Remark 6. If we choose A1 = Ay = iy = g = % in Theorem 4, then Theorem 4 reduces to [24,
Theorem 2J.

q
,q > 1, 1s a co-ordinated

convez function on A, then we have the following inequality

1Ok, Kai kg ka)| < (Ra — k) (K4 — ra) (Ap(A, )7

2 q 2 q 2 q 2 q
I A R e e R LA
. 4
1,1 _
where st = 1 and
Ap()‘vﬂ')
1 41 1 p+1 1 p+1 1
= N7+ (55— +< —) + (1= )
(p+1)2 1 (2 1) H1 9 ( 1)

41 1 p+1 1 p+1 41
AT+ <2 - )\2> + (M2 - 2) + (L= p)"

Proof. Taking the modulus in Lemma 3 and using the Holders inequality, we have

(2.5)  |O(k1, K2; K3, Ka)

(k2 — k1) ( n4—ﬁ3//|w70

(k2 — k1) (K4 — K3)
(L

x</0 /O w(T,J)pdadT)

IN

dodt

(Tﬁg—l—(l—T)Iﬁ170',‘<64+(1—0'):‘€3)

IA

D=

(the+ (1 — 7)K1,0Kk4 + (1 — 0) K3)

q i
9790 d0d7> .
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By definition of w (7,0) , we can write

1 1
/ / lw (1,0)" dodr
0 Jo

3 3 3l
//|T—A1|P|a—x2|f’dma+//|T—A1|p\a—u2|f’d7da
1
/t/IT—mVW—A#WMU+/
1

AP

(2.6)

1
/ |7 — Nﬂp lo — M2|p drdo
1

1
M) R ()
B p+1 p+1
M (3= 2)" (e = 5"+ (= )
p+1 p+1
n (.Ul - §)p+1 + (1 — Hl)pH AIQH_l + (% — >\2)p+1
p+1 p+1
N (= 5"+ = )" (g = 5"+ (1 — )P
p+1

p+1

1 1 p+1 1
)\217+ +<2—A1> +<M1—

ptl B
5) 0wy
il 1 p+1 1 p+1 pil

X (AT A+ 5—/\2 T{H—3 + (1= py)
q

, ¢ > 1, is a co-ordinated convex function on A, we obtain

1ol
(2.7) /0 /0 (the + (1 —7)K1,0k4 + (1 — 0) K3)

2 q
By (k. ms)| +

(p+1)°

82

loxaoles

Since

loxaolex

q
dodt

q
+

4
By substituting (2.6) and (2.7) in (2.5), we can obtain the desired result

2
dre (R1: )

2 q
dros (K2, 3)

+

q

2
% (K2, Ka)

Corollary 3. If we choose A\ = Ay = = and = o =
Simpson’s type inequality

2 in Theorem 5, then we have the following
4]:(K1+R2 Rs+l€4) _|_]:(

9
.7:(;‘{1,,‘63) -‘1-.7:(:‘452,,%'3) +.7'-(I€1,l€4) -‘1-.7:(1432,!434)

36
1

"2 K3 + K4
_ 4 d
6 (ma — 1) /’i1 |:.7'-(£C,/€3)+ .7-"<x, 5 )+.7'-(SC,KZ4):| x
1

" R
D — 4 d
6(/414—;‘433)/ |:‘7:("$17 )+ / f( 2 7y>+f(l€27y):| Y
+ / / F (z,y) dydz
(/12*51 /€4*/€3

R3+H4) —|—.7:(,‘€2, 53-554) _;'__7:'(%1-5'12’&3) f’(fil-‘rfm I~€4)
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(4)$ (2 — 1) (154 — K3) <2p+1 + 1)2
9 9(p+1)7 20t

‘ q

1
2 2 q 1
% (k1,kK3)| + + 59778}; (K2, Ka) !

4

Srog (K1, K1)

2 F ‘q

a2 q
%(52753)‘ +

Remark 7. If we choose Ay = Ao = 0 and py = py = 1 in Theorem 5, then Theorem 5 reduces
to [16, Theorem 3].

Remark 8. If we choose Ay = Ay = puy = py = 5 in Theorem 5, then Theorem 5 reduces to [24,
Theorem §J.
iy PF .
Theorem 6. We assume that the conditions of Lemma 3 hold. If 3 18 bounded on A, i.e.
TOO
O = su i(m )| < o0
0t ||, _(Iyy)I;A 970 Y ’

then we have the following inequality

(k2 — K1) (K4 — K3)
4

|@(K‘13H‘2;H‘3a/€4)‘ S

, (1 2 1\? )
AT+ 5—/\1 T{m—3 + (1= p)
s (L0)) s (Y

>\2+<2 >\2> G + (1= pp)? 8780

Proof. From Lemma 3, we have

1,1 2
f
|O(k1, ko; k3, ka)| < (ko — K1) (K4 — /{3)/ |w (7, 0)] ‘3 9 (the+ (1 — 7)K1,0k4 + (1 — 0) k3)| dodr.
o Jo
2F
Since is bounded on A, we obtain
loxaoled
aZf' 1 1
|O(k1, k2; k3, ka)| < (ko — K1) (kg — K3) 590 oo/o /0 |w (1,0)| dodr
- - 1 2 1\?
_ (R 51)4(54 K3) N4 <2 B /\1> n <ﬂ1 _ 2) . M1)2]
1 2 1\?
M4+ (=-A — - 1-
X 2+(2 2) +<M2 2) + (1= po) 1“8730
which completes the proof. O
Remark 9. If we choose \; = Ao = % and [y = py = % in Theorem 6, then Theorem 6 reduses

to [20, Theorem 4].

Corollary 4. If we choose Ay = A2 = 0 and py = uy = 1 in Theorem 6, then we have the following
Midpoint type inequality

7 H1+I€2,Ii3+l€4 _ 1 /K’Q}_ x’l‘i3+f€4 de
2 2 K2 — R1 K1 2

1 " (Ki+ Ko ) 1 /“/M
— F Y | dy + F(x,y) dydx
K4 — R3 A ( 2 y y (KJQ — Iil) (KJ4 — Hg) K1 K3 ( y) y

(52 - F«'1) (H4 - H3

- 16 H 0tdo
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Corollary 5. If we choose Ay = Ag = iy = g = % in Theorem 6, then we have the following Trapezoid
type inequality

‘.7:(/61,,%3) +.7:(I€2,Ii3) +.7'-(/€1,/€4) —|—.7:(I€2,I€4)

4
s [ F )+ Fmlde = o [ 1 )+ F ()
— X, K x,K X — K1, K2,
2(H2—/€1) . 3 4 2(@_&3) s 1,Y 2,Y)|ay
1 K2 Ka
+ F(x,y)dyd
(k2 — K1) (K4 — K3) /m /ng (.4 dyde
(ko — k1) (kg — K3) || O>°F
- 16 oroo ||

3. CONCLUSION

In this work, We proved the generalized version of Simpson’s inequalities for twice partially differen-
tiable co-ordinated convex functions. We obtained several new and existing inequalities of Simpson’s
type, midpoint type, and trapezoidal type in special cases of newly proved inequalities. It is an in-
teresting and new problem that the forthcoming researcher can prove similar inequalities for different
kinds of convexity in their future research.
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