GLOBAL SOLUTION AND GLOBAL ORBIT TO REACTION-DIFFUSION EQUATION FOR
FRACTIONAL DIRICHLET-TO-NEUMANN OPERATOR WITH SUBCRITICAL EXPONENT

ZHONG TAN AND MINGHONG XIE

AssTrACT. We consider the reaction-diffusion equation for fractional Dirichlet-to-Neumann operator with subcritical
exponent motivated by electrical impedance tomography (EIT) and a need to overcome the Non-locality of a fractional
differential equation for modeling anomalous diffusion. We mainly deal with the asymptotic behavior of global solution
and the boundedness of global orbit which allows us to show that any global solution is classical solution using Moser
iteration technique.
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1. INTRODUCTION

This work is motivated by electrical impedance tomography (EIT), which is a new medical imaging
technology and classical Calderon problem, its basic principle is to inject a weak current to the electrodes on the
surface of an imaging domain such as the human thorax, and measure induced boundary voltages on other
electrodes, then according to the relationship between voltage and current, the change value of electric impedance
or electrical impedance inside the imaging domain can be reconstructed. Unlike CT technology using X-ray or
ultrasonic beam, EIT has no damage to human body, can measure repeatedly, and the imaging speed is fast, the
cost is low, no special working environment is required, all these determine the broad application prospect of EIT,
and the necessity of its research is self-evident. In modelling idealized EIT imaging problems, there are several
premises as follows. (1) Due to the low permeability of biological organs and tissues, the magnetic field effect can
be ignored, we only consider the electric field characteristics. (2) Assume the medium is isotropic, then
conduction current density J and electric field intensity vector E satisfy

J=7E, (1.1)
where y represents conductivity (scalar function). (3) According to Ampere’s law and Faraday’s induction law,

. . . . . . oD . .
conduction current density J and magnetic field intensity vector H satisfy VX H = J + a0 magnetic induction

0B
intensity B and electric field intensity E satisfy VX E = e Since we employ a low frequency injection current

(weak current excitation) in EIT, it follows that induced electric field is far less than Coulomb electric field, and

. . . S 0B oD -
displacement current is far less than conduction current, which indicates o and o are negligible, then we have

VxH=], 1.2)

VXE=0, (1.3)
The basic equation (1.3) implies E is a irrotational field, which gives that electric field intensity E and potential
function v satisfy

E = -Vv. 1.4)
Taking divergence in the both sides of (1.2), and substituting (1.4) into (1.1) gives

0=V-(VXH)=V-J=-V.(yVv),
which is the basic equation for the potential [1].
Given a potential function f on the surface of imaging domain and v solves
-V-(yVv) =0, x € Q,
{v =f, x € 0Q,

the Dirichlet-to-Neumann operator (DtN), or voltage-to-current map DN, is defined as
ov
DN. =y—| ,
YD =ro s
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DN, (f) is exactly the current density flowing into the field, and v represents the external normal vector to the
surface of the medium. The DtN operator is well-known and has been widely studied in [2, 3, 4] and their
references. It plays a fundamental role in EIT problem [5], one can recover y from DtN operator DN,, by
measuring the current through the boundary caused by a family of potential functions f.

When y = y!72%(s € (0, 1)), the corresponding Dirichlet problem is given by

{—div (v Vu(x,y) = 0, (x,y) € RY*,
v(x,y) = fo(x,y) € RY,

where R¥*! = {Z = (x,y) = (x1, X2, -+ , X,,¥) € R¥*!|y > 0}. In such case, we introduce fractional DtN operator
DN [6]. It has been showed in [7] and [8] that

(1.5)

P P
DN,(f) = Ay = &y = ky limy "2 2 = —, limy! > 2
y—0 (9v )

y—0 5’
. . N+l ['(s)
where the unit exterior normal vector v = (0,--- ,0,—-1) e R, k, = W, and A;(0 < s < 1) represents
s — 5

the spectral fractional Laplacian operator.
Let Q be a bounded smooth domain in R¥(N > 2s), denote half-cylinder C = {(x, y)|(x,y) € Q X (0, c0)},

whose lateral boundary is 9,C = 0Q X [0, o), and p < 2}, here 2} =

is critical exponent of Sobolev trace

—2s
embedding inequality. We are concerned in this paper with the following nonlinear reaction-diffusion equation for
the fractional DtN operator with critical exponent

_div (yl—Zva(x’ y, t)) =0, te R+, (x,y) €C,
v(x,y,0) =0, te€R", (x,y) €9,C,

Wx.y. 1 (1.6)
Ev(x,y, 1) = —% + P2y, teRY, (x,y) € Qx {0},
v(x,y,0) = vy, (x,y) €C.
The energy functional of (1.6) can be defined via
1 1 <
E0@®) = = f key' "2 |Vv(t)Pdxdy — — f v(IPdx, v € H,(C), (1.7)
2 Jec P Jax(oy ’
here
H,(C) = {v |veL*C): v=0ae. ond;C, fc kyy' "X |VvPdxdy < oo}, (1.8)
1
with norm |Ivl| = ( [}, kyy'=>|Vvdxdy)’ .
Actually, the Euler-Lagrange equation E’(v) = 0 by means of variational method is corresponding to
stationary equation of (1.6). For every v,¢ € H , (C), € € R, we have
d
0=—(E®W+¢&9))
de e=0
= ( f ky' " V(v + £¢) - Vodxdy — f v+ e’ (v + 5¢>)¢dx) (1.9)
c Qx{0} £=0

= f k' "3 Vy - Vodxdy — f WP~ 2vpdx =: (E'(v), ¢).
c Qx{0}
1
Since the domain C is unbounded and the solution maybe only is Holder continuous near y = 0, and when s > 5

y = 0 is probably a singularity of y! =2V, so we take a approximate domain C° := Q X (6, 00)(6 > 0), where we
have

(E'(v), ¢y = lim ( f kyy'"%Vv - Vpdxdy — f |v|”_2v¢dx)
0=0\Jes Qx{y=5)
=1im(ksf div(¢y'_2SVv)dxdy—ksf ¢div(y'_2’Vv)dxdy—f
6-0 ce ce Qx{y=5)

9 ‘
=lim(ks f o' 2 dx — ks f ddiv(y' "> Vv)dxdy — f |v|”_2v¢dx)
6-0 Qx{y=6} v co Qx{y=6}

= —k, f ddiv(y' > Vv)dxdy — f (VP2 = 8v)gdx,
C Qx{0}

Ivlp_2v¢dx)



by the arbitrariness of ¢, it follows that
div (' V) = 0,in C,

v = P2, in Q x {0).

By the same token, taking a approximate domain C°, and then timing v, and integrating in the domain the
both sides of equation (1.6) in C° gives

0= f —div (yl’ZSVV) vidxdy
C(‘)

=—f v,yl’stv-nd0'+f BV - Vydxdy
ace (ol

= —f vy "5V -V do —f vy TSV - vdx +f YB3V - Vydxdy
8,0 Qx{y=5) fod

=- f vy "BV - vdx + f V"V - Vvdxdy,
Qx{y=6}

C‘S
where v/ = (vq,0), vq is unit exterior normal vector to dQ, and v = (0,--- ,0,—1).
Letting 6 — 0 leads to
1 , .
0=-— v, Oyvdx + fy1_2°Vv - Vvdxdy,
ks Jaxy=0y c
thus we obtain
dE(v(t
D) _ f ko' "3 Vv - Vvdxdy — f VO 2vvdx = — f Vdx <0, (1.10)
dt C Qx{0} Qx{0)

which implies functional E(v) monotonically decreases in ¢, namely, E(v) is Lyapunov functional.

Moreover, notice that
de !
B - E(v(ty) = f W) g = f f ddr,
o AT fo JOx{0}

we consequently arrive at the energy inequality

E((t)) = E0() + f f vidxdr. (1.11)

1o Jax(0)

There is another motivation for us to observe problem (1.6). Using the extend method of spectral
decomposition or the Caffarelli-Silvestre extension method [7] to let v : Q X (0, c0) — R be an extension function
of u : Q — R, we can see that equations (1.6) equivalent to the following problem with fractional Laplacian
operator

ou )
Agu = 5 + ulP~"u, (x,1) € Qx(0,00),
u=0, (x,f) e RY\ Q) x [0, ),

u(x, 0) = uy, x€Q,

(1.12)

In recent years, on account of the better accuracy in describing practical problems compared with the classical
Laplacian operator, the spectral fractional Laplacian operator A has attracted considerable attention of
mathematics and physicists. The fractional Laplacian operator was first proposed in observation of Levy
stationary diffusion process in physics, later also used to describe the phenomena such as plasma anomalous
diffusion, stochastic analysis and fluid dynamics, etc. There have been extensive studies of the nonlinear
fractional Laplacian problem, especially the semilinear elliptic problem with fractional Laplacian, e.g. [9, 10, 11].
While the fractional parabolic equation is more complicated than the elliptic case, the literature involved is
relatively limited. The pioneering result about parabolic equation is obtained by Sugitani [12]. He investigated the
heat equation 9,u + Agu = u?~'(0 < s < 1) in the whole space RV, here A;(0 < s < 1) denotes spectral fractional

2s
Laplacian operator, p < 2 + p}, < 2§, pj. = — is Fujita exponent of the corresponding fractional equations. The

study produced that nonnegative solution of the equation blows up in finite time. A. Fino and G. Karch [13]
observed that the large time asymptotic behavior with relation to the equation’s system mass M(¢) = ﬁw u(x, t)ydx.
Specifically, if p < 2 + py., then tll)rg M(t) = 0, while if p > 2 + P}, then rli)rg M(t) = M, > 0. We can further
consider the case of subcritical growth p < 27. The main difficulty of fractional problem is owing to the fact that
the fractional Laplacian operator is nonlocal, to overcome this, we turn to investigate its equivalent problem (1.6)
so that we can use variational technique.
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In fact, let {4, ¢r};- | be the eigenvalues and its corresponding normal eigenfunctions of negative Laplacian
operator —A in Q with zero Dirichlet boundary condition, i.e.

{—A¢k = Apr, inQ,

b= 0, onlL (1.13)

{1} constitute the complete orthonormal basis of L?(Q), which gives the spectral decomposition of operator —A.
Set

[eS)

Vol@ = {u) = u)) = utr) = Y. ceOibe(x) € P@| Y G < +ool,
k=1 k=1
then for each u(r) € Vy(Q), A, can be defined as

Ast Vo(Q) = Vi(Q)

U 1) = ) eDPix) - A= > cOAe(x),
k=1 k=1
here cx(r) = [, u(x, r(x)dx, V() is dual space of Vo(Q).

Denote
I= {q(y) | 4(y) satisfies fo (14 GIF +lg()P)y'dy < eo, and g(0) = 1, g(e0) = 0},

Consider following minimum functional problem in the function space 7,

J@) = inf { fo (4 OIF + gy >dy}.

We can show that, for each u(r) € Vy(Q), there is a unique extension

[e]

vy, 0 = 3 e 0a(VAy),  (x.y)€C,

k=1
such that

°° ov Ny oy -
1-2s19. 12 1-2s 2 2 2,098
¥y V| dxdyzf y f |=—1° + E | — " )dxdy = ks E c; (DA
L 0 Q(ay = Ox; ) =1 R

In fact, assume function ¢ is a minimizer of functional J(g), we have

fo (I’ OP + le)IP)y'*dy < o0, and g(0) = g(c0) = 0,

for every function ¢.
Taking derivative of following one variable function

je)=J(g+ep) = f (g + 890/'2 +lg+ stplz)yl_zsdy,
0
one has

J @)= fo [2(¢" + ep)¢’ + 2 + ep)ply' Pdy L

= fo (24'¢" +2qp)y' " >dy

. =25 1 1-2s ’
=—f 20y (q" + q - q)dy =0.
0 y
By the arbitrariness of function ¢, it follows that the minimizer function g solves exactly the following Bessel

equation [14, 15]
, 1=2s5 ,
{q + q-q=0,

y (1.14)
q(0) =1, g(e0) = 0.
Conversely, if function ¢ is a solution to equation (1.14), then for all h(y) € 7,

i = [ R + dy
0

> f YEUGP + 29 (W - q') + ¢ +2q(h — ¢))dy
0



— L‘ yl—23(|ql|2 + q2)dy,
which indicates function ¢ is a minimizer of functional J.

In the subcritical case, the coerciveness and weak lower semi-continuity of functional J guarantee the
uniqueness of q.

We can now verify that
1-2
div(y' "2VY) = A + vy + ——

1 -

2
5 ® VA (Ny))

1-2
- ck(r>¢k<x)ak[ ~ gV + 4" (VA + = S VT= 25 Vg ( x/ﬂ_m]
= O’

f yl—ZSf'Vvlzdxdy
0 Q

At (OAGN)G(V4Y) + (DL ()(g” (VAry) +

and

fo yi fg [cia)Wsok(x)qu( Aky>+ci(rwi(x)(q’(\/z_ky))z]dxdy
W fo Y2 ) + o VT fay

o0 1
= 2 fo (%)”S[ﬂzn e
= (DA} fo yl’z“(qz(y)+|q’(y)|2)dy<+<><>

q'(z)|2]

in light of

f ek (0PPdx = 1, f IVer(x)Pdx = A.
Q Q
In addition, from [14] we get

Agv = Agu = cp (DA Pr(x)

v = —k; lim y' "2 —
y—0 'y
: 1-2s ’ (1 15)
= kscr(Dpr(x) y_rg =y NG (V)

1
= ksck(f)‘Pk(X)k—/li = ()i (x)

in Q x {0}. We complete the proof of the equivalence between the equation (1.12) and (1.6).
It should be remarked that A is just the fractional Laplacian operator (~A)* when Q = RV,
Next, we are going to explain following notations and definitions for the rest of the article.
Denote norm of space L? and strong(weak) convergency in the relate space as || - ||, and — (—) respectively.

Definition 1.1. The function v = v(x,y,t) is referred to as a weak solution of equation (1.6) in Cr = C x (0, T), iff
v e L*([0,T1; Hy,(C)),

vi € LA(Qr) = LA([0, T]; L* (),
and satisfies the equation (1.6) in the distributional sense, namely

T T
f f ky' Vv - Vdxdydt + f f (v = MP7v) gdxdt = 0,
0 C 0 Qx{0}

for every test function ¢ € C(I)([O, Tl; HS’L(C)).

Definition 1.2. If sequence {v,} satisfies sup, |E(v,)| < co(E(v,) = ¢), E'(v,) = 0(n — ©0), in the function space
Hy3(C), then it’s referred to as Palais — S male(PS )((PS).) sequence; And the energy functional of a stationary

equation satisfies (PS)((PS).) condition, which means every (PS)((PS).) sequence {v,} has (strong) convergent
subsequence.

We focus on blow-up behavior of local solution, the asymptotic profile of global solution, namely the
relationship between global solution and stationary solution. Furthermore, we deal with the boundedness of
global orbit in function space Hy ; (C), based upon this result, it can be shown that any global solution is classical
solution with Moser iteration technique. The main results in this paper are as follows.
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Theorem 1.1. Ifv = v(x,y,t;v) is a global solution of equation (1.6), then the w-limit set of vy, which is defined
as
w(vo) = {w € Hy;(C) : Aty — +00,v, = (X, y,t,,,up) — w in Hy ; (C)},
contains a stationary solution w.
Theorem 1.2. Ifv = v(x,y,t;v) is a global solution of equation (1.6), and uniformly bounded in the function

space Hg 1(C) with respect to t, then for every sequence t, — oo, there exists a stationary solution w, such that
V()C, Vs In; VO) —win Hg L(C)

Theorem 1.3. If v(x,y,1;v0) is a global solution of equation (1.6), then the global orbit is bounded in H; ; (C),
that is

supfksyl_%le(x,y)Izdxdy < oo.
>0 JC

Theorem 1.4. If v(x,y,t;vy) is a global solution of equation (1.6), then for every g(1 < g < 0),ty > 0, one has
v e LI(Q x {0} X [fg, o0))
and

VIl La@xioyxto,o0p < Cs
where C depends on N, q and ty. Moreover, v(x,y,t;vy) is a classical solution.

We conclude this section with presenting the inequality of fractional Sobolev trace embedding
Hg,(C) c LP(Q x{0p( < p <27) [16, 17, 18]:

Suppose v € H&L(C), then there is a constant C = C(p, N, s, |QQ|) > 0, such that
[v(x,0)ll, < CIMll, 1 < p<2j,ie.

1 1
P 2
( f |v(x,0)|de) gc( f ksyl_zsle(x,y)lzdxdy) . (1.16)
Qx{0} C

And we refer to S as the best constant for the inequality above means that
Jo key' 2V v(x, y)Pdxdy
S =inf =
(foegoy IV, O dlx)

2. PROOF OF THEOREMS

:veH)(C). (1.17)

Before performing the proof of Theorem 1.1, let us first show the following lemma.
Lemma 2.1. Provided there exists ty > 0 such that E(v(ty)) < 0, then function v blows up in finite time.

Proof of Lemma 2.1. There are several methods to prove the finite time blowup of solutions: comparison
method, eigenfunction method, energy method, and concave function method (see [19, 20]) which we adopt here.

1
The proof is by contradiction. Assume that 7' = t;,,x = oo, put f(¢) = 3 fr ; fo[O} v2dxdr, taking derivative

1 1 !
== f Vvidx = |v(t)ll3 + f f wedxdr,
2 Joxoy 2 1 Jax{o}

'@ = f v,dx.
Qx{0}

On the other hand, timing v and then integrating both sides of equation (1.6) in C can also lead to the first and
second derivative of function f(#) as follows

directly gives

] ! ] !
(0 = = Ivto)ll + f f —ksy' | VvPdxdydT + f f vIPdxdn, .1
2 0 Je t Jox{o}
JOE f —kgy 72|\ VvPdxdy + f [v|Pdx, (2.2)
C Qx{0}
Multiplying both sides of the energy inequality (1.11) by p and adding it to (2.2) derives
15
() = (E - 1) f Koy "2 VvPdxdy + p f f Vidxdr - pE(io). 2.3)
2 C 1o JOQx{0})

By the assumption E(v(#y)) < 0, and 12—7 — 1> 0, it follows that

(1‘2) - 1) f ko' "2 VvPdxdy — pE(W(z)) > O, (2.4)
[



for all > #;. Then we get

!
f'(0)>p f f vidxdr, (2.5)
1o JQx{0}

Further applying the Hoider inequality, we have

NW@>\[MﬂWTIW#%M

_2 (f LX vv,dxd'r)
4L o]

ELACRFAOS

Seta = g — 1> 0, from (2.5), it is clear that f”'(¢) > 0, so we have f’(¢) > f'(t;) > f'(ty) for t > t; > 1y, and

J0 = fn) = ftt f@dr > fi(t)t—1) = 0,

as t — oo, and accordingly obtain |
SO > (1 +2a)(f () = f (1))

for ¢ > t;. Therefore, integrating both sides yields

UOW,>U+%%ﬂm—f%Wmﬂ%pﬁw

which implies lim f’(#) = oo, then there is a #, > #;, such that
t—oo

FOf @) > (1 +a)f (1)

J'@ 2 /'@
W (1+2a)(f"(11) = f'(10)) 70

fort > t,.
Let J(f) = f(1)™®, we have J”(f) = —af(t) ™2 ((1 +a)(f'(1)? - f(t)f”(t)) <0 (t > 1p). Clearly, Ilim JH=0
which means there is a #3 > f,, such that J(r) < J(#3) < O for ¢ > 13, then we further have
0<J(@t) <J(t3)+ T (13)(t — 13) > —co(t — ),

a contradiction£Thereby we conclude v blows up in finite time.

Indeed, the equation f(£)f”(f) — (1 + a)(f'(¢))*> > 0 can be rewritten to — (

ro o ro
fm—l (t) f<x+l (0) : ’

integrating both sides with respect to ¢ from O to ¢ gives

J'(®
f(l+1(t)

) > 0, which leads to

1 1 1 o f40) L oo (f 1
EGWYJWJ>Mﬁf“b1—ﬂ©Mr "= Fa0yan”

In the same manner used above, we can carry out the proof of following corollary,
Corollary 2.1. If fc ky' "2 |VvPdxdy — oo when t — tyay, then tma(ve) < 0.
We are now in a position to prove theorems.

Proof of Theorem 1.1 . According to Lemma 2.1, if there is a #y > 0 such that E(v(¢y)) < 0, then function v
blows up in finite time, so v is a global solution implies E(v(¢)) > O for all # > 0. Combining with the energy
inequality (1.11), we have

0 < E(v(?)) < E(vp), (2.6)

f f vidxdr < C < oo, 2.7)
Qx{0

then it can be seen that there is a time sequence {z,} satlsfymg t, — o0 as n — oo, such that

f Ve(X, Y, 1y Vo) dx — 0, (2.8)
Qx{0}

and
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if not, suppose fo{O} Ve (X, Y, by vo)*dx — a # 0, then there would get

f f Vvidxdr = f adt = oo,
0 Jox{o) 0
which contradicts (2.7).

The formula (2.6) and (2.8) indicates E(v,) is bounded and E’(v,) — 0 respectively, which because
dE(V(t
W) _ f koy' "3 Vy - Vvidxdy — f V(O 2vvdx = (E'(v),v;) = — f vidx,
dt c Qx{0) Qx{0}

it follows that {v, : t, — oo} is PS sequence of the stationary equation corresponding to equation (1.6). Further,
we can show that ||v,|| is bounded, namely, there is a constant C < +oo such that

f [Vv,l*dx < C.
C

In view of the weak compactness of reflexive space, that is bounded sequence must has convergent subsequence,
there exists a subsequence of v, (not relabeled) and a function w such that

v, = w, in Hg,(C),

v, = w, in LPQXx{0}) 2<p<2)).

]

Proof of Theorem 1.2 . For every sequence t, — oo, let v, = v(x, y, t,; vp), since {v,} is uniformly bounded under
the norm of H& 1(C), using the same argument as in the proof of Theorem 1.1, there is a subsequence {v,} and a
function w such that
v, = v in Hp,(C),
v, — v in LP(Q x {0}),
v, = v ina.e. Q x {0}.

Now we choose a test function

_ | pt =t )W(x,y), for t>1,,xeQ,
px.y,1) = { 0, for 0<t<t,xeQ, 29)
where ¢ € Hj,(C), p € C2(0, 1), p= 0, [ p(s)ds = 1.
From the Definition 1.1, we have
T T
f fksyl_stv - Vodxdydt + f f (v, - |v|P_2v) wdxdt =0,
0o Jc 0 Jax{o)
plugging the chosen test function back into the above equation gives
1 +1
f [ f —~p(t = 1 )ky' Vv - Vydxdy - f Vit =t )dx + f WP 2vp(t — t,)dx | dt = 0,
ty C Qx{0} Qx{0}
where
t,+1 t,+1
f vip(t = )t = vp(t = )yl - f v/ (¢ = 1)t
I n
1, +1
=- f vo'(t — t,)wdt,
n
which follows from p(0) = p(1) = 0. Then we obtain
f,+1
f [f —p(t — t,)ky' "> Vv - Virdxdy + f (vp’(t — )W+ VIPvp(r - t,l)gb) dx} dt=0.
ty c Qx{0}
Performing a variable substitution ¢ = ¢ — ¢, yields
1
f [ f —p(8)ksy V(1 + 6) - Vipdxdy
0 e (2.10)

+ f (v(tw + 60" OV + [v(ty + &)V (2, + )p(6)) dx] ds =0,
Qx{0}

Owing to the uniform boundedness of v(z, + 6)(0 <6 < 1) in H& 1(C), we can choose the same subsequence of
{t,}, a function ws and w satisfying
[v(t, + 6) = wsllzr@xiopy — O,
Iv(,) — wllzr@xqop — O.



The following is to show that ws = w a.e. in Q X {0}. By the energy inequality (1.11), we know

f f vidxdr < oo, (2.11)
Qx{0

and then employing Holder’s inequality, we acquire

Iy +0
f V(1 + 6) — v(t,)|*dx = f | f vedr|Pdx
Qx{0} Qx{0} Jt,

n

1, +0 % 140 %
< f |( f 12d7) ( f der) P*dx
Qx{0} ty In

1, +0
=5f f [velPdxdr — 0,1, — 00,0 <5 < 1.
t, Qx{0}

Consequently,
v, +6) = vt)llzxiopy — 0,2 — o0

for 0 < 6 < 1, namely, ws equals w a.e. in Q x {0}.
Now rearrange (2.10) to get

1
f [ f —p(&)k,y' V(1) - Vipdxdy + f (v(tn)p’(é)wlvl”2v(tn)p(6)w)dx} dé
0 c Qx{0}
1
- f f koy' =2 (Vv(t, + 6) — V(1)) p(6) - Vivdxdyds
0 C
1
+ f f (Wt + 6) = v(1,)) p/ (S)edxd
0 Qx{0}

1
+ f f (IWP=20(t, + 6) = v 2v(2)) p(O)dxds = 0. (2.12)
Qx{0}

The last three terms of the left side of the above equation approach 0(#, — c0) by Lebesgue dominated convergent
theorem. The second term fol fo[O] v(t,)p' (0)ydxds also approaches 0(#, — o), the reason is that

1 1
f f v(t,)p' (O)Wdxds — f f wp' (OWdxds
0 JOx{o} 0 JOax{0}

1
= f wi f p'(6)dodx = f wip(p(1) = p(0))dx = 0
Qx{0} 0 Qx(0)

Hence we obtain
1
f p(6)ds ( f ky' V(1) - Vipdxdy — |v|"'2v(rn>wdx) = o(1)(n — o).
0 C
Note that fol p(0)do = 1, we are finally led to

f ksy' "2 VW(t) - Vidaxdy — WP v(tgdx = o(1)(n — o),
c
which indicates v(z,,) approaches a solution of stationary equation in the weak sense. )

Before proceeding to prove Theorem 1.3, we first establish several lemmas.

Lemma 2.2. Ifv(x,y,t;vp) is a global solution of the equation (1.6), then for each 0 < A < B, there exists
T=71(A,B) >0, and iffgx{()} [volPdx < A, then as t € [0, T], one has fo[O} [v(x,y,t;vo)Pdx < B.

Proof of Lemma 2.2 . For convenience, denote v(x, y, t; vg) as v. Assume
S(v) ={t>0, fo[O] [v(x,y,t;vo)|Pdx = B} is not empty, set o(vg) = inf S (vp), it suffices to show that there is
7 > 0 such that o(vy) > 7 for every vy satisfying fnxm} [v[Pdx < A. Put the test function ¢ in Definition 1.1 be v*~!,
namely,
f ko' " 2Vy - VP Ddxdy + f (ve = wP2v) v ldx = 0
c Qx{0}

hereby we arrive at

1 d

vdx = — f koy' "2V - V(vPYdxdy + f v 2dx
pdt Qx(0) c x(0)
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4(p-1 )
= - (p2 )fksyl_zxw(v%)ﬁdxdy—i-f v 2dx,
o Qx{0}

p
for almost all ¢ € (0, o). Using Holder’s inequality produces

_ _n_Np-2) N(p=2)
f vzp de = f v2[7 2 2s cY 2 dx
Qx{0} Qx{0}

0 3 2.13
S(f vpdx)p(f vydx)y @.13)
Qx{0} Qx{0}

= [, ) IvCx, O)IIT,

here
_Np-2) , _Np-2) _ Np
2s 2 2s Y N-2s

According to the continuity of fractional Sobolev trace embedding H, (C) C L2(Q x {0}), it follows that

9122])—2

1
p » 2
Iv(x,0)2]l: < C ( f ksy"z“IV(VZ)Izdxdy) :
C

rewriting the above inequality gives

1
Iv(x, 0)ll, < C ( f ksyl‘zslV(vg)Izdxdy) : (2.14)
c
0
The condition p < 5 ensures = < 1, then combine (2.13), (2.14) and Young inequality, we see that
—2s p
d
— vdx < C(B)
dt Jaxo
for almost all ¢ € (0, o), the conclusion follows immediately. O

Lemma 2.3. Ifv(x,y,t;vp) is a global solution of the equation (1.6), and satisfies

liminf [[v(x, y, £; vo)ll, = k < oo,
t—o0

hm Sup ”V(-x7 )’9 t’ VO)”p = 007

=00

then for each B > K, there is a stationary solution w € w(vo), such that |wl|, = B.

Proof of Lemma 2.2 . Select a sequence {t,,} with fo{ol [v(x,y, t,; vo)lPdx = B. By E(v(x, y, ty; v)) < E(vp), it can

easily be seen that fc ksyl‘z‘VIVv(x, Y, s vo)lzdxdy is bounded. And compact trace embedding

Hg’ (O C LP(Q x {0 < p < 2f) indicates that there is a subsequence v(x, y, 1,; vo) (not relabelled), such that
v(x,y,t,;v9) = win LP(Q x {0}), similar to the proof of Theorem 1.2, it can immediately achieve w is a stationary
solution. ]

Lemma 2.4. Suppose v(x,y,t;vy) is a global solution to the equation (1.6), and w € w(vy), then there is a positive
constant K = K(vy), such that fC ko' =2 |Vwlrdxdy < K.

Proof of Lemma 2.2 . We know E(w) < E(vg) from the energy inequality, on account of w € w(vy), namely w is

a stationary solution, we have
f koy' "2 |\VwPdxdy = f IwlPdx,
c Qx{0}

fksyl_ZSIlezdxdy < CE(wp).
C

further we obtain

With the help of the proceeding lemmas, we now can prove Theorem 1.3.

Proof of Theorem 1.3 . Assume

lim supkayl_%Wv(x, vt v0)|2dxdy = 00,
C

—o0

by the energy inequality, we see that
lim sup [[v(x, y, #; vo)ll, = oo,

t—o0
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If [[v(x,y,;vo)ll, — oo when t — oo, then Sobolev trace embedding theorem implies that it contradicts Corollary
2.1. If liminf [[v(x, y, t; vo)ll, is finite, then Lemma 2.3 yields w(vo) contains a stationary solution with arbitrarily
t—o0

large LP(€Q x {0})— norm, however from Sobolev trace embedding theorem, we can derive that it contradicts

Lemma 2.4, which completes the proof.

Proof of Theorem 1.4. As to the L? estimate of solution, we adopt Moser iteration, which has been used to
establish the regularity for the weak solutions of semilinear heat equation with critical exponent and semilinear

elliptic equation with fractional Laplacian respectively [19, 21].

For arbitrary fixed #p > 0 and T > 0, we choose a suitable cut-off function € C*(0, T') satisfying

0<n®<1,te(,7),
00 = 1,1 € [1o.T],
() = 0,1 € [0, ’301,

il < -
nt_t()

Substituting ¢ = v**!'5? (p > 0, to be determined later) for the test function in Definition 1.1 gives

T
f ( f [¢v: = o ~2v| dx + f ksy”fw.wsdxdy)dt: 0.
0 Qx{0} C

Suppose v € L**2(Cr), integrating the first term on the left-hand part of (2.15) by parts leads to

T T
f dvidxdt = f f v 2 dxdt
o Jaxio 0 Jaxio

1 T 5
= 427’ dxdt
20+ 1) fo fo:O}(V Wy dx

1 T 5
=— VP2 dxdt— S f f v 2o, dxdt.
20+ 1) j(; LX{O}( ) Qx{0 i

Concerning the third term on the left-hand part of (2.15), we have the followmg estimates
T
f fksy'_ZSVv VO )dxdydt = f f ko' "3 Vy - VO* Y dxdydt
0o Je

20+ 1 .
— (pp++1)2 f fksy1—23|vvp+l|2n2dxdydt
0 C

1 T
> — f k' 2SIV PP dxdydt.
p+1Jo Je

With regard to the second term on the left-hand part of (2.15), using Holder’s inequality, we arrive at

T
f ovP~Pvdxdt —f f VP20 P2 yd xdt
0 Qx{0} Qx{0}
:f 7 (f V2P 2vdx+f 2p+2vp_2vdx)dt
W2 <M)NQX{(0) VW22 MINQX{0}:= M
2
P

- 2
= Mf f 2’D+2dxdt+ 2(f (an I dx) (f (v2p+2)§dx) dt
Qx{0 M
2

=M f f v 2dxdr + 2( dex) ( f (v"”)de) dt

0 Jax(o) (0]

g -2 a7

1 :

< Mf f n2v2,0+2dxdt + E sup (f Vpdx) f 772 f ksyl_zs|va+1|2dxdydt,

0 Jax(o) S \Um o B

Then by (2.15)—(2.19), we get

T
f f vipdxdt — f f VP2 vepdxdt + f f kyy'"2Vv - Vodxdydt
Qx{0} Qx{0}
V2P, dxdt—— f f V2 n,dxdt
Z(P"'])f LX(OI ax{o i

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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f f ko 2V P dxdydt — M f f 2202 dxdt
p + 1 Qx{0
1 = T
- g sup (f v”dx) f f ko' =2 IV P dxdydt
M 0 C

t

T T d
f f (v2p+2772),dxdt — f el (f v2p+2172dx) dt
0 Jaxio) o dt \Jaxo

:f ZP+2 2dx|[ 0 _f V(X,y, T)2P+2dx,
Qx{0} Qx{0}

1 2
(T) =0.Letting - =1-—, e(M) = Slsupt (f v”dx) Theorem 1.3 implies &(M) is finite.
p

where it follows

from (0) = n
Arranging the above, we see that
1
T 2p+2d s 1-2s va+1 2 2d d dt
2(p+1) v() x+—ffy | I"n”doxdy

f f ninv**dxdt + M f f 222 dxdt
P p+1 Qx{0} Qx{0

+&(M) f f ko' |V PP dxdyd.
0 C

(2.20)

Letpg =0,0; +1 = (0i—1 + 1)(1 + é), i > 1. It’s easy to see that for arbitrary fixed g (1 < g < 00), there is

always a ip such that 2(p;,—1 + 1) < g < 2(p;, + 1) = 2(pjp—1 + (1 + é). Take suitable M to satisfy
M) 1 - 1

e =< —

q 2(pi0—1 + 1)

Then by (2.20), we have

1 1 1\ 7
v(T)2"+2dx+(—+1 ——) f f ko' =2V P dxdydt
q

200 + 1)
f f nin v dxdt + M f f 2V 2 dxdt.
Qx{0 Qx{0

1), n(®) = 0(t € [0, 21), along with Holder’s inequality and Sobolev trace

2(p+1)

And in view of n(¢) = 1(t € [t), T
inequality, we obtain

T
f f V(2p+2)(1+§)n2(1+§)dxdt
1o JQx{0}
’ Q2p+2)(1+1) 2(1+1)
< v P By dxdt
'0 Qx{0

([ L o] ([ [ oy o]
Qx{0 v Jaxio
20+2) 2 ﬁ 20+2) 2\P "
= f f v dxdt f f (v( o+ )17) dxdt
2 Jaxio) 2 Jax(oy
T 5T
< C( f f v(2p+2)n2dxdt] f f ko2 IV Pt dxdydt.
o Jax(o) v Je

Combining (2.21) and || < fi n(t) < 1, we derive
(? _ _)f f Syl 23|va+1|2 zdxdydt
P

(29+2) (2p+2)
ndxdt + M f % ndxdt
fo(P +1 f fgxqo 0 Jax(o)

2

VO 2 dxdt,
(fo(P + 1) )ﬁ) LX{O

2.21)



From the above, it turns out that

T
f f VD) gt
0 Q><[0}
tO(p + 1) (f f 2p+2dxdt] k
a Qx{0
1

p+1 q

T 1+ﬂ
f f v2p+2dxdt) , (2.22)
2 Jax(o)

where C = C(N, s, g, tp).
Plugging p = p;—; back into (2.22),

1 1
T ahas by T P+l
(f f Vz@f|+l)(1+/‘,)dxdt)(”“ Di+p) < C(f f vz(p"“*l)dxdt)ﬂ :
fh JOx(0} 2 Jax{o)

2

T @ T o
(f f Vz(p"”)dxdt) < C(f f vz(""”)dxdt)
o JQx{0} 2 Jax|o)

T ot
<C ( f f 2("°+')dxdt]

o

f f Vidxdt — Cof f V2dxdi(i — o).
Qx{0} Qx{0}

Therefore u € W, (Qw) = Lq([to, 00); W25(Q x {0}) N W, ([19, 00); Ly(Q x {0})) for any 1 < g < oo, where
Qs = Q x {0} X [10, 00), and by the embeddlng of anisotropic spaces [22, 23], it follows that

N+2
u € BUC([ty,); BUC?(2 x {0})), where 0 < y < 2s — Al S, and BUC?(Q x {0}) is the Banach space of

bounded Holder continuous functions of order y on Q x {0} for y € R*\N, while for y € Ny, BUC”(Q x {0}) is the
Banach space of y-times bounded uniformly continuously differentiable functions on Q X {0} (see [23] A.4).
Furthermore, applying the standard bootstrap argument [24] we finally obtain u(x, t) is a classical solution for all
t >ty > 0, which completes the proof of Theorem 1.4.

that is

]
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