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Abstract 
 
This research reports on an image processing technique used to merge Magnetic Resonance 

Imaging (MRI) or Magnetic Resonance Angiography (MRA) with their intensity-curvature 

functional (ICF). Given a two-dimensional MR image, six 2D model polynomial functions were 

fitted to the image, and six ICF images were calculated. The MR image and its ICF were direct 

Fourier transformed. The phase of MR image was estimated pixel-by-pixel as arctangent of ratio 

between imaginary and real components of k-space and is called phase ratio. The phase of ICF is 

the phase of inverse Fourier transformation and is called base phase. The two values of phase 

were summed up and used to reconstruct ICF images through inverse Fourier transformation. 

The reconstructed image is the combination of MR and ICF. Data obtained with T2-MRI and 

MRA indicates that the technique improves vessel detection in T2-MRI and contrast enhances 

T2-MRI and MRA.  

 

Running Head: MRI-ICF Fusion 
 

Keywords: intensity-curvature functional, magnetic resonance imaging, inverse Fourier 
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Introduction 
 
1. Vessels imaging, detection and contrast enhancement through MRI 
 
Human brain vessel imaging is customarily performed using magnetic resonance angiography 

(MRA), magnetic resonance imaging (MRI), computed tomography (CT), ultrasound (US) with 

color Doppler [1], high-resolution intracranial vessel wall MR imaging (IVW-MR imaging), and 

computed tomographic angiography (CTA) [2]. Within the aforementioned array of choices, 

MRA remains the modality which serves as the most important and primary diagnosis tool. MRA 

scans are used to find the first remarkable evidence of pathology and also to elucidate and/or 
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confirm the clinical condition of patients, before investigating further the patient with MRI. 

Indeed, high resolution-MRI is used in combination with T1-weighted [3], T2-weighted 

protocols, proton density imaging and contrast enhanced T1-weighted MRI [1]. T2-weighted 

MRI is also used in combination with susceptibility weighted imaging (SWI) [4]. FLAIR pre and 

post contrast agent injection is used in conjunction with T1 and T2-MRI [5]. In the past fifteen 

years SWI-based MR venography has gained momentum and is now considered as one of the 

leading MR techniques used to image the vasculature of the human brain [6]. On the basis of 

SWI current trends have progressed to calculation of susceptibility maps which is also an 

instrument for the creation of human brain venograms [7, 8]. Human brain vessel detection is 

relevant to relative orientation between vessel and magnetic field and also relevant to vessel 

intrinsic magnetic susceptibility (which determines the MRI signal). Brain magnetic susceptibility 

has been demonstrated to be anisotropic while introducing the computational technique called 

susceptibility tensor imaging (STI) [9]. Feasible ways to enhance vessels detection and contrast 

enhancement in MRI include: 1. Use of contrast agent injection [10]. 2. Use of ultra or very high 

magnetic fields because of enhanced susceptibility effects in the vasculature territory [11], Or like 

SWI: 3. Use of the properties of paramagnetic deoxyhemoglobin which causes contrast between 

the vessels and the surrounding tissues [12].  

 
2. The proposed technique 
 
The intensity-curvature functional is a property of the model polynomial function. An immediate 

application of intensity-curvature functional is re-sampling which yields to the ICF image. The 

ICF image has been proposed as image space and k-space filter in MRI [13-15]. To calculate the 

ICF of the model function requires the model polynomial function to be second order 

differentiable and to have non null sum of second order partial derivatives calculated at the 

origin of the pixel coordinate system. The visual appearance of ICF is high pass filtered signal 

and ICF of T2-weighted MRI of the human brain yields information about the vasculature [13]. 

The motivation of this research is to improve vessels details detection and contrast enhancement 

in Magnetic Resonance of the human brain. Two techniques were chosen among the MR 

spectrum. T2-weighted MRI, which is not indicated for vessels detail detection, and MRA which 

is among the best techniques for vessels imaging. The purpose of this paper is to report a 

technique that merges MR image and ICF image. MR image and its ICF are Fourier transformed. 

The phase of the MR image is calculated pixel-by-pixel as the arctangent of ratio between 

imaginary and real components of k-space and is called phase ratio. The ICF is inverse Fourier 

transformed using as phase the sum of: 1. The phase of MR image (phase ratio), and 2. The 
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phase of ICF. The phase of ICF is the phase of the direct Fourier transformation and is called 

base phase. Merging MR and ICF is determined through reconstruction with inverse Fourier 

transformation of ICF using as phase the sum of base phase and phase ratio. The combination 

MR and ICF is called reconstructed image. This research shows that comparing reconstructed 

image with MR, in either of the two cases: T2-MRI and MRA; an improvement is possible, 

which is vessels details detection and contrast enhancement.   

 
 
Methods and Materials 
 
T2-weighted MRI images were acquired from 10 healthy subjects. An additional MR angiography 

from another subject was included in the study. MRI acquisition was consented and approval 

was obtained from subjects to use the images for research after the administration of written 

consent. MRI images were fitted with six model polynomial functions: 1. Bivariate cubic, 2. 

Bivariate Lagrange (two different functions), 3. Bivariate quadratic B-Spline, 4. Bivariate cubic B-

Spline, 5. Bivariate linear. The mathematics of the model polynomial functions were reported 

elsewhere while describing the intensity-curvature functional calculated from MRI [13-15]. Table 

1 shows the abbreviations used in this manuscript when referring to model polynomial functions 

[13-15].  

 
Model Polynomial 

Function 
Bivariate 

cubic 
Bivariate cubic 

Lagrange 
Bivariate 
quadratic  
B-Spline 

Bivariate 
cubic  

B-Spline 

Bivariate cubic 
Lagrange 

Bivariate 
Linear 

 B32D G42D H32D H42D LGR2D SRE2D 

 
Table 1. The abbreviations of the model polynomial functions.  
 

T2-MRI and MRA images were used to calculate their ICFs (one for each model polynomial 

function) and they were Fourier transformed. The ICFs were also Fourier transformed. The 

inverse Fourier transform used two values of the phase. The base phase which is the phase used 

commonly for Fourier transformations. And, the phase ratio, which was calculated using the 

arctangent of the ratio between imaginary and real components of MR k-space. The inverse 

Fourier transformation of the ICF used the sum of these two values of the phase to accomplish 

to calculate the reconstructed image. The reconstructed image is the combination of MR and 

ICF. Figure 1 illustrates the aforementioned process. 
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Fig. 1 The signal processing technique used to merge MR with ICF of MR. 
 

 T2-MRI reconstructed image:  
merged MR & ICF 

MRA - check for contrast  
enhancement 

reconstructed image:  
merged MR & ICF 

check for improved  
vessel detection  

- 

 
Table 2. The comparisons between images. 
 
As shown in Table 2, the reconstructed image was compared to T2-MRI: 1. to check for 

improved vessel detection and to MRA: 2. to check for contrast enhancement. Note that the 

comparison of the ICF and MRI was reported elsewhere [13, 16]. Table 3 reports the acquisition 

parameters of the MR acquisitions. 

 
Parameters MRI acquisition MRA acquisition 

TE (Time to Echo) 96 msec 6.9 msec 
TR (Repetition Time) 4720 msec 48 msec 
FOV (Field of View) 204 x 250 230 x 230 

pixel matrix size 262 x 320 512 x 512 
# of slices 28 15 

 

Table 3. MRI & MRA acquisition parameters 
 
 
Theory 
 

Let 𝑓(𝑖,   𝑗) be the pixel intensity of  MR image and ICF image. The direct discrete Fourier 

transformation yields the real and imaginary components 𝑅𝑒(𝑖, 𝑗) and 𝐼𝑚(𝑖, 𝑗) of  the k-space 

as: 

 

𝑅𝑒(𝑖, 𝑗) =  ∑ ∑ 𝑓(𝑖,   𝑗) ∙  (cos 𝜑 + sin 𝜑) 
𝑁𝑦

𝑗=0
𝑁𝑥
𝑖=0                     (1) 

 

𝐼𝑚(𝑖, 𝑗) =  ∑ ∑ 𝑓(𝑖,   𝑗) ∙ (− sin 𝜑 +  cos 𝜑)
𝑁𝑦

𝑗=0
𝑁𝑥
𝑖=0          (2) 

 

The base phase is: 

𝜑 =
2.0 𝜋 𝑖 𝑗 

𝑁𝑥𝑁𝑦
                                                                                                                               (3) 

T2-MRI, MRA 

k-space real 

k-space imaginary 

 

ICF / 

k-space real 

 

k-space imaginary 

 

inverse 

Fourier 

transform 

 

reconstructed 

image 

base 
phase 

 

phase 
ratio 
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Where x and y are the spatial coordinates of  the image. 𝑁𝑥, 𝑁𝑦 are the number of  pixels of  the 

image along x and y directions respectively. Let the imaginary and real components of the k-

space of MR be defined by 𝑅𝑒𝑀𝑅 (𝑖, 𝑗) and 𝐼𝑚𝑀𝑅(𝑖, 𝑗) and they are calculated with equations 

(1) and (2) respectively. The phase ratio is 𝜑1: 

 

𝜑1 =
2.0 𝜋 ∙ 𝑎𝑡𝑎𝑛2( 𝐼𝑚𝑀𝑅(𝑖,𝑗),   𝑅𝑒𝑀𝑅 (𝑖,𝑗) )

𝑁𝑥𝑁𝑦
                                                       (4) 

 

The phase ratio is summed to the base phase 𝜑. The sum is the phase 𝜔 as per equation (5). 

 

𝜔 =  𝜑 + 𝜑1             (5) 
 

𝜔  is used to inverse Fourier transform the combination of  MR and ICF which is indicated in 

equations (6) and (7). 𝜔 varies on a pixel-by-pixel basis. Let 𝑅𝑒𝐼𝐶𝐹 (𝑖, 𝑗) and 𝐼𝑚𝐼𝐶𝐹 (𝑖, 𝑗) be the 

real and imaginary components of  the k-space of  the ICF calculated with the direct discrete 

Fourier transformation as per equations (1) and (2). The real and imaginary components of  the 

reconstructed image are: 

 

𝑅𝑒𝑎𝑙(𝑖, 𝑗) =  ∑ ∑ 𝑅𝑒𝐼𝐶𝐹 (𝑖, 𝑗) ∙ (cos 𝜔 + sin 𝜔) 
𝑁𝑦

𝑗=0
𝑁𝑥
𝑖=0                                                    (6)  

 

𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦(𝑖, 𝑗) =  ∑ ∑ 𝐼𝑚𝐼𝐶𝐹 (𝑖, 𝑗) ∙ ( − sin 𝜔 +  cos 𝜔) 
𝑁𝑦

𝑗=0
𝑁𝑥
𝑖=0                                        (7) 

 

𝑔(𝑖,   𝑗) =  √𝑅𝑒𝑎𝑙(𝑖, 𝑗)2 + 𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦(𝑖, 𝑗)2                                                                (8)                                                                           

 

The coefficients (cos 𝜔 + sin 𝜔) and ( − sin 𝜔 +  cos 𝜔) embed the characteristics of  the k-

space of  MR. The result of  inverse Fourier transform is reconstructed image pixel 𝑔(𝑖,   𝑗) as 

per equation (8).  

 
 
Results 
 
1. The need of the base phase 
 
Figure 2 illustrates the need of the base phase for the implementation of the signal processing 

technique reported in this paper. The base phase is presented in (C) and (C1) and its k-space is 

shown in (H) and (H1) respectively. The phase of images in (A) and (A1) is calculated as ratio of 

imaginary and real components of the k-space and is presented in (D) and (D1).  
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Fig. 2 Rectangle image in (A) and MRA in (A1). ICF calculated with the SRE2D model 

polynomial in (B) and (B1). Base phase in (C) and (C1). (D) and (D1) Phase as ratio of imaginary 

and real components of the k-space of (A) and (A1). (E) is the sum of (C) and (D), (E1) is the 

sum of (C1) and (D1). (F) and (F1) k-space magnitude of (A) and (A1). (G) and (G1) k-space 

magnitude of (B) and (B1). (H) and (H1) k-space magnitude of (C) and (C1). (I) and (I1) 

reconstructed image making no use of the base phase. (J) and (J1) reconstructed image making 

use of the phase sum ((C) plus (D), for (J); and (C1) plus (D1), for (J1)).    

 
 
As shown in (I) and (I1), the inverse Fourier transformation fails if base phase is not used for 

signal reconstruction. When the base phase is summed to phase ratio as displayed in (E) and 

(E1), the inverse Fourier transformation is successful and the reconstructed signal is shown in (J) 

and (J1). Clearly the ICF seen in (B) and (B1) is not the same as the reconstructed signal shown 

in (J) and (J1), which is combination of signal (see (A) and (A1)) and ICF of signal (see (B) and 

(B1)). Note that numerical value of base phase is considerably smaller than numerical value of 

phase ratio and so the images in (D) and (E) appear very similar. Likewise for (D1) and (E1).   

 
 
2. The reconstructed image versus ICF and MR 
 
Figures 3 and 4 present the evidence that there is an advantage of the reconstructed image 

(merge of MR and ICF) versus MR. The reconstructed images display more richness of details in 

reference to the vessels and also contrast enhancement versus MR. This is a recurring occurrence 

and this evidence is presented in support of the significance of the proposed image processing 

technique.  

A B D E 

F G H I J 

C 

A1 B1 D1 E1 C1 

F1 G1 I1 J1 H1

1 
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Fig. 3 T2-MRI in (A). ICF calculated with H42D in (B). (C) Reconstructed image through 

inverse Fourier transform of (A) and (B). (D) Difference image between (B) and (C).  

 
Figure 3 shows T2-weighted MRI (see (A)), and reconstructed image obtained through inverse 

Fourier transformation of the combination of MR and ICF (see (B)). The reconstructed image 

presents details of the vessel structures yet discernible in T2-MRI. Moreover, reconstructed 

image show improved vessels details detection and contrast enhancement when compared to 

MR in (A). 

 

 
               

Fig. 4 T2-MRI in (A). (B) Inverse Fourier transformed k-space merge of (A) and SRE2D ICF of 

(A). (C) Inverse Fourier transformed k-space merge of (A) and H42D ICF of (A). SRE2D ICF is 

calculated fitting MRI with SRE2D. H42D ICF is calculated fitting MRI with H42D. The images 

in (C) and (D) improve vessels details detection versus the MR image and also contrast enhance 

the vessels discernible in the T2-MRI. 

 

 

 

 

 
 

A B C 

A 

C 

B D 

D 
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Fig. 5 Magnetic Resonance Angiography (MRA) in (A). G42D ICF merged with MRA in (B), 

H32D ICF merged with MRA in (C), LGR2D ICF merged with MRA in (D). k-space of the 

images in (A) through (D) is labelled (A1) through (D1). 

 
Figure 5 presents results of obtained using MRA (see (A)) as departing image. Sharpening, 

increases the contrast and so it makes vessels more perceptible versus the background signal 

(compare for instance (B), (C), (D) with (A)). As result, the reconstructed images provide 

different brightness contrast enhancement when compared to MRA. This aspect confirms what 

already seen for T2-MRI in Figures 3 and 4. Finally, k-space images in Figure 5 provide 

qualitative account of the reconstructed images. The similarities of results obtainable through 

ICF and reconstructed image is illustrated in Figure 6 where an MRA case is analyzed. Figure 6 

looks at the similarities of ICF and reconstructed image from two perspectives: image and image 

edge finding properties. The image edge finding properties are displayed for MRA in (D), ICF in 

(E) and reconstructed image in (F). 

 
 

  

 
 

Fig 6 MRA in (A). ICF calculated with B32D in (B). (C) Reconstructed image obtained merging 

(A) and (B). First order derivative images of (A), (B) and (C) are presented as edge finders in (D), 

(E) and (F), respectively. The first order derivatives were calculated using the bivariate linear 

model function SRE2D [17].  

A B C 

D E F 

A B 

C 

B1 

C1 

A1 

D D1 
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Fig. 7 T2-MRI in (a). Phase ratio of T2-MRI in (b). (c) Real component of k-space of (b). (d) 

Imaginary component of k-space of (b). Reconstructed T2-MRI in (e). (g) ICF of T2-MRI 

calculated with SRE2D model polynomial function. (h) Phase ratio of ICF. (i) Real component 

of k-space of (h). (j) Imaginary component of k-space of (h). The image in (e) results from the 

inverse Fourier transformation of the sum of k-space of T2-MRI and k-space of phase ratio.  

The image in (k) results from the inverse Fourier transformation of the sum of k-space of ICF 

and k-space of phase ratio. The image in (f) is difference between T2-MRI (a) and reconstructed 

T2-MRI (e). The image in (l) is difference between ICF of T2-MRI (see (g)) and reconstructed 

ICF of T2-MRI (see (k)). 

 

To ascertain the meaning of phase ratio and to validate its use in the image processing technique 

proposed in this paper, Figure 7 shows in (b) phase ratio of T2-MRI (see (a)), k-space real and 

imaginary components of phase ratio in (c) and (d) respectively. Figure 7 also shows in (e) T2-

MRI reconstructed inverse Fourier transforming the sum of k-space of T2-MRI and k-space of 

phase ratio. The image in (f) is difference between images in (a) and (e) and such difference gives 

meaning to phase ratio. Figure 7 also shows ICF of T2-MRI in (g), phase ratio of ICF in (h), k-

space real and imaginary components of phase ratio in (i) and (j). Figure 7 finally shows in (k) 

ICF reconstructed inverse Fourier transforming the sum of k-space of ICF and k-space of the 

phase ratio. Note the difference between (l) and (g), (k), and this difference validate the use of 

phase ratio in the here proposed image processing technique. The image in (l) is difference 

between images in (g) and (k).  

 

A B 

C D 

E F 

G H 

I J 

K L 
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In summary, phase ratio embeds vessel information which is used inverse Fourier transforming 

the sum of k-space of ICF and k-space of phase ratio, so to obtain images like (k). The 

difference image in (l) reveals that ICF and reconstructed ICF are not equal. 

 
Discussion and Conclusion 
 
1. The image processing technique 

The present research relates to vessel imaging, it looks at the computational aspect and is 

motivated by recent developments [13-16], which indicate intensity-curvature functional of MR 

images as filtering technique able to achieve vessel detection and contrast enhancement. Hence, 

this paper proposes a novel fully computational technique which explores the combination of 

MR images with ICF images. The technique is based on inverse Fourier transformation of k-

space of ICF using as phase the sum of base phase and phase ratio. The base phase is the phase 

used normally when direct or inverse Fourier transforming the image. The phase ratio is the 

arctangent of the ratio between imaginary and real component of the k-space of the MR image. 

The phase ratio is thus the numerical parameter used to merge k-space of ICF with k-space of 

MR. Reconstructed images are similar to ICF and when compared to the departing MR offer 

level of detail of the vessel structures that are not overtly observable in T2-MRI. Moreover, the 

contrast enhancement offered by reconstructed images is additive to the invaluable information 

already provided by MRA. As recently reported, the ICF was used as k-space filter [13, 16] 

subtracting the k-space of the ICF from the k-space of MR, and inverse Fourier transforming 

back the subtraction signal. In this paper a new approach is undertaken. The approach takes into 

account MR through a measure (phase ratio) and embeds this measure into formulation (see 

equations (6), (7)) merging k-space of ICF and k-space of MR. 

 

2. Novel contribution 

The contribution of this paper to the state of the art is two folded. One is the computational 

technique used to reconstruct ICF after fusing it with the k-space of MR data. The other one is 

to be able to extract, visualize and contrast enhance vessels imaged with T2-weighted MRI. T2-

weighted MRI is not indicated for vessel imaging, and in this context, the paper proposes a 

technique able to improve vessels detail detection in T2-MRI. This aspect is not reported 

elsewhere and it is thus the main novelty of this research versus recent developments [13-16]. 

Moreover, this research makes a neat progress versus the inverse Fourier transformation 

procedure reported earlier [14]. The present technique consists of merging two images in k-space 

using phase (see Fig. 1), while previous research [14] inverse Fourier Transform the difference 
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between k-space of MRI and k-space of intensity-curvature-term (compare Fig. 1 with Table 3 in 

[14]). In other words, the present technique encodes MRI phase (called phase ratio) into ICF 

phase (called base phase) and inverse Fourier transforms into reconstructed ICF (which embeds 

MRI information in it), thus fusing ICF and MR image. The reproducibility of results of the 

present technique is assured by rigorous mathematical methodology adopted for Fourier based 

signal reconstruction and using calculus for ICF calculation. 

 

3. Context and literature  

The context of this research is human brain vessels imaging, which is nowadays performed with 

a combination of large arrays of MR based imaging techniques. In fact, recent trends in research 

and the parallel introduction of high and ultrahigh field MR scanners indicate intracranial vessel 

wall MR imaging to be among the most promising technique both in research and diagnostic 

settings [18, 19]. Hence, relevant literature is: 1. High-resolution intracranial vessel wall MR 

imaging (IVW-MR imaging) [2, 3, 18, 19]. And 2. Susceptibility mapping [7, 8].  

 

Within the context of IVW-MR imaging the correlation with the present research is the use of 

T2-weighted MRI [19]. The image reconstruction technique proposed here allows improved 

(versus T2-MRI) vessels detection and contrast enhancement. In short, it is here proposed that 

the task of vessel visualization through T2-weighted MRI can be enhanced through image 

processing. The aforementioned task is not easy to achieve through the sole use of T2-MRI. 

Indeed, the reconstructed image and the ICF are pivotal to the aim of improving vessel detection 

in T2-MRI. Moreover, it is relevant to report that IVW-MR imaging requires 3T or ultra-high-

field (UHF) MRI scanners [20], while the proposed image processing technique can be used on 

MR acquired at low magnetic fields. 

 

Within the context of susceptibility mapping the technique here proposed does not make use of 

maximum intensity projections (MIPs), neither minimum intensity projections (mIPs) [7] and it 

works with a single 2D MR image. MIPs and mIPs are effective in displaying contiguous veins, 

however, they introduce approximations. The approximations are determined because only the 

hypodense structures are displayed by mIPs and only the hyper dense structures are displayed by 

MIPs. Hence, to create 3D maps of the veins of the brain it may be preferred to work with one 

2D image slice at time, likewise indicated by this research. Moreover, as recent research suggests, 

susceptibility mapping algorithms suffers from the diversity of solutions implemented to solve 

the field-to-source inverse problem, which is related to accurate estimation of the susceptibility 
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from MRI phase data [21]. On the other hand, the present research uses MR data to enforce 

high pass filtering, which is indeed: 1. The effect of calculation of ICF on MR image. And, 2. 

The effect of reconstructed image after fusing ICF with MR. High pass filtering might be 

suffering though of artefactual peaks (false “ripples”) in the signal-image or by insufficient 

background removal. This happens for instance when high pass filtering phase images to be used 

in SWI [22]. 

 

4. Conclusion  

It is possible through use of ICF and reconstructed image to improve vessels detail detection in 

T2-MRI and to make contrast enhancement in T2-MRI and MRA. Cautiously, it needs to be 

reminded that high pass filtering characteristics of ICF remains competitive when compared to 

high pass filtering obtained through the reconstructed image, and the two of them are quite 

similar. A good use of ICF and reconstructed image is the two of them together versus one 

preferred to the other one. 
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