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1 Introduction

Let Q be a nonempty bounded open set of the real Euclidean space RY (N > 2) with C'-boundary 952, consider
the multiple solutions for the following quasilinear Schrodinger elliptic equation with the p-Laplacian and non-

square diffusion term

(1.1)

— Apu+ V(@) |ulP~ u — Ap(Ju?*)|u**2u = Af(z,u), in Q,
u =0, on 0F,

where Apu = div(|VulP=2Vu), N < p < 2a, A > 0 is a parameter, f: Q x R — R is a continuous function.
The equation (1.1) involves a quasilinear and nonconvex diffusion term A, (|u|?>®) [u?**~2u, so in the litera-
ture it is referred as so-called modified nonlinear Schrédinger equation. For the case p = 2, the solution of (1.1)

is related to standing wave solutions of the following quasilinear Schrodinger equation
ize + Nz —w(x)z + kAW 2*)R (|21*)2 + g(x, 2) =0, © € R™, (1.2)

where z : RxR™ — C, w: R™ — R is a given potential, h and g are real functions, k is a real constant. Putting
2(t,x) = e~ Ptu(z) in (1.2), where 3 € R and u(z) > 0 is a real function, then the quasilinear equation (1.2)

reduces to the following modified ellipic form
— Au+V(2)u — kAh(Jul®*))W (u*)u = f(z,u), z € R™ (1.3)
If h(s) = s, then (1.3) turns into a superfluid film equation in plasma physics
— Au+V(z)u — kAW u = f(z,u), z € R™. (1.4)
Kurihara [1] used this equation to model the time evolution of the condensate wave function in superfluid film.

Moreover, if h(s) = (1 + s)2, the equation (1.3) is transformed to the following elliptic form
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which is a model of the self-channeling of a high-power ultrashort laser in matter [2, 3].

Many mathematical methods such as dual approach [1-9], iterative techniques [10-15], fixed point theorem
[16—19], variational methods [20-27] have been employed to solve the various differential equations. In particalr,
by using a constrained minimization argument, Poppenberg et al [26] established the existence of positive ground
state solution for quasilinear Schrédinger equation (1.4). Colin and Jeanjean [1], Jodo Marcos and Severo [27]
studied the existence of positive solutions for (1.4) by the change of variables. The Nehari method and the
symmetric mountain pass lemma were also used to establish the existence of solutions in [28-30]. In [31], Liu

et al. studied the following quasilinear Schrodinger equation
— Au+V(@)u — A(Jul*)|ul>*%u = AuP~tu, = eRY, (1.6)

where A > 0,da<p+1< f‘\,“—f\g, a> %7 V € C(RY) and
(V) There exists V > 0 such that V(z) > Vp in RY. Moreover, V(z) — oo as |x| — 0o, or more generally,
for every M > 0, meas(x € RN : V(x) < M) < oo, in which “meas” denotes the Lebesgue measure in RY.

The condition (V) is an essential assumption which guarantees that the embedding £ < L*(R") is compact

for2 <s< %7 where

E= {u € WH2(RY) . V(2)|u?dz < oo}

RN

is a subspace of W12(RY) with the norm

lulle = ([ (192 + V@) u?)ae)

Clearly, the assumptions ({7) fails to hold for a general continuous and bounded function. Thus if the potential
V (z) fails to satisfy (V), whether the multiple solutions of problem (1.6) still exist or not? In order to answer
this question, in this paper, we investigate the more general modified nonlinear Schrédinger equation (1.1)
and get a positive answer, i.e., if the potential V' (z) is a general continuous and bounded function, then there
exist the multiple solutions to the quasilinear Schrodinger elliptic equation with the p-Laplacian and non-square
diffusion term (1.1) under suitable growth conditions.

The rest of this paper is organized as follows. In Section 2, with help of a change of variables, we set up the
variational framework for problem (1.1) and give some lemmas of the functional associated with problem (1.1).

In Section 3 and Section 4, by using Riccer’s critical point theorem, we give the proof of main results.

2 Dual approach

Let E = W1P(Q) (p > 1) be the Sobolev spaces with the norm

Jull = ([ (v + V<x>|u|pdx);

We focus on the existence of nontrivial weak solutions of problem (1.1). A function w is called a weak solution
of the problem (1.1) if u € WyP(Q) and for any ¢ € C5°(R), one has

/ [(1+ @)~ ul 2209 | Va2 VT + (20)7 7! (20 = D]ul ™D "2u|Vul?p| de
Q

:—/ V(x)|u|p_2u<pdx—|—/\/ F(z,u)dz,
Q Q



where F(z,u) fo f(t,€)d¢. But we notice that the natural functional of problem (1.1)

1) =5 [ [0+ oy wup ] [ Vialpds = | Pwds

p

may not be well defined and not Gateaux differentiable in the corresponding Sobolev space E.

Thus inspired by [32], we define a function h by

! t>
YT+ oy hppes D (2.1)
h(0) = 0, h(—):—h(), t<0.

h(t) =

Let u = h(v), then
J(w)=1(h(v)) = %/Q |VolP + V(z)|h(v)|Pdx — )\/QF(x,h(v))dx.

Moreover the corresponding energy functional J(v) is well defined on W1 (Q). Since C§°() is dense in WP (Q),
if v € WLP(Q) is a critical point of the functional J, i.e, for any ¢ € WP(Q),

(J'(v), ) = 1/ [Vo[P2VuVep + V(@) |h(v) P2 h(0)l (v) pdz

— )\/ f(z, h(v))h' (v)edz,
then v is a weak solution of the equation
— Apv = =V (2)|h(v)[P2h(v)R (v) + Af(z, h(v))W (v), =€ Q. (2.2)

Thus, from (2.1) and (2.2), it is easy to know that u = h(v) is a weak solution of the problem (1.1). In the
result, it is sufficient to consider the existence of solutions of (2.2) in WP ().

The following lemma can be found in [28]:

Lemma 1. The function h(t) enjoys the following properties:

(h1) h € C? is uniquely defined, odd, increasing and and invertible in R.
(ha) 0 < W' (t) <1,Vt €R.

(h3) |h(t)] < |t],Vt € R.

(hy) limy_yq (t) =1.

(hs) |h( )| < (Qa)z%a\ﬂﬁ,w ER.
(he) ™52

(h7)

(hs)

he) MO < ath’(t) < ah(t),Vt >0, ah(t) < ath(t)] < M0 vt <o.
hy there exists a € (0, (2a)2r%w] such that h(t)t™2s — a ast — 400 .
hg) there exists by > 0 such that
bolt, if [t <1,
h(t)] > L .
bo|t‘2f17 if |t| > 1,

(hy) for each T > 0, there exists x(7) =m if T=m and x(7) =m+1if T € (m,m+1), m € N such that
|h(rt)| < x(7)|h(t)], Vte R.

(h1o) $h2(t) < ath/(t)h(t) < ah®(t) for all t € R.



Notice that p > N, WhP(Q) — C(€) is compact. Thus there exists a positive constant ¢ > 0 such that
lulloo < cllull, Vue WHP(Q), (2.3)

where [[uloc = sup, g [u(a)!
Different from [29-31], the following assumption on potential is adopted in this paper:

(V) V € C(Q) and there exist two constants Vp, V7 > 0 such that

Vo<V(x) <V, zef

Now define two functionals ®, ¥ : £ — R as follows:

ﬁw:%AOWW+WMWM%M,

S
~
<
S~—
I

7/ F(z, h(v))dz.
Q
For any v, w € E, we have ®, ¥ € C*(E,R) and

(@' (v),w) = / (IVoP~2VoVw + V (2)|h(v)[P~2h(v)} (v)w) dz,

Q
W(e)w) = [ fa bW (o)wds.
Q

Lemma 2. For fized r > 0 with ®(v) < r,v € E, then there exists a constant o > 0 independent of r such that
(v) > olfe]”. (2.4)

Proof. Let v # 0, otherwise, the conclusion holds. In the following, we argue by contradiction to prove (2.4).

Suppose that there exists a sequence {v, } C F satisfying v, # 0 for all n € N such that

Vet [ VY
Q

o [lon]lP [lon [P

dx — 0, as n — oo. (2.5)

Set wy, = =y, then ||wn|| = 1. Noticing that the compactness of embedding F < L* for s € [1,+00), up to a

subsequence, we have w,(x) = w(z) in E, w,(x) = w(z) in L*(Q) for s € [1,400) and w,(z) = w(z) a.e on
Q. Tt follows from (2.5) that

P
/ |Vw, [Pdz — 0, / Mdm — 0, / V(z)wkdx — 1. (2.6)
Q o llvall? Q

We assert that for any ¢ > 0, there exists a constant 7 > 0 independent of n such that meas(B,) < e, where
meas(-) denotes the standard Lebesgue measure and B,, = {x € Q: |v,| > 7}.
In fact, if not, there exists eg > 0 such that meas(A,) > g, where A,, = {z € Q : |v,| > n}. By (hs) and

the Fatou Lemma, we get

[ (Vo + V@I de = [ Vi), pds
Q Q

> / Vobo\vn|%dx > VobgnZaey — +00, as n — 0.
Q



The above fact contradicts with the boundedness of ®({v,}). Therefore the above conclusion is valid.
Next it follows from the Holder inequality and the Sobolev embedding theorem that there exists e small
enough such that

/ V(z)wldx < [Vlmeas(Bn)]pr%szan, < [Vlmeas(Bn)]%HwnHz
B’n

) (2.8)
-2
< 018 r < - Vn,
4
where C is a constant which is independent of ¢.
On the other hand, noticing that if |v,(z)| < 7, then
@) _
T
by (hg), we have
(x o 22 (2)]
) 2.9
\ (™ )|z &
Thus it follows from (hg) of Lemma 1, (2.9 ) that
|M|p
/ x)whdr = / dx = 'rp/ V(z)7—dz
O\B., anllp o\B, [onll?
B2 [P
< <T) (x)de
b O\B,, |[vn [P (2.10)
h(vp) |P
<y < > ( ) V(w)&dx
bo Q\B, |[on| [P
as n — o0o.
Combining (2.8) and (2.10), one has
1
/ V(z)whdx = / V(z)wPdx —I—/ V(z)wkdx < = + o(1),
Q By, Q\B" 4
which implies that 1 < 4, a contradiction. So the proof is completed. [

Lemma 3. Assume that V(x) satisfies (V), then ®' is coercive, hemicontinuous and uniformly monotone.
Proof. Firstly, by (h4) and (h7) of Lemma 2.1, we have
h(t)|P h(t)|P
o PO P _

t—0 tP t—oo  t3a

which implies that for any sufficiently small € > 0, there exists a constant C. > 0 such that
|h(t)|P > (1 — e)tP — Cct?a, t € (0, +00). (2.11)
On the other hand, for any v € E with ||v|| > 1, (h10) of Lemma 1 and (2.11) yield
(@' (v),0) _ Jo (V0" + V(2)|h(v)[P~2h(v) M (v)v) da

ol |[vl|
Jo (IVU]P +V(2)|h(v)[?) dz
2al|v]|
Jo (|Vv|p +V(z)[(1—e)? — Cev%]) d:r'

2alfv|

(2.12)

>
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Notice that E — L? for s € [p,p*) is continuous, then for any v € F with ||v|| > 1, choose sufficiently small &
such that

P 1 P
/ (\vvv’ FV(2)[(1 - )P — C’evﬁ]) dz > = |[v|]P — cgvl/ v dy
Q 2 Q

) : (2.13)
L = =~ 2
> lbll? — CVAIP= ol > Sl — ool %
It follows from N < p < 2a, N > 2, (2.12) and (2.13) that
!
A (2.14)

l[ol|[=oo  [[v]|

which implies that @' is coercive. The fact that @’ is hemicontinuous can be verified using standard arguments.
In addition, with the help of Theorem 26 (A) in [? | as well as, J(v) = I(h(v)) and the inequality

(|€|p_2§ - |,]7|p—277) : (é- - 77) > Cp|£ - n‘p7 p > 27cp > 07 Vﬁﬂ? € RN7

we know that @’ exists and is continuous. [

3 The existence of three solutions

In this section, we show the existence of three solutions of (1.1), the main tool used for analysis is the Riccer’s

critical point theorem [33, 34], which is given below for reader’s convenience.

Lemma 4. Let E be a separable and reflexive real Banach space, ® : E — R be a continuously Gateaux differ-
entiable and sequentially weakly lower semicontinuous functional whose Gateaux derivative admits a continuous
inverse on E*, and ¥ : X — R be a continuously Gateaux differentiable functional whose Gateauz derivative is
compact. Assume that
(i)
lim (®(z) + A¥(2)) = +o0

[|u|] =400
for all A € (0, +00),
Further, assume that there are r > 0, 29,21 € E such that
(it) ®(z0) <7 < D(21),
bt (e o (PG = UG+ (= B0 U ()
u€P~1((—o0,1)) D(z1) — ¥U(2)

Then, there exist an open interval A C (0,00) and a positive real number p such that for each A\ € A, the
equation
D' (2) + AV (2) =0

has at least three solutions in E, whose norms are less than p.

Before stating our main results, we firstly denote two constants,

1
po ’ Vi)’

where ¢, Vp, V1 and ¢ are defined by (2.3), (V) and Lemma 1, || is the Lebesgue measure of 2. And then some

assumptions on F'(x, s) to be used are also list below:



(F1) there exist a function a(z) € L*(Q) and 0 < o < p such that

Fa,s) < a(z)(1 4+ s]7)
for all (x,s) € Q x R.
(F2) F(z,0) =0 for any = € Q.

(F3) there exists tg € R with |tg| > 1 such that

T, t
sup F(z,2) < fQ 0)
(.12 €Qx[0,k] Itolp

Now we state our main result here.

Theorem 3.1. Suppose (V) and (F1)-(F3) hold. Then there exist an open interval A C (0,00) and a positive
real number p > 0 such that for any X\ € A, the quasilinear elliptic equation (1.1) has at least three weak solutions
whose norms are less than p.

Proof. By the definitions of ® and ¥, we know that ¥’ is compact and ® is weakly lower semi-continuous.
Further from Lemma 3, we know that (®')~! is well defined and continuous. Now we show that the hypotheses
of Lemma 4 are fulfilled.

It follows from (F1),(2.2) and (2.12)-(2.13) that, for any A > 0,

1 Cooe )
P(2) + AU (2) = %IIZII”— - 21z = Acllallza[[2]]” = Allallz:, Vz € E.

Since 0 < 0 < p < 2a, we have
lim (®(z) + A¥(2)) = o0

[[v][—=o00
and (i) is verified.
Now let zg = 0, 21 = so = h™*(to), |to| > 1, then [to] = |h(s)|. We denote r = I%VO|Q|, then

B(z) = / V(@) h(so)[Pdz > V0|Q||h(so)|p > VO|Q| 0= B(x).

Thus, (ii) of Lemma 4 is satisfied.
On the other hand, from (F2) and (F3), we get [, F(z,to)dz > 0 and

_ (@(z1) = 7)¥(20) + (r = (20)) ¥ (21)

)

_ pr o Fa, h(so))da
— Jo V(@)|h(so)|Pdz
_pr Jo F(z,to)dx
fQ x)|to|Pdx
r fQ F(x,ty)dz

— |QValtolP

W Jo F(x,to)dx

WV [tolP '

(3.1)
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Next we focus our attention on the case when v € F with ®(v) <r. By (2.2) and (2.3), we have

P> 0(0) > olloll” > g<'”'c'°°) , (3.2)

B =

1
which implies that |v(z)| < ¢ (l) "=c (VO‘Q|> =k, V€ Q. The above inequality and (h3) of Lemma 2.1

o pe
yield
— inf U(v) = su V(v
veP~1((—o0,r]) ) U€¢71((Iiooﬂr]) ( )
S/ sup F(z,h(v))dz
Q [v]€[0,k]
<10 s F(o k) (3.3)
(z,|v])€Qx[0,k]
<19 sup F(z,h(v))

(z,|h(v)])€x[0,K]

= |Q sup F(z,z).
(z,]z])€Qx[0,k]

From (3.1),(3.3) and (F3), it is easy to get that the (iii) of Lemma 4 holds.
Thus all the hypotheses of Lemma 4 are satisfied, and hence according to Lemma 4, there exist an open
interval A C (0,00) and a positive real number p > 0 such that for any A € A, the quasilinear elliptic equation

(1.1) has at least three weak solutions whose norms are less than p.

Theorem 3.2. Assume (V) and (F1)-(F2) and the following condition hold:

(F3) there exists a constant M > 0 such that F(x,z) <0, (x,|z|) € Q x [0, M] and lim,|_,o F(z,2) > 0 for
x € Q uniformly holds.

Then there exist an open interval A C (0,00) and a positive real number p > 0 such that for any A € A, the

quasilinear elliptic equation (1.1) has at least three weak solutions whose norms are less than p.

Proof. By (F1), similar as the proof of Theorem 3.1, it is easy to know that the hypotheses (i) of Lemma 4
holds. Thus we only need to verify the hypotheses (ii) and (iii). In fact, it follows from (F) that, for any = € €,

M po b
t 1, —
°'>ma"{ i (vom) }

such that F(x,tg) > 0. We take 29 = 0,27 = so = h™!(to), then 1 < |to| = |h(s0)|. Denote r = o (%)p, we have

there exists a sufficiently large

1 1
B = /Q V@)lh(s0)Pds = - Val9tol

>Q<M)p=7">0=<1)(zo).

c

Thus, (ii) of Lemma 4 is satisfied.



On the other hand, from (F32) and (F%), we have

(@(21) — 1)¥(20
(P(Zl

)+ (r — ®(20)) ¥ (1)
)
v

— U(20)
z1)
P(21)
_ pr o F(@, h(so))da
Jo V(@)[h(s0)|Pd (3.4)
F(
)

—~

=—r

_ pr o Fa, to)dx
fQ |t0|pd1'

()fQ (z,t0)d

- A
> 0.

Moreover, for ®(v) <r, v € F, by (2.3) and Lemma 2, we have

o(@)] < [[o]loe < ellol] < ¢ (‘D;))

1
<c<r> =M, Vze.
0
The above inequality and (hg) of Lemma 1 show that
— inf U(v) = sup —U(v
vEP~1((—o0,M]) ®) ved—1((—o0,r]) @)

< sup F(z,h(v))dx

Q |v|€[0,M]
<9 sup  F(x,h(v))
(z,|v])€Qx[0,M] (35)
< |9 sup F(z,h(v))

(z,|h(v)])€Qx[0,M]

= 19| sup  F(z,z)
(z,|z])€Qx[0,M]

<0.

(3.3) and (3.5) show that the (iii) of Lemma 4 holds.

According to Lemma 4, the conclusion of Theorem 3.2 also holds. O

4 The existence of infinitely many solutions

In this section, we use an infinitely many critical points theorem to obtain the multiple solutions result of the
problem (1.1).

Let E be a reflexive real Banach space, ® : E — R be a (strongly) continuous, coercive sequentially weakly
lower semi- continuous and Gateaux differentiable functional, ¥ : F — R be a sequentially weakly upper

semicontinuous and Gateaux differentiable functional.
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For all r > infg @, let

(Supze'@*l((foo,r)) ‘I’(Z)> —¥(z)

inf
ZG@*ll(szoo,r)) r—®(z)

)

and
= lim inf 0 = liminf .
v = liminf o(r), i inf o(r)
Lemma 5. [35] Suppose E, @,V satisfy the above assumptions, then the following conclusions hold:

(a) If v < 400 then, for each A € (0, %), the following alternative holds: either the functional ® — AU
has a global minimum, or there exists a sequence {z,} of critical points (local minima) of ® — AV such that
limy, s 00 P(2,) = 400.

(b) If 6 < 400 then, for each A € (0, %), the following alternative holds: either there exists a global minimum
of ® which is a local minimum of ® — AU, or there exists a sequence {z,} of pairwise distinct critical points

(local minima) of ® — AV, with lim,,_, 1 o P(2,) = infg ®, which weakly converges to a global minimum of ®.

Suppose f: Q x R — Rt is continuous and denote

max <, F(x,t)dz F(x,r)dx
[ = liminf fQ ltl< () , L =limsup fﬁ(i)
K—>+00 KP K400 wP

We state the result of the multiple solutions as follows:

Theorem 4.1. Assume that and

l PO
L= v

hold. Then for any
Qo )
pL 7 cPl

Ae(
the quasilinear elliptic equation (1.1) has an unbounded sequence of weak solutions in WP (Q).
Proof. Firstly, for any v € E, define

1 P P dx v) = x. h(v))dzx
<I><v>=];/ﬂ<|w| V@) )P dz, D) /QF< h(v))de.

Then @ : £ — R is a continuous, coercive sequentially weakly lower semi-continuous and Gateaux differentiable

functional, ¥ : £ — R is a sequentially weakly upper semicontinuous and Gateaux differentiable functional.

Take )\ € (V;|LQ|, pclpl)7 and let {k,} be a real sequence satisfying lim,,_, o k, = 00, and so we have

l:1nninfjéfnamwsﬁnﬁlx7wdx
n—>+oo K/?-L .

(4.1)

Kn
c

Letting r, = o ( )p, n € N and considering ®(z) < r,. According to (2.3) and Lemma 2, we have

k@ﬂ§|mw§cm|§c(@®»p§c<m)pnm Ve (4.2)
0 Y
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Consequently, from (4.1) and (h3) of Lemma 1, one has

_ (SuszQ_l((foo,r”)) ‘1’(2)) —¥(2)
1m
2€®~1((—00,mn)) rn — ®(2)

o (wPaen, ¥(2) - 9(2)
= inf
P(z)<rp Ty — (b(Z)
SUP®(2)<r, fQ F(z,h(z))dx
Tn
Jomax. <., F(z,h(z))dz (4.3)
Tn

< fQ maxm(z)‘g,gn F(IL‘, h(z))dx

p(rn) =

Tn
 Jomaxyy<,, F(z,t)dx

Tn

cP [, max F(x,t)dx
— fﬂ |t‘§’;n ( ) . n c N,
OKn

which implies that

L. cPl
~v =liminf (r) < — < +o0.
o

r—+00

Now we show that the functional & — AV is unbounded from below. To do this, we take a real sequence

{en} such that lim,,_, e, = +00. Notice (hg) of Lemma 1, we have h(e,) > bpei® — 0o, n — 0o, and then

F n F(x,h(e,
L= tim [ E@e)gy oy [ E@0E)) (4.4)
n—+o00 Jq en n—+o0o Jo h(en>p
Let wy(z) = en, n € N,z € Q, then we have
1 19
®(wn) = 5 [ V@)l < e,
P Ja

and
B(wy) — M (wy) < Vl}'gQ W (en) = A | Pz, hien))dz.
Q

We divide L into two cases to prove that ® — AU is unbounded from below.

Case 1: If L < +o00, choose 0 < e < L — Vl)\‘l?l, then by (4.4), there exists Ny > 0 such that for any n > Ny,
we have
/ F(xz,h(en))dr > (L — €)h(en)P.
Q
Thus,

V1|Q|pe — x, h(e 7
i) A/Qth(n»d

< V1|Q|hp
p

D(wy) — AV (wy,) <
(en) — AL — €)hP(ey)

= (e (PF - xz-9).

It follows from the choice of € that @ — AL —€) <0, and then, one gets lim,, o0 (P(wy,) — AT (wy,)) = —o0.
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Case 2: If L = +00, we can choose sufficiently large My > %}IQ\, and from (4.4), there exists Nz, > 0 such
that for any n > Ny, we have

/QF(QJ7 h(en))dz > Moh? (ey,).

Consequently,
i,
D(wy) — AV (wy,) < ——hP(e,) = A | F(z,|h(en)|)dx
p Q
Q
< VU o ey = AMoh? (o)

= () (25 - aa).

It follows from the choice of M, that

lim (®(wy,) — A¥(wy,)) = —oo.
n—0o0
The above facts show that the functional ® — AU is unbounded from below. According to (a) of Lemma 5,
the functional ® — AP admits a sequence {v,} of critical points, that is, {h(v,)} are exactly the weak solutions
of the quasilinear elliptic equation (1.1). O

It follows from Theorem 4.1 that we have the following corollary:

Corollary 1. Assume (V) holds, and l < +00, L = +oco. Then for any

A E (O,i)

cPl

the quasilinear elliptic equation (1.1) has an unbounded sequence of weak solutions in WP((Q).

Denote
~ max <, F(x,t)dr ~ F(x,k)dx
[ = liminf fQ ltl< () , L =limsup fﬁ(i)
r—0t KP k—0+ kP

)

then with help of (hs)-(hs) of Lemma 1 and arguing as in the proof of Theorem 4.1, we easily obtain the

following results:

Theorem 4.2. Assume (V) holds, and PV1|Q|l < Lpo. Then for any

V1|Q‘ 0

)‘6( ~ 5 =)
pL Pl

the quasilinear elliptic equation (1.1) has an unbounded sequence of weak solutions in WP(1).

Theorem 4.3. Assume (V) holds, and | < 400, L = +oco. Then for any

re (0,5,

cP

the quasilinear elliptic equation (1.1) has an unbounded sequence of weak solutions in WP(Q).
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