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Abstract

In this paper, we study the existence of critical points for the following
functional

1 N 4(N+1)
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constrained on S, = {u € H'(RM)| [on [u]?|Vu|* < 400, |u|s = ¢,c > 0},
where N > 1. The constraint problem is L?-critical. We prove that the mini-

mization problem . = inSf I(u) has no minimizer for all ¢ > 0. We also obtain
ucSe

a threshold value of ¢ separating the existence and nonexistence of critical
points for I(u) restricted to Se.
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1 Introduction and main result
In the past years, the following quasilinear Schrodinger equation
0+ Do+ 0A(lp]*) + 9P 0 =0,  (t,x) € Ry x RY, (1.1)

has attracted considerable attention, where i denotes the imaginary unit and ¢ :
Ry xRY = C,pe (2,22, 2 = 2L if N >3 and 2* = +o0 if N = 1,2.
Quasilinear Schrodinger equation (1.1) appears in various physical fields, such as in
dissipative quantum mechanics, in plasma physics and in fluid mechanics, see more

information in [7, 8, 18]. One usually searches for standing waves solutions of (1.1),
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i.e. solutions of the form ¢(t,z2) = e *u(z), where A\ € R is a parameter and
u : RY — R is a function to be founded, then (1.1) is reduced to be the following

stationary equation
—Au+ul(|u)?) = [ulffPu= I, xc RV, (1.2)

We firstly consider the case where A is a fixed and assigned parameter. In such
direction, the critical point theory is used to look for nontrivial solutions of the
following functional

1 A 1
o) =5 [ vup =3 [ e [ eal =2 [
RN RN RN D JrN

defined on the natural space

H = {u c HY(R™)] / lul?|Vul? < —I—oo}.
RN

However, nothing can be given a priori on the L?-norm of the solutions. We say u

a weak solution of (1.2) if u € H and (P (u), ¢) = lim w = 0 for every
t—0

direction ¢ € CZ°(RY). Different from semilinear equations, the quasilinear term
Jan [u]?|Vul? in the functional ®,, is not differentiable in H when N > 2. This causes
some mathematical difficulties which make the study of (1.2) particularly interest-
ing. To overcome this difficulty, during the past ten years, researchers considered
such quasilinear Schrédinger problems and a lot of existence and multiplicity results
have been obtained by using minimizations, change of variables, Nehari method and
perturbation method, see e.g. [1, 2,4, 5,12, 13, 14, 15, 16, 17, 19] and their references
therein.

Recently, since the physicists are often interested in “normalized solutions”, i.e.
solutions with prescribed L?-norm, it is interesting for us to study whether (1.2) has
a normalized solution. For any fixed ¢ > 0, a solution of (1.2) with ( [,y [ul?)z = ¢
can be viewed as a critical point of the following functional

1 1
B =5 [ vup+ [ e — [ (13

constrained on the L?-spheres in H:
Se=A{u € H| |ul|y =¢, ¢> 0},

where |uly := ([, [u|?)2. In this case, the parameter A is not fixed any longer but
appears as an associated Lagrange multiplier. We call (u., A.) € S. X R a couple
of solution to (1.2) if w. is a critical point of I,(u) constrained on S. and A. is the
associated Lagrange parameter. To obtain the normalized solutions, there are some
papers studying the following minimization problem

ine = inf Ly(u), (1.4)
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see [3, 9, 10]. It has been shown in [3, 10] that minimizers of 7, . are exactly critical

points of [,|g,. In [3], Colin, Jeanjean and Squassina proved that p = % is L2-

critical exponent for (1.4), namely, for all ¢ > 0, I,(u) is bounded from below and

coercive on S, if p € (2, (A]/VH ) and i, = —oo if p € (F5 (N+1) ,2-2%). When p = (N+1)7

Jeanjean and Luo showed in [9] that there exists cy € (0 +oo) such that 14w+ =0
N k)

for ¢ € (0,cy) and i4(N+1) = —oo for all ¢ > ¢y. However, the accurate expression of

cy and the accurate value of Z4(N+1) o Are unknown yet. Actually the method in [9]

cannot do that. In this paper, by an alternative method we succeeded in obtaining a
threshold value of ¢ to separate the existence and nonexistence of critical points for
Ty (u) constrained on S..

For simplicity, we use I(u) and 4. to denote liw+1) (u) and daw+1) , respectively.
Recall in (4.5) of [3] that there exists a positive cojilstant C depe];ldi’ng only on N

such that for any u € H, [px |u|4<N+1 < C (fn ul? ) Jan [ul?[Vul?. Set

V 2
A:= inf (IRN |u| ) f“}gvfl | u| > 0. (1.5)
ueH\{0} f]RN |y C

Then our main result is as follows:

N
Theorem 1.1. Forp = % and N > 1, let ¢, = (%A) Y Then
0, 0<c<cy,

(1) ic=
—00 > ¢
(2) i. has no minimizer for all ¢ > 0.
(3) I(u) has no critical point on the constraint S, for all 0 < ¢ < ¢,.

Since it has been proved that problem (1.2) has at least one nontrivial solution
when p = % ( see e.g. [5, 14]), it is reasonable to conjecture that I(u) has at
least one critical point constrained on S, for some ¢ > ¢,. In this paper, we did so.
To the best of our knowledge, there is no paper on this respect. To state our main

result, we set
N 4(N+1)
N, := S. 2 2 —/ N 1.6
fues) [ wewar <o [ ae

then it follows from Theorem 1.1 (1) that N. # @ for each ¢ > ¢,. Define
M, := {u € N.| G(u) = 0},

where

N(N +2) 4N +1)
Gu::/ Vul? + N+2/ UQVUQ——/ ulm v .
)= [ e ) [ vl = T [

Then we have the following result:



Theorem 1.2. Assume that N < 3, p = % and ¢ > ¢, where ¢, is given in
Theorem 1.1. Then there ezists a couple of solution (ue, A\.) € M. x R_ satisfying the
following equation

2N+4

—Au+ulA(|u?) = |u] 8 u = \u, re RY (1.7)
ith I(u.) = inf I(u).
with I(u.) nf (u)
To prove Theorem 1.2, since i, = —oo for ¢ > c¢,, the minimization problem
constrained on S. does not work. We try to construct a submanifold of S., on which

I(u) admits a minimizer. As [y [u*|Vul* and [; |1,L|4<N1\r+1> behave at the same way

under L%-preserving scaling of u, it may occur that I(u') > 0 and I(u') is strictly
increasing with respect to t on (0, +00) for some u € S,, where u!(z) = t 2 u(tz). Then
usual arguments which allowed us to benefit from the Pohozaev-Nehari constraint
{u € S;|G(u) = 0} cannot be applied here. We need to exclude the interference of

the functions satisfying that 2V > N % which is th
e functions satisfying that [ |u*|Vul* > D Jan lul , which is the reason
why the set N, is introduced. We can show that for each u € N,., there exists a

unique t(u) > 0 such that G(u!™) = 0 and I(u'®) = max I(u'). Then M, can be
>

viewed as the suitable submanifold. To prove Theorem 1.2, we consider the following
minimization problem

me = ulenj\gc I(u)
and prove that m, is attained. There are two difficulties. First, it is not easy to
prove that M, is a natural constraint of [|s,, i.e. minimizers of m, are critical
points of I(u) constrained on S. since there may be two Lagrange multipliers. We
overcome this difficulty by using the Pohozaev identity and the well-known Gagliardo-
Nirenberg inequality, which requires more careful analysis. Second, it is difficult to
show that M, is weakly closed due to a possible lack of compactness for the minimizing
sequences. In our case it seems impossible to reduce the problem to the classical
vanishing-dichotomy-compactness scenario and to use the concentration-compactness
principle since we search for solutions constrained on S.. To overcome this difficulty,
we construct a Schwartz symmetric minimizing sequence of m, and prove the strict
monotonicity of the function ¢ — m,. to avoid possible vanishing and dichotomy of
the sequence. In the proof of the essential strictly monotonicity of m., we use the

scaling arguments in which 4(N—A;r1) < 2* and N < 3 is required.

Remark 1.3. When N > 4, the L?-critical exponent w > 2%, It seems impos-
sible to show the strict monotonicity of m. (see details in Remark 2.10 below), which
makes that our method cannot be used to deal with the case where N > 4. Howewver,
we conjecture that the conclusion of Theorem 1.2 also holds for N > 4.

We also concern the behavior of the solutions u. and A\. obtained in Theorem 1.2
upon the value of ¢ > 0.



Proposition 1.4.  For any ¢ > ¢, let (u., \.) be the couple of solution obtained in

Theorem 1.2. Then
Vel = +00, m.— +00,

(1) as ¢ — (o)t
Ae — —00
Vs =0, m.—0,
(2) as ¢ — +00.
Ae = 0
We finally obtain a supplementary result in the special case where p = %. In

[9], Jeanjean and Luo conjecture that 7;%1\?—476 has a minimizer for some ¢ > 0. We
succeeded in proving this conjecture.

Recall in [6, 11, 20] the well-known Gagliardo-Nirenberg inequality with the best
constant: Let p € [2,2%) if N >3 and p > 2 if N = 1,2, then

(p—2) N(p—2)

(
> |Vul, 7,  VYue HY(RY), (1.8)

N
ulp < sl
pi2

with equality only for u = @,, where up to translations, (), is the unique ground
state solution of

_N(p4_ Lag+ (1 + 2%2@ - N)) Q=QP2%Q, zeRY. (19

2N+4
N b
ing away from the origin and

Moreover, when p = it is proved in [6, 11] that szgvﬂ is monotonically decreas-

Qaxsa(z), [VQaxea(z)| = O(lz[2e7) as ] — +o0, (1.10)
Then we have the following existence result.

Theorem 1.5. Forp= % and N > 1, let ¢* = ]Q%b, then
(1) langa =0 for all 0 < ¢ < ¢ and iaxpa , <0 for all ¢ > c*.
(2) i%’c has a minimizer if and only if ¢ > c*.
(3) IQNT+4<U> has no critical point on the constraint S, for all 0 < ¢ < ¢*.

Throughout this paper, we use standard notations. For simplicity, we write fQ h
to mean the Lebesgue integral of h(z) over a domain Q C RY. L7 := LP(RY) (1 <
p < +00) is the usual Lebesgue space with the standard norm | - |,. We use “ — "
and “ — 7 to denote the strong and weak convergence in the related function space
respectively. C' will denote a positive constant unless specified. We use “ := " to
denote definitions. We denote a subsequence of a sequence {u,} as {u,} to simplify
the notation unless specified.

The paper is organized as follows. In § 2, we prove Theorems 1.1 and 1.2. In § 3,
we prove Proposition 1.4. In § 4, we prove Theorem 1.5.



2 Proof of Theorems 1.1 and 1.2

In this section, we first prove Theorem 1.1. By (1.5), we have

1 4
/ u] N < =¥ / wl?|Vul?,  Yue H. (2.1)
A on

N
In particular, for any ¢ > 0 and any u € S., since ¢, = (%A) ! , we have

4
N 4(N+1) c\~ 9 9
- Noo<|[|—= Vul®. 2.2
v L (2) [ (22)

, 0, 0 <c<e,,
Lemma 2.1. 1i,=
—00 € > C4.

4(N+1)

Proof. (1) Forany 0 < ¢ < ¢, and any u € S, by (2.2) we have ;75 N+1 Jan lul
Jen [ul?[Vul?, then
1
I(u) > 2/ Vul* > 0, (2.3)

which shows that i, > 0 by the arbitrary of w. N
On the other hand, for any ¢ > 0, set u'(z) := t2 u(tz), then

2 4 1 N 4 1
T(ut) = 2/RN VN2 l/RN |uy(”zv“——4(N+1) /RN |u|(”zv“} 50 asto 0"

hence i, < 0. So 7. = 0 for each 0 < ¢ < ¢,.
N

(2) For any ¢ > ¢, = (%A) then A < N+1) ¢v. By the definition of A
there exists u € H\{0} such that i f”TN;(L]I\I,VK)UQ < 4(]\]7\[“) . Set v := f-u, then
N |u
v €S, and ’

4 4+4
N N 1
[l = () [ v < S
RN ul2/ Jr~ AN +1) \[ul2 RN

N 4(N+1)
= —— |’U‘ N .
AN +1) Jan

(2.4)
Hence for any ¢t > 0,

2 N 4(N+1)
It 2 _ N2 / ANED _/ 2 2 _
(v') = 3 / Vol —4(N D) Jo lv| =~ - [v|*|Vu]*| = —o0

as t — +o00, which implies that 7. = —oo for any ¢ > c,. n
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By the proof of Lemma 2.1, we have the following result.

Corollary 2.2.

N.=o, 0<c<eg,,
(2.5)

N.# @, c¢>c,,

where N, is defined as in (1.6). Moreover, for any 0 < ¢ < ¢, and any u € S,,
I(u) > 0.

Lemma 2.3. . has no minimizer for all ¢ > 0.
Proof. The Lemma follows directly from Lemma 2.1 and Corollary 2.2. ]
Lemma 2.4. I(u) has no critical point constrained on S. for each ¢ € (0, c,].

Proof. By contradiction, we just suppose that there exists some ¢ € (0, ¢,] and some
u. € S, such that (I|s.) (u.) = 0, then there exists a Lagrange multiplier A, € R such
that I'(u.) — Acu. = 0. Hence by Lemma 3.1 in [3], we see that u. satisfies the
following Pohozaev identity:

1 N N2 A(N+1)
N-2) (= [ |Vu] 2V 2 ——/\c/ 02——/ JTF =0,

SO
N(N +2) 4(N+1)
\Y c 2 N 2 c 2 \Y c 2= —/ c N
[ vl @2 [ o = T
which implies that u. € N.. It is a contradiction with Corollary 2.2. Then the lemma
is proved. O

Proof of Theorem 1.1
Proof. Theorem 1.1 follows from Lemmas 2.1-2.4. O

Next we deal with the existence of normalized solutions for I(u) restricted to S.
when ¢ > ¢, and N < 3. Motivated by Lemma 2.4 and Corollary 2.2, we try to search
for normalized solutions constrained on N,.

Lemma 2.5. For any u € N, there exists a unique t > 0 such that I(uf) =
max I(u) and G(ul) = 0, where u'(z) = t2 u(tz) and
>
N(N +2) 4(N+1)
G(u) = Vul? + (N + 2 2| Vul? — —/ . 2.6
)= [ IVl [ vl - [ )



Proof. For any u € N,, we consider the following path v : (0, +00) — R defined as

t? N 4(N+1)
t)=— v2—tN+2—/ N_/ 2vuf?|

i.e. v(t) = I(u'). Then by an elementary analysis, we see that v has a unique positive
critical point ¢ corresponding to its maximum, i.e. 7/(¢) = 0 and ~(t) = max v(t).
>

Hence I(u') = max I(u') and
>0
- N(N +2). 4(N+1
52/ Vul? + (N + 2)tN+2/ 2| Vul? - gﬁm/ RS
]RN ]RN 4(N + 1) ]RN

So G(uf) = 0. O

For any ¢ > ¢,, we define a manifold as follows:

M. ={u € N, G(u) = 0},

then Lemma 2.5 shows that M, # @.

Note that % < 2% for N = 1,2, 3. Recall by the Gagliardo-Nirenberg inequal-
ity (1.8) that when N = 1,2, 3, there exists a positive constant C' depending only on
N such that

a2
[l < el (2.7
RN
where we note that N2 LN 4 4
— +N 2.0 for N<3. (2.8)

Lemma 2.6.  For any ¢ > ¢,

(1) I(u) is bounded from below and coercive on M..
4(N+1)

(2) There exists a constant Co > 0 such that [o |u|”~ > Cy for all u € M..
(3) There exists a constant Cy > 0 such that I(u) > Cy for all u € M..
Proof. For any u € M., G(u) =0 and

I(u) = I(u) — ﬁG(u) _ ﬁ /RN IVl > 0. (2.9)

Then I is bounded from below and coercive on M.. Moreover, by G(u) = 0 and (2.7),
we see that there exists C' > 0 depending only on N and ¢ such that

2
1 av+1) | N+2 N(N +2) sty  N(N +2)
— < |V 2V 7 <~ IV N+2
(C/RNM " ) < Vul; < AN 1 1) /RN’“‘ TS AN V2™,

then

N+42

A(N+1 4(N +1 v
/|UI(N“2 Wt1) =Gy
RN N(N +2)C¥~+
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2=

and |Vuly > <M> , which and (2.9) show that

N(N+2)C
2
N 4(N +1) N
I(u) > C =C
(u) 2 2(N +2) (N(N+2) ) !
for all u € M.. O
For any ¢ > ¢, set
me = inf I(u), (2.10)
ueEM,.

we see from Lemma 2.6 that m, > 0.
To prove Theorem 1.2, we need the following essential lemmas.

Lemma 2.7.  The function ¢ — m, is strictly decreasing on (¢, +00).

Proof. For any c1,co € (¢4, +00) satisfying that ¢; < ¢y, it is enough to prove that
Mey < M, -
By the definition of m,, and Lemma 2.5, there exists u,, € M., such that I(u,) <
me, + + and I(u,) = max I(ut).
Case 1: N =2,3.
U |

Set v, (z) := (2) 2 Tun(22), then |vp[z = c2 and [V, |z = [Vuy|s. Moreover,

N-2
C
/ |Un|2|VUN|2 = (_1> / |un|2|vun|2 < / |un|2|vun|27 (2.11)
RN Cy RN RN

and by (2.8),

—N242N+4

4(N+1) C N 4(N+1) 4(N+1)
[ i = (2) [l s [ S e
RN C1 RN RN

ie. v, € N, since u, € M.,. Then by Lemma 2.5 there exists a sequence {¢,} C R,
such that vfr € M,, and I(vir) = max I(v!).

Furthermore, there exists C' > 0 independent of n such that ¢, > C for all n.
Indeed, we just assume that ¢, — 0 as n — 4o00. By the definition of {v,}, we see
that {v,} is uniformly bounded in H. Then we conclude from Lemma 2.6 (3) that
0 <me < lim I(vi") — 0, which is impossible. So by Lemma 2.6 (2) and (2.11)

n—-+oo
we have

Co\ =N242N+4 AN+
e < 10657) <107 = (27 1) [ )

Co —N2+42N+4
T ty s -1 N+2
< mt;aox (u,,) ((01) N ) t, Co

(2.13)
S I(un> . <<%>—N -}-VQN+4 . 1) tilv'i_ZOO

&

<+ - ((@)NQTVQN“ - 1) N2,
n C1
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where () is a positive constant independent of n given in Lemma 2.6. Hence it follows
that m., < m,,.

Case 1: N =1.

Set v, (2) = un((£)%2), then [v,ls = ¢ and [Vu,|z = (£)?[Vu,|z. Similarly to
(2.11) and (2.12), we have

2
c
/|vn|2|vun|2: (—1) /|un|2]Vun|2 </|un|2|Vun|2,
R C2 R R
4(N+1) Co 2 4(N+1) 4(N+1)
|Un’ Noo= = ’un| N> |Un| N
R (&1 R R

Then v, € N.,. By the same process as in (2.13), we see that

and

1
mcz S mcl + E - ((@)2 - 1) CN+2COa

a1
so it follows that m., < m,,. Then we complete the proof of the lemma. ]
Lemma 2.8. For any ¢ > c,, each minimizer of m. is a critical point of I(u)

constrained on S..

Proof. We note that M, = {u € S| G(u) = 0}. then m, = fues ll%f( o) I(u).
UESe u)=
Let m, := inf I(u). Suppose that u € M, is a minimizer of m,, then u

{ueSc| G(u)=0}
is also a minimizer of m.. Hence by standard arguments, there exist A\, u € R such
that I'(u) — Au — pG'(u) = 0, i.e. u satisfies the following equation

—(1=2p)Au+[1 = (N + 2)pJud(ul?) = [1 = (N 4+ 2)p]|ul* ¥u = Au.  (2.14)

It is enough to prove that A # 0 and p = 0.
By contradiction, we just suppose that u # 0. By (2.14), we know that u satisfies
the following Pohozaev identity

-2 [ [ vl - e [ pvap) - 5o [

N? A(N+1)
- N1 —(N+2 N =

We conclude from (2.14) again that

(1=2p) [ V0P + (V42— (V2 [ (9P

N(N +2) 4N +1)

—m[l—(NﬂL?)M]/RN|U| v =0,

10



1.e.

Glu) — [Q/RN\VU|2+(N+2)2 (/RN \u|2|Vu]2—ﬁ/RN \uy‘“NJ”)} _0.

Then combing G(u) = 0 with p # 0, we conclude that [y [Vu[* = 0, which contra-
dicts Lemma 2.6 (3). So it follows that 1 = 0 and then u is a critical point of I(u)
constrained on S.. O

The following Lemma is similar to that in [3], so we omit its proof.

Lemma 2.9. Let {u,} C H be a bounded sequence of Schwartz Symmetric functions
satisfying u, — u in H, then

/|Vu]2+(N—|—2)/ fuf? |Vu]2<hm1nf(/ |Vun\2+(N+2)/ yunﬂvuny?).
RN RN —too \JrN RN

Proof of Theorem 1.2

Proof. Let {u,} C M, be a minimizing sequence of m,., then by Lemma 2.6 (1), {u,}
is uniformly bounded in H. To obtain a minimizer of m,, let {v,} be the sequence
of Schwartz Symmetric functions for {u,}, then by the Pélya-Szegd inequality (see
also Lemma 4.3 in [3]), we have

R A Ry T
RN RN RN RN
4(N+1) 4(N+1)
[l 8 = [ a5
RN RN

[owul+ a2 [ JuluPs [ VP [ e fve
RN RN RN RN

(2.15)
hence the sequence {v,} is also uniformly bounded in H. Moreover, we have

G(vn) < G(uy,) =0. (2.16)

Since {v,} is uniformly bounded, up to a subsequence, there exists v € H such that

v, v, in H,
. (2.17)
v, — v, in LP(RY),  Vpe(2,2%).
In particular, since (NH) < 2*, by (2.15) and Lemma 2.6 we see that
/ 0] “F = lim oa % = lim |5 >0y >0, (2.18)
RN n—+00 [pN n—+00 JpN

11



which implies that v # 0, where Cy > 0 is a constant given in Lemma 2.6 (2). Set
a = |v]z, then a € (0, ¢]. We conclude from Lemma 2.9 and (2.16)-(2.18) that

G(v) < liminf G(v,) <0,

n—-4o0o

ie. v € N, and G(v) < 0. So it follows from Corollary 2.2 that o € (e, ¢]. By
Lemma 2.5, there exists a unique t € (0, 1] such that v* € M,. Then by Lemma 2.7
we have

1 N
a<-[ t =7 ty t — t2/ 2
N
< —— liminf |
< sz [, 9o

N
< liminf [ |[Vu|?
= (N +2) %@i&/ﬂw‘ tn

o 1
= it (1) 56l )
=m. < Me,

where the equality holds only for « = c and ¢ = 1. So a = ¢ and I(v) = m,.
Therefore we obtain a minimizer v € M, of m.. By Lemma 2.8, we see that v is a
critical point of I(u) constrained on S.. That is to say, there exists A. € R such that
I'(v) — Av = 0. Hence by G(v) = 0, we have

Aec? :/ |w2+4/ w\wy?—/ o
RN RN RN

N2 2N — 4 4
S B 2T . 21vol? < 0
N(N +2) /RN’ ey RNM' v <0,

ie. A\ < 0. So (v,\.) € S. x R_ is a couple of solution to the problem (1.7). The
theorem is proved. O

Remark 2.10. When N > 4, similarly to the proof of Lemma 2.5, we see that m. is
also well defined. However, it seems impossible to show the strict monotonicity of m.
by the scaling arguments as Lemma 2.7. Indeed, for any ¢ > ¢, and any u € M., set
ug(z) := 0°u(0Pz), V 0 > 1, where o, B € R are to be undetermined so that ug € Ny..
Then it should require that

20 — N = 2,

20+ (2—-N)B <0,

4a+ (2 N)B <0,

4(N+1)
——a—Npg=>0.

12



Hence we conclude that

2—- N
— <a<
N+2~— = 2

and then we obtain a necessary condition: —N? + 2N + 4 > 0, which is impossible
since N > 4.

3 Proof of Proposition 1.4

Proof of Proposition 1.4

Proof.  For any ¢ > ¢, let (ue, Ae) € M. x R_ be the solution of (1.7) obtained in
Theorem 1.2, then G(u.) = 0,

me = I(u.) = ﬁ/ﬂw |Vu,|? (3.1)

and

N —2 1 4(N+1)
)\62:— 02—— c . 3.2
¢ NH/RN!W\ NH/RN’“’ " (3.2)

We complete the proof in three steps.
(1) We claim that the function ¢ — m,. is continuous on (c,, +00).
To prove that the function ¢ — m, is continuous at ¢ € (¢, +00), by Lemma 2.7

it is enough to show that lim supm., < m, for any sequence ¢, — c~.
Cn—>C™
Since ¢, — ¢, for n large enough, “*u. € N,, and by Lemma 2.5 there exists a

sequence {t,} C Ry such that “u» € M, , moreover, lim t, =1. So
Cn—C™

Me,, < [<C_nuf:n) - I(uc) = Mg,
c
which implies the conclusion.
me — +00,
(2) S [Vue* = 400, as ¢ — (c)™.

Ae —+ —00,
We conclude from Lemma 2.6 (3) and (3.1) that [, [Vu[> > 2520 > 0,
where C; > 0 is a positive constant. Hence by (2.2) and (2.7) we have

N(N +2) Ca\ ¥ AN +1)
2 AUV T2) . (G v
/RN |VUC| - 4(N -+ 1) |:1 < C> :| /RN |uc|

N+2
N(N +2) CON | NZiania 5\ 2
< (= N
_4(]\7—1—1)0[1 (c) ]C (/R;NIVUC|> 7

4(N+1)
which implies that [y |Vuc|[* = 400 and Jen luc|

f]RN [Vuc|?
results follow from (3.1) and (3.2).

— +00 as ¢ — ()T, So the
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me — 0,
(3) S Jan [Vuc> =0, as ¢ — +00.

Ae = 0,
Let ¢y > ¢, be ﬁxed and u., € M., be the minimizer of m,,. For any ¢ > ¢y, then
W(T) 1= ey ((2 )¥x) € N,, hence by Lemma 2.5 there exists

1
(i’
(N+1 fRN I fRN (W[ Vw|?
such that wt € M,. So
2 1 2 ~
me < I(w') = N Jav Vel N_jf(ﬁﬁ Akl
N2\ sy Jow [0 = fow 0PIVl |
[ S Y
(% )W4(N+1) Jen [t = Jaw [ty P Vtig |*
— 0
as ¢ — 400, which implies that Clgrnoo m. = 0 and by (3.1) we have [,y |uc|* = 0 as
¢ — +oo. Then by (3.2) and (2.7) we see that lim A. = 0. O

c——+400

4 Proof of Theorem 1.5

Recall from the well-known Gagliardo-Nirenberg inequality (1.8)-(1.10) in section 1
that for any u € S., we have

2N+4 N 2
/ % < _T+<c_> / Vul>,  Vue HY(RY), (4.1)
RN

with equality only for u = Q2any4, where ¢* := |Qan1a]o. Moreover, we conclude from
N N
(1.9) and the associated Pohozaev identity that

N 2N+4
2 _ 2 _
/RN |VQ2AZ]V+4| B /RN |Q2AJTV+4| N +2 Jgw ’sz\]rv+4] A (4.2)

Proof of Theorem 1.5

Proof. (1) For any ¢ > 0 and u € S,, set u'(z) := t2u(tz), t > 0. Then u' € S, and
Iansa(u') = 0 as ¢t — 07, then dznza . < 0.

,C

If 0 < ¢ < ¢ then by (4.1) we have § [ [Vul> > 528 [on [u] ¥

2N+

and then
Tancas (1) 2/ 2|Vl > 0,
N RN

14



which implies that i2n+4 . > 0. So 42nv+4 , = 0 for each 0 < ¢ < ¢*.
N N

N
If ¢ > ¢, set QL(x) = %2 Q%(m), Vit > 0, then Q. € S, and by (1.10) and
(4.2) we see that

I(Qr) = (05)4 /RN Qv [V Qo [*V42 — g {(5);1“ - 1] £ = f(2)

C*

Hence

2

z 142
- . ty _ N (c*)* Moo a [reyw N
ZQJ\zfvﬂ:C < %gg[(QC) T 2(N+2) |:(N+2)IRN Q21\17V+42VQ21\5V+4|2} N [(c*) 1 < 0.

(2) For any 0 < ¢ < ¢* and any u € S,, by (1) we see that Jan+a(u) > 0. So there
N
exists no minimizer for fania .
N
For any ¢ > ¢, let {u,} C S. be a minimizing sequence for Z.zNN+4vc < 0. Let

w0 (2) = up (0~ z) with V 6 > 1, then u?, € S and Loy s (ul) < 92]%(1@1). Letting

n — +oo, then
Z'2NT+4796 < 92in+47c < Z'ZNTH,c?
which implies that iavis  is strictly decreasing on (c*, +00).
Since Ian.s (un) — izves < 0 as n — +00, we conclude that for n large enough
Ty s (un) < 1. By the Holder and Sobolev inequalities (see also (4.5) in [3]), there

exists a positive constant C' depending only on N such that

/ | < Centoon (/ (1+|un|2)|Vun|2) . (4.3)
RN RN

Then

1
- 1+ u,|?)|Vu,|* < W8 +1
2/RN( IVl < o RNlu’ +

2
N o Vi
Con?ran (/ (1+ \un\z)]Vun\z) + 1,
RN

which implies that {u,} is uniformly bounded in H.

Similarly to the proof of Theorem 1.2, let {v,} C S. be the sequence of Schwartz
symmetric functions for {w, }, then {v,} is a uniformly bounded minimizing sequence
for 2'21\]7\]+47c. Hence there exists v € H such that v,, — v in H and

I(v) < nl_l&loo I(v,) = iz, <0,

2

which implies that ¢* < a := |v|s < c. Set w(r) = v(($)~z), then w € S, and
o < () < (5)1(0) < ias

15



which is a contradiction. So v € S, and [(v) = i2n+4 .
N ’
(3) By contradiction, if there exists some ¢ € (0, ¢*] and some u. € S, such that

(I|s.) (ue) = 0, then similarly to the proof of Lemma 2.4, we see that u satisfies
N ON+4
Vue 2 N +2 c 2 Vu, P —— el N,
[ v+ 2 [ vk = 7 [
hence Tanvia(ue) = =5 [on [ucl*[Vue|* < 0, which is a contradiction with (1). Then
N
the theorem is proved. O
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