NEW DECAY RATES FOR CAUCHY PROBLEM OF TIMOSHENKO
THERMOELASTIC SYSTEMS WITH PAST HISTORY: CATTANEO AND
FOURIER LAW

MOUNIR AFILAL!, BAOWEI FENG? AND ABDELAZIZ SOUFYANE?

ABSTRACT. In this paper, we investigate the decay properties of the thermoelastic Tim-
oshenko system with past history in the whole space where the thermal effects are given
by Cattaneo and Fourier laws. We obtain that both systems, Timoshenko-Fourier and
Timoshenko-Cattaneo, have the same rate of decay (1 + t)_i and the regularity-loss type
property is not present in some cases. Moreover, new stability number x is introduced, such
new number controls the decay rate of the solution with respect to the regularity of the
initial data. To prove our results, we use the energy method in Fourier space to build an
appropriate Lyapunov functionals that give the desired results.

Keywords: Timoshenko system, Cattaneo law, Fourier Law, new stability num-
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1. INTRODUCTION

In this paper, we investigate the decay properties of the thermoelastic Timoshenko system
with past history in the whole space where the thermal effects are given by Cattaneo and
Fourier laws. We consider two systems, the first one is the coupling between Timoshenko

beam with the heat conduction described by Cattaneo law with a history term, given by:
(1.1)

pry — Kk (p, =), =0, in (0,00) x R
p2¢tt - bq/Ja:x + mf()oog (S> Q/)xz (t - S>$) ds — k (Soz - 1/]) + 6055 = 07 in (07 OO) X R?
p3be + ¢z + 00, =0, in (0,00) x R,
7q + Bq+ 0, =0, in (0,00) x R

with the initial data

(12) ((;07 Pt ¢7¢t7 07 Q) (:L‘7 0) = ((;DOa @17¢07¢17 907 ) QO) )

where b, k,m, 9,3, py, py, p5 and 7 are positive constants, with ¢, ¢, § and ¢ denoting the
transversal displacement, the rotation angle of the beam, the temperature and the heat flow,
respectively. The integral term represents a history term with kernel g satisfying the following
hypotheses:

(Hy) g¢(.) is a non negative function.
(Hs) There exist positive constants k; and ks, such that, — k1 g (s) < ¢’ (s) < —kag(s).
(H3) a:=b—mby >0, where by = [~ g (s)ds.
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The second system of interest is the coupling between Timoshenko beam with the heat con-
duction described by Fourier law with a history term given by:

(1.3)
P1¥Pu — k (SOI - ¢)moo: 07 in (0, OO) X R,
Poy — by +m [ g(8) Uy, (t —s,2)ds — k (¢, — 1) + 60, =0, in (0,00) X R,
1
p3‘9t - B‘gm + 6¢xt = 07 in (0, OO) X R,

with the initial data

(14) (@7@ta¢>wt70) (IL‘,O) = (900,801>¢0>¢1790)-

We will introduce the stability number given by

X: %_
L P2 | -

The main purpose of this article is to investigate the relationship between damping terms, the
stability numbers x and their influence on the decay rate of solutions of systems (1.1)-(1.2)
and (1.3)-(1.4). Using the stability number, we show a new estimates for the solution of the
thermoelastic Timoshenko systems (1.1)-(1.3).

The main idea in our proof is to construct new functionals to capture the dissipation
of all components in the solution of (1.1)-(1.3). Then, we build an appropriate Lyapunov
functionals which gives the desired dissipation of all the components in the solution of (1.1)-
(1.3). It is well known in the literature that the behavior of A;(£) (see (3.4) and (3.39)) in
the low frequencies determines the rate of decay of the solution, while its behavior for high
frequencies gives the regularity restriction on the initial data see ([4], [5], [6], [7], [8], [9], [10]) .

We need to mention here that the same systems have been considered recently by [1], the
authors showed that the solution decays as follow:

o If Xo, =0 (resp,if xo =0), then
05U (t)|,. < C (1 + t)%*% 1Uoll;r +C (14 t)*é |05 T ||, 5 t > 0.

b If XO,T 7é 0 (TGSp, Zf Xo 7é 0)

1050 () o < C (1 + 07575 Ul + € (14078 05T s £ > 0.

p bp 7, 0° bp
e o, = (7= 1) (=) =720 ) o= (= )

It’s clear that our estimates in Theorem 4.1 and Theorem 4.2 improve the decay rates in
[1], we need to mention here that in the case where y = 0 we don’t have the regularity loss
phenomena like in [1].

This paper is organized as follows. In Section 2 we state the problem. Section 3, is devoted
for the construction of Lyapunov functionals using the energy method in the Fourier space.
The last section is dedicated to the statements and the proof of our main results.



2. STATEMENT OF THE PROBLEM

In this section and in order to establish the decay rates of the Timoshenko systems (1.1)
and (1.3), we have to transform the original problems to a first-order systems. Here we need
to define a new variables as in [1].

2.1. The Cattaneo Model. We consider Timoshenko system with history and Cattaneo
law. Following the same change of variable as in [3]:

(2.1) n(t,s,z) =y t,x)—({t—sz) (t,x) € (0,00) xR, s>0.
System (1.1), can be rewritten as:
( p1pyw — k(o — ), = O» in (0,00) x
p2¢tt awx:r - mf(] nx:r( )dS —k ((pz - 'l/}) + 5950 = 07 in (07 OO)
(2 2) p?ﬁt + 4 + (W xt 0 in (07 OO)
' TGt + ﬁq +0, = 0, in (07 OO)
77t+ns_z/}t:07 in (0700) )
\77<'707‘):07 (0 )XRa
where a is a positive constant given by (Hj3) and the operator T'n = —n, is the usual operator

defined in systems with history terms, see for instance ([2]) and references therein. Here, the
last two equations of system (2.2) are obtained differentiating equation (2.1). We define also
the initial data

(90790t7¢7¢t797q) (l’,O) = (@Oa ¢1>¢o>¢1,907QO) )
77(0737') :¢(0,) —w(—&-)-

As in [1], we can rewrite system (2.2) as a first-order system, by considering the following
change of variables:

U = Py, Z:¢x7 y:wtu UZ%;—%
Then, (2.2) takes the form:

(v — Uy, +y =0,

prur — kv, =0,
2t — Yo = 0,
(2.3) Pot — azg —m [ g (8) Ny () ds — kv + 060, =0,

P39t+%+5%—0
TQt"‘BQ"‘Qz:Oa
L e+ 1, —y=0.

We define the solution of (2.3) by introducing the vector U given by:

Ul(x) = (v,u,2,9,0,q,7)"
The initial condition can be written as
(2.4) Up (2) = U (2,0) = (vg, o, Z0, Yo, 00s Gos 1)
where

Up = P1, 20 = ¢0,xa Yo = ¢17 Vo = Yo,z — ¢O'
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2.2. The Fourier Model. Here, we consider Timoshenko system (1.3) with history and the

Fourier law. Introducing n as in the Cattaneo model, we have the following system:

( prpw — k(@ — wﬁza in (0,00) x R,

ptht a¢xw m fo nxx dS - k (sz - IZ)) + 59$ - 07 ZTL (07 OO) X R?

(2.5) p3b: + 59m + 0y, =0, in (0,00) x R,
n+ns — ¢, =0, in (0,00) x R,

\ n('707'>207 mn (0,00)XR,

with initial data

(907S0ta¢7¢t70) (JI,O) = (@07¢17¢07¢1700)7
77(0’37'):770(0")_770(_87*)7

As in the previous section, we can rewrite the system as a first-order system, by defining the
following new variables:

U = Py, Z:¢x7 ?J:%a U:(,Ox—¢
Then, (2.5) takes the form

(,Ut_uw_’_yzov
prur — kv, =0,
_ya::()a
(2.6) Po Yt — azw mfo $) Ny (8)ds — kv + 96, =0,
{7y + 1, —y=0.

We define the solution of (2.6) by introducing the vector V' given by:
V (:L‘) = (Ua u, z,Y, 07 77)T
The initial condition can be written as

(27) ‘/O(l‘) = V(I’,O) = (UOau())ZOvyanOvnO)Ta
where

Uy = P1, 20 = 77Z)0,;w Yo = ¢17 Vo = Yo,z — ¢O'

3. THE ENERGY METHOD IN THE FOURIER SPACE

In this section, we establish some decay rates for the Fourier image of the solutions of
Timoshenko-Cattaneo Law and Timoshenko-Fourier Law systems. For each model we use
the energy method to build an appropriate Lyapunov functionals in the Fourier space. These
estimates will play a crucial role in proving our results in Theorem 4.1 and Theorem 4.2.
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3.1. Cattaneo Model. Taking Fourier transform in (2.3), we obtain the following ODE

system:
( Ut_lga_l_@\:()a
pruy — 1kE v =0,
Zt_zf/y\:()7
(3.1) pz@—iaﬁ Z+mE? [T g (s)7(s)ds — kv +1i0€0 = 0,

psfy +iE G+ 10§ y = 0,
T+ Bg+i£0 =0,
( 1+ 1, —y=0.

A~ —~ T A~
The solution vector and initial data are given by U (§,t) = (6, u,z,9,0,q, ﬁ) and U (&,0) =
U ().

First, we define the corresponding energy as:

(32) E(€0)=p [ + o 5 + pa] +K[0F + a2 + 71" +m§/ )1 () ds.
The energy (3.2) satisfies the following estimate (Lemma3.1, [1]):
GEE0 =290+ m ["F @R OP s
using (H,), we have
B(e.t) < —280a" ~ hmé® [ o) (o) ds.

Here, we give the pointwise estimates of the functional E (&,t). This estimate will play the
essential role in proving our main theorem. The result is stated below:

Proposition 3.1. For anyt > 0 and £ € R, we have the following estimates

. Ce MO (£,0);  if x=0,
(3.3) E (& 1) < { Cle=OtF (€,0); if x #0,
where
_ & __ ¢
(3.4) M (§) = vz 2 (§) = (156

Here C' and ¢ are two positive constants.

We show that the decay rate of the solution will depend on the value of x. The proof will
be given through several lemmas.
First, we will use the following notation for the product of complex numbers:
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Lemma 3.2. Let the functional

Fi(6.1) =:zfﬁgfgjfhe<@i55>.

We have the follouwing estimate:

52 2 d 2
e )e\ + 2R <Cle)Tla +e

2

¢
(1+¢€)

(35) P2 |@\|2 9

for any e, >0, C and C (1) are positive constants.
Proof. Multiplying (3.1)4 by if@ and using (3.1);, we get
T% (@.i€0) + 7 (i€, 0.) + 5 {7.i0) + ¢
— o5 (0i0) - T @ - 2 @ 7 + 5 (7.i6D) + €

then, we deduce

~|2
0 = 9}

2
)

d

(3.6)  pye? \512 + w.% Re (7,i¢0) = 7€* [q* + 70¢* Re (3, §) — pafRe (3,60 ).

1
Multiplying (3.6) by —2) and applying Young’s inequality, to the terms on the right-hand

(1+¢
side of (3.6), then (3.5) holds. This finishes the proof of Lemma 3.2. O

Lemma 3.3. Let the functional

F2 (&) = —%Re</owg(s)ﬁ(s)ds,g’j>.

bo (1+&°
We have the following estimate, for any e > 0,
£ o d £ 512 £ 2
3.7 ———x +—=F &t < C——— ‘0 +eg——calz
(3.7) (1 T 52) P2 [Y] ar” 2 (&1) (1 T 52) P3 2 (1 T 52) 2]

2

1O (o) me? / g (s) |ﬁ<s)l2d8+€z(1§—§2)2k\@l2,

where C' and C' (e2) are positive constants.

Proof.  Multiplying (3.1), by ¢ (s) ¥ and using (3.1),, we get

0 = LGB~ 96T+ ()75) — 9 ()P
~ o~ d . ~ ~2 a . ~ o~
= {9()05,9) + = (1,9 (s)9)) — [9] +p—2<@€g(8)n, 2)

26 (o0 [T ds) = Ll ()7 9+ (976D,
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integrating with respect to s over (0,00), using the fact that by = fo s)ds and using
integrating by parts, we get

p2|a2—b—%Re</°°g<>A<>ds 7)
= pre( [Ty @nasg)+ e (ie [Ta@aas 2) + e
(3.8) —b—Re</ g(s)7(s)ds, v>+ Re</ $)7 (s) ds z5§>

where the follovvlng inequalities have been used:

Uo ds‘ <bo [y g(s)fi(s )| ds,
1 g (s)ds|* < bomax{k:l,k:g}fo (s) 7 (s)|* ds.
2 \/— Vi
s)ds, V)| = — s)n(s)ds, v
(1+g)|<f0 M= 3y I 9@ ds 777 >
£ ~2
< Cl(eg)mé [ g (s)* ds + & ko]
0 (1 + é_2)2
52
Now, multiplying (3.8) by (1+—§2) and applying Young’s inequality, to the terms on the
right-hand side of (3.8), then (3.7) holds. This finishes the proof of Lemma 3.3. O

Lemma 3.4. Let the functional

2p, N e 2p, ~ 2p1p5 q o~
F: 7t = - Ri y - ——— R 3 - R 07
3(&:1) 1+ e(y,i& 2) 1+ e (u,z) 1+ e< u>
2py03 D e
—{——k (1 n 52) Re <0,z§y> .
We have the following estimate, for any ez > 0,
£ ~2 , d ¢ 2 —~
B9 el AED < On i+ Co |7
+COmée? / s)[?ds + C (e3) 7 |gI”
+€3m/91| al®

where C' and C' (e3) are positive constants.

Proof. Multiplying (3.1), by i{Z and using (3.1);, we get
~ d .. . Y ~ ~
Ealil - g @i D) = Eplif+me (i€ [ o757
0
+oe? <§, 2> & (5,i€3) .
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Using (3.1), and (3.1),, we have

P d
(3.10) —k (0,i€2) = py (ur, 2) = pr; (0, 2) + py (160, 9)
then, (3.10) becomes
. N d .
(3.11) Ealzl’ - P2 gy (y,i€ z) — Py ((u,z))

_ 5pﬂm2+nﬁ2<u;/ g(@ﬁ(@daz>
0

Multiplying (3.1), by @ and using (3.1),, we get
~ e d /-~ N P3 /.5 ~
(312) d <y> Z€U> - p3£ <97 ’LL> + <Z€Q7 > +—= <7’§9) U> ’
by using (3.1), in (3.12), we obtain

SR = pos (B.T) + (€T 0) + p<w> g2 (p, z)

a)+

< 7 (s) ds> + k—;iﬁ ‘9(
= Py <9, >—|— (i&q, u) Zif <9, ?>

<

mp?}g?

mp3 2 03 2 |5
5 (s)ds>—|—kp1§ 0

1€ > kzp_pl <p3§t7i€g>a

Pzp3
k:pl dt

using (3.1);, we deduce

60— o (05) 3 ZZ% )

mp3 0ps
2 <9 Zg/ > + k_p1§2

P2P3 d /o~ . P2 12 )~ ~ 0pg o9 | ~2
1 — =2 (0 - = —=
(3.13) oy dt< Z§y> o, (¢,y) — k‘plf yl”,

512




by using (3.13) in (3.11), we obtain

~ d PN d
§2a |Z|2 - P2a (Re (y,i€ 2)) — pl%

~pupsgp Re (0.3) + 2 (Re (0,i€7))
= (1-7) me i+ 2 ol mere (i [ g (0as.)
+ (5— %)52&3@@ — p,Re (G, i€0)
(3.14) IR <9, i€ [Ta@it ds> P2 Re(7.5).
0

(Re (u, 2))

Multiplying (3.14) by and applying Young’s inequality, to the terms on the right-

(1+&)°
hand side of (3.14) and the fact that

2

1 SN . & 2 § ~2
(G, i€u)| = | @iz )| 2 C(e3) 71" + e3———5p [U]";
(1+8) (1+¢) (1+¢)"
then (3.9) holds. This finishes the proof of Lemma 3.4. O
Lemma 3.5. Let the functionals
2 A
G (€.1) = —2pyRe (§,7) + 276 Re (4, ) — =" Re (i %)

2mp,

Re (i€ [, g (s)7 (s) ds,u ),
H (&, t) =2pyRe (Y, ) .

2
o [f x=0: Let the functional F4(&,t) = (1i€2)

G (&,t), then we have the following

estimate

2
(3.15) Lkm%iﬂ(g ) < Cles m§/ (s)|” ds

(14 &%) dt T

f P2 1 ~2
+C' (e *+C +e
()7 + O Loy T+
52
H (&, t), then we have the following

(1+&)°

o [f x #0: Let the functional Fy (&,t) =

estimate
62
(1+¢)’

(3.16) +C (e4)

2 2
Jo f4(€ 1) < C(e4) me? / Ok ds+c(5+£2) ‘9)
§2P2 ~2 an ~2 §P1
(1+§2) |y’ 0(1—1—52) ’Z’ +€4(1_—|—f )2‘ ’

for any ey >0, C and C (e4) are positive constants.
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Proof. Using (3.1), and(3.1),, we get

6 (i€h.5) = = (@,7) — B4 (3,7)
d .. PR ~
= _75% <Q7 U> + 70 <Q7 Ut> - 56 <Q7 /U>
d .. SN ~ ~
= —-70 <Q7 U> — 70 <Z£Q7 U> — 70 <Q7 y> - ﬁ(s <Q7 U> )

dt

then, we have

~ d . . o~ SN P
(3.17) 5 (i€0, ) = 63 (@,5) — 70 (€T, T) — 70 (@,5) — B (G 7)

Multiplying (3.1), by i@ g (s), then we get

0= (g ()0 TER) + 5 (g ()7, 160) — (o (3) i€ — (g (57,76

integrating with respect to s over (0,00) and using integrating by parts, we obtain

o = (ie ["s@aeasa) -4 (i [Ta@nwasa))

using (3.1), and (Hz), we have
o = (ie[Teawaa) -2 ((e [ goaean))
e (ie [T gm0 ds, ) o167

then, we deduce

k U - . Y RN ~
319) 2 (ic [Taae s o) = - (ie [
P1 0 0
d /.. [~ _ ~ PONN
v (i€ [ 9@ dsa )+ Gica).
0
Multiplying (3.1), by v, and using (3.1),, then we obtain
(3.19) B[O = py ((5,0)) + po (€7, 0) + po [§I° — a (i€ 2,7)
+mé? </ g(s)7 () ds,a> +6(i€0,5),
0
using (3.10), (3.17) and (3.18), we get
. d N d N
B[O = py— Re (5,0) + 70— (Re (7.7)

dt
apy d mp, d

e (.9 - " S Re (i [Ty () ) -
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. b T S N ~
ali = (= ) Retigg ) - e (i [T o (7 () as)
0

(3.20) —1dRe (i€q, u) — 70 Re (q,y) — BIRe (q, ) .
¢ ¢
Multiplying (3.20) by m if x =0, and (3.19) by ——— & x # 0 and applying
Young’s inequality, to the terms on the right-hand side of (3.20) and (3.19), then (3.15) and
(3.16) holds. This finishes the proof of our Lemma 3.5. U

Lemma 3.6. Let the functional

{Q(f,t) =~y Re D, i) — P13 Re e (,)+ pela Re (0,i€7),
H (&, t) = —2p,Re (v, ilu) .

1
o If x=0: Let the functional Fs (£, t) =

G (&,t), then we have the following

(1+¢)
estimate
& . d ¢ ¢
3.21 ul"+ —=F5(&t) < C——<k +C
( ) p1(1+€2)|| dt 5(5 ) (1+§) || (+£)p2|y‘
¢ k& ¢
+C——5p3 0| +C——5a
(1+§2p3" (_{_5) ||
+C7 |G + Cmée? / (s)|* ds.
o [f x #0 : Let the functional Fs (£, t) = ﬁ?‘( (&,t), then we have the following
1+
estimate
ST ¢ ~ ¢
(3.22) pr—— [ + = F5 (£,1) < C——k [0 + C——p: [*.
1+ dt (1+¢&)° (1+&)"
Here C' is positive constant.
Proof. Multiplying (3.1); by i{u and using (3.1),, we get
~ d . . . ~ PO
(3.23) P& [al* = py (0,i8) = py & [0 + py (7 i60)

using (3.13), we obtain
(3.24) p€ il — py - (0 i0)
-t ((0.8)) + 2 ((ie))
= & o = 21— bp, <@i€5> - %52@, 2)

ko
-Gy,

mp3 <9 Zf/ > P3 2 =
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1 1
Multiplying (3.24) by m if x = 0 and (3.23) by Téﬂ if x # 0 and applying

Young’s inequality, to the terms on the right-hand side of (3.24) and (3.23), then (3.21) and
(3.22) holds. This finishes the proof of Lemma 3.6. O

Proof of Proposition 3.1. In this step, we build the Lyapunov functional £(¢,t). In order to
construct this functional, we need to take into account two main things. First, this functional
should satisfy the estimate (3.27) and second, it should verify another estimate of the form

c E(6,t) < L(Et) < ey B(E,1),

where ¢; and ¢y are two positive constants.
Now, we introduce the Lyapunov functional £ (£, 1)

(3.25) L(&,1) = N E(£,8) + NyFy (€,8) + Ny Fo (€,1) + N3 Fs (€, 1) + Ny Fu (6,8) + F (€, 1),

where N, N; for + = 1..4, are positive constants that will be fixed later.

o If (x=0):
Taking the derivative of £ (£, ) with respect to ¢t and making use of (3.5), (3.7),
(3.9), (3.15) and (3.21), we have

2 -~
el

2

0
aﬁ (€,t) + (N1 — NoC' — N3C = O)

+ (N3 — Nig; — N3C — N,C — C) (15_—52)% ‘/y\|2

2

(326) + (Ng — Nogg — C) (15_—52)@ |/Z\’2
& £
+ (N4 — Npey — C) mk’ ‘@\|2 + (1 — Nyeq — N3€3) mpl ’a|2
S — (¥N — (NlC (81) + N3O (83) + N4O (84) + C)) T |Z]\|2

~(Nky — (NoC (2) + NoC + NC (24) + C)) mé? / " g(s) [ (s) ds.

Here we have used

¢ 3

= —
(1+¢2) (1+¢%)
and , )
Now, we fix the constants in (3.26) as follows
1 1 1
=N ST Ny T oy Ny=1+C, N3=1+0C,

1 1
61:W7 N2:1+N30+N4C+C’andN1:§ —{—NgC—l—NgC’—FC
1
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Finally, we choose N large enough such that

N > max ( (NlC (€1> + NgC (83) + N4C (84) + C) 1 (N2C (82) + NgC -+ N4C (84) + C)) .

2/ ky
With these choices, (3.26) takes the following form

9
ot

where ¢ is a positive constant, and

& & 2 'S 2
(3.28) F(&t) = m mm |l +mpz 9l
g?

g o g I et [ o I ds ol

(3.27) L& t)+coF (&,1) <0

k[0 +

Since N is large enough and by using (3.25) then there exist two positive constants
c1 and ¢y

(3.29) aB (&) <LE < B (6 1).
From (3.28), we deduce that

(3.30) F(&t) > M) B,

where A (§) = i) Consequently, from(3.27), (3.29) and (3.30), we can find C
and c such that

E(&,t) SCE(,0)e O,

e [f (x # 0): Taking the derivative of L (£, ) with respect to ¢ and making use of (3.5),
(3.7), (3.9), (3.16) and (3.22), we find

2

a ~

(3.31) SLED) + (N = NoC = NoC = NyC) i i Rl ’9’
2
+ (Ny — Nig; — N3C' — NyC (g4) — C) (1_?_—52)/02 |?/J\|2
2
+ (N3 — Nagy — N,O) ﬁ alz |
+(Ny — N. —C’)ik|A|2+(1—N ~ N. )—52 1)
4 262 (1+ 52)2 v 4€4 3€3 (1+ 52)2'01 u
< - <¥N — (N,C (£1) + NsC (53))) 71ql°

 (Nky — (NsC + NoC (23) + NaC' (24))) mé® / $) 17 () ds.
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g3 =

4N’

MOUNIR AFILAL', BAOWEI FENG2? AND ABDELAZIZ SOUFYANE?

Now, we fix the constants in (3.31) as follows

1 1 1
- — = — N — ]_ C,
=N, T o, AT T

1 1
N3:1+N4C,€1:— N2:1+N30—|—N4C'(54)+C’and]\f1:5 +NQC+N30+N4O

(3.32)

(3.33)

(3.34)

(3.35)

2N’
Finally, we choose N large enough such that

N > max (i (NiC (21) + NaC (25)) , — (NoC + NoC' (£2) + NaC (84))> .

26 k1
With these choices, (3.31) takes the form

O Len +wFEn <o
where ¢g is a positive constant, and
2 2 2
Tt e I (g
bl S i e me [T oA s i
(1+¢%) (1+¢7) 0
Since N is large enough and using (3.25) then there exist two positive constants ¢;
and co

F&t) =

aB (€1 < LED) < B ().
From (3.33), we deduce that

F (&) >N (E) E(&1),

2

(5—52)2. Consequently, from(3.32), (3.34) and (3.35), we can find C
1+

and c such that

where A (§) =

E(&1) < CE(€,0)e X!
This finishes the proof of the Proposition.
OJ

3.2. Fourier Model. Taking Fourier transform in (2.6), we obtain the following ODE sys-

tem:

(3.36)

( i}\t—lﬁa—l—g//\:(),
plat _Zkf 6:07
Py —ia€ Z4+m&? [T g(s)T(s)ds — kT4 i0€6 = 0,
~ 1 ~ .
pi + 5620 4 5 =0,
\ /ﬁt—i_ﬁs_gzo

~ ~ T ~
The solution vector and initial data are given by V ({,t) = (i)\, u,z, v, 0,ﬁ> and V (£,0) =

Vo (6).
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The energy functional corresponding to the above system is defined as:

B3 E€)=n il + ool + s[RI+l 4 me [ () () ds
The energy (3.37) satisfies the following estimate (see Lemma 3.7, [1]):
—5§t ——§H+mg/ $)2 ds,
using (H3), we have
—E(&1) < (5)| ds.

The pointwise estimates of the functional g (&,t) are given in the proposition below. This
estimate will play an important role in proving our main result.

Proposition 3.7. For anyt > 0 and £ € R, we have the following estimates

N C’e‘c’\l (S 0) if x=0

where

(3-39) A1 (5) =

& _ ¢
1+§27 )\2(€> - (1+§2)27

and C and ¢ are two positive constants.

As in the previous subsection, we show that the decay rate of the solution will depend on
the value of x. The proof will be given through several lemmas.

Lemma 3.8. Let the functional

Ko (6.1) = —%R%/Owg(sms)ds,@.

we have the following estimate: for any ey > 0,
2 2

2 d 12 3
)Pz\y’ +%’Co(§}t) < 052P3‘9 m—fg)

&
(1+¢
& ~2
C (g0) mé? s)> ds + ep————k 0],

(1+¢)

~12

(3.40) alz

where C' and C (gg) are positive constants.

Proof. Multiplying (3.36)4 by ¢ (s) ¥y and using (3.1),, we get

0 = LOI6)D GGG+ )T ()5

(@.9(5)7) = 317+ - (i€g ()7, )

26 (07 [T ds) Ll ()7 9+ (976D,
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integrating with respect to s over (0, 00) and integrating by parts the first term on the right-
hand side of the above equality, we get

N d * N .
plit = 4o [T 906 i)

2
[e.e] N k: [e.¢] . .
2| [Taeae ] - fre( [Toi )
bo 0 bo 0
o > ~
(3.41) -I——Re</ g (s)7n(s)ds, z§0>
bO 0
where the following inequalities have been used:
|fo°° (s) ds|” S bofy g ()1 (s I dS
g ds‘ < by max{k:l, ka} [ g 7 (s)| ds.

2

§
(1+&)°

o) R 1 R 52 N
</0 g(s)n(s)ds,mv> C (o) mé? / s)|? ds+€omk|v’2

and applying Young’s inequality, to the terms on the right-hand side of (3.41), then (3.40)
holds. This finishes the proof of Lemma 3.8. 0

Now, multiplying (3.41) by using the fact that

ko
%E

Lemma 3.9. Let the functional

N 2 ~ 5\ 2 P
G (& t) = —2pyRe(y,i€ 2) — 2p, Re (U, 2) — pép?’ Re <u,9> - % Re< y,@§8> :

Let the functional Ky (§,t) = mg (&,t), then we have the following estimate
2
~2, d 2 sz ~2
. — <
B el gk ©n < OEne ) +c< pvall
2
+COmE? / (s)[2ds + 55(15—’22)2 .

_'_

for any e5 > 0, C and C (g5) are positive constants.

Proof. Multiplying (3.36), by 6 and Using (3.36), we get
oo &i ~ 7 P3 )
Wny = Sa <“9> 5 <“t’ > 555 < >

_ %% <a§> +% 2<a, 9> +ﬁ <k m@,
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using (3.36),, we obtain
s~ N ,03 d % l 9/~ D & 9|5

mps .2 ~ P PPz d [ 5
s ds.i€0 Pals &

58 </0 9 (s)7 (s) ds, i§ >+ padt< g, i€ >
and finally by using (3.36);, we deduce

ing = 2% <“>+ppp5§i< 9.i60) + 5567 (2.9)

Qb)

p_< i€y, P39t>

P3e2|p® 0P ~7 mps = o~
P_l 2 9‘ —m§2<279>+m52</0 g ()7 (s)ds, Z§9>
P2 r2/~ :¢] P2 2| ~2

(3.43) gt (Bie0) - 22 gl

Using (3.11) and (3.43), we obtain
~ d PSRN d PO
CL§2 |Z|2 - 102% Re <y72§ Z> - pl% Re <U,, Z>
s dp lad) PP el v ich
5 dt e (@.9) 5 dt o 7.i69)
a o~
= p€? +<5—ﬂ>§2Re<z,0>
~ ey 2 . > ~ ~
555 Re<u 9> 55£ Re<y,z£9>+m£ Re<z£/0 g(s)n(s)ds,z>

(3.44) +%§ 2Re < /OOO 9(5)7 (s)ds, @'§5> .

Multiplying (3.44) by m;g), using the fact that
P1 £? ~ 2\| _ 2 VP1 \/_ 52 ~2
86 1+ 5)’<“ )| =¢ <(1+§) 35 > =2 0(e) (EToEGR

and applying Young’s inequality, to the terms on the right-hand side of (3.44), then (3.42)
holds. This finishes the proof of Lemma 3.9. U

Lemma 3.10. Let the functionals

{ G (£,1) = —2p, Re (§,7) —
H (€)= 2p, Re (7,7)

o If x=0: Let the functional ICy ({,t) =

(.3 — 2”;”1 Re (i€ [ g (s)7 (s)ds, @),

¢ .
——-G (&,t), then we have the followin

estimate
2 R d o ~
(1—£F—€2)k o + EICQ (&t) < C(g6)méE i g (s) |7 (s)]? ds

—~|2
S Opye? ‘9‘ +C

(3.45)

€2p1 |
(14 &%)

| 2

)

|y| + 6

(1+ )
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2
o [f x #0: Let the functional Ks ({,t) = ﬁ?—( (&,t), then we have the following
1+
estimate
2 & py

(3.46) —Wkwfﬁlc?(at) < Clome® [ 9RO ds+0 G g Loyl

(1+
52,01
(1+&)°

for any eg > 0, C and C (g¢) are positive constants.

2
A I

(1+¢)

—~|2
g2, ‘e( +eg @)’ +C

Proof. Multiplying (3.36), by v, and using (3.36),, then we get

d . N R N
P2y (@, 0) + py (i€, 0) + po |7]° — a (i€ 2,7)

2 [ (o) (s)ds, )+ (i€ 9,5).
v ([T g @) ) + 0 (i€0.5)
Using the same steps as in (3.18), we have
koof. o [T ~ N\ S [T s N
@) ¢ (ic [Tai s o) = ~(ie [T/ @)

d ° R —~
by (7. i60) + <5/ 9 ()7 (5) d> .

(3.47) k|0)?

Using the same steps as in (3.10), we have

d . PN
:P1£<Ua zZ) + py (i€u, ) .

Using (3.47), (3.48) and (3.49), we get

(3.49) —k (v, i€2)

d d d * A ~
(3.50) k[0l — py o (Re (§.9)) = 7 = Re (.5) — = = Re <i£ / g(s)n(s)ds,u>
b . [ee]
= it = (% = ) Re g 0) + 0 (160,5) — e (it [ (97017 ).
0

2 2
(Lﬁ—gz) if x = 0 and (3.47) by %62)2 if x # 0 and applying

Young’s inequality, to the terms on the right-hand side of (3.50) and (3.47), then (3.45) and
(3.46) holds. This finishes the proof of Lemma 3.10. UJ

Multiplying (3.50) by

Lemma 3.11. Let the functional

{ G(6.0) = ~2p, (7.i€0) — 2 (3.0) - 222 ( 5,i65)
H (f?t) = _2101 <i}\7 Z§a> .
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o [fx=0: Let the functional IC5 ({,t) =

G (&, t), then we have the following

1
(1+&)

estimate
e . d S 52
~|2 2
+C€0, ] +Cﬁa|z|2
+Cmé? / (s) ds.
o [fx#0: Let the functional IC3 (§,t) = ﬁ?—[ (&,1), then we have the following
_l’_
estimate
&£ . d ¢ ~ ¢
3.52 —_— + K3 (§t) S C——=k 0"+ C
(352) iy a0+ K (60 S Ok 0 + il

Here C' is positive constant.
Proof. Multiplying (3.36), by i{u and using (3.36),, we get
~ d . . ~ PN
(3.53) & [Al* = py (0,360} = p (0] + py (5,887)

using (3.43), we obtain

D~ 60 208 (09)) - 2228 ( 7.6)
+ %52 <a 5>

(3.54) —Lae2(2,) + “Pe? < /O 9(5)7 (s) ds,¢g5> .

= P1§2|6| _P2f ’§|2+P3§2

1 1
Multiplying (3.54) by m if x = 0 and (3.53) by Téﬂ if x # 0 and applying

Young’s inequality, to the terms on the right-hand side of (3.54) and (3.53), then (3.51) and
(3.52) holds. This finishes the proof of Lemma 3.11. O

Proof of Proposition 3.7. Here, we introduce the Lyapunov functional £ (£, t) as follows

(3.55) L(Et)=N 5(5,t) + No Ko (§,1) + N5 K1 (€,1) + Ne Ko (€,1) + K3 (&,1) -

Here N, Ny, N5 and Ny are positive constants that will be fixed later.



20 MOUNIR AFILAL', BAOWEI FENG2? AND ABDELAZIZ SOUFYANE?

e if (x =0): Taking the derivative of L (£, t) with respect to ¢t and making use of (3.40),
(3.42), (3.45) and (3.51), we find

&t
1+&9)7
¢ ( ) ¢

(3.56) %ﬁ@ﬁ+@%—%0—%0—@

+(N5—N060—C) ( ) |Z| +(N6 NQZ‘I()—C) (1+§2)]€|’\|2
S
+ (1 — Nse Nge Uu
( 585 — 66)/)(1+€)||
2
< - (—N — (NoC + N5C (e5) + NgC + C))
Bps
— (Nk’l (NOC (80) + N5C + N6 ( mf / | ds.
Here we have used
65L2P1 af* < s & ol
(1+¢) (1+¢)
and ) e
50£+22k |i)\|2 S 50—2]€ |i)\|2
(1+¢?) (1+¢)
Now, we fix the constants in (3.56) as follows
1 1 1
= — = — =— Ng=1
€5 4N5 y €6 4N6 y €0 2N07 6 +Ca

1
N5:1—|—C'andN0:§+N5C’—|—N60—I—C

Finally, we choose N large enough such that
1

N > max (% (N()C + N5C (55) + NGC + C) R k_ (NQC (60) + N5C + NGC (66) + C)) .
1

With these choices, (3.56) takes the form

0
where ¢g is a positive constant, and
35 K@) = kil £+p [l + £+p ah
(1+¢) (1+¢) (1 +5)
: il me [ ot
+——alz|" + +m ds.
e o o]+ me ()
Since N is large enough and using (3.55) then there exist two positive constants c¢;
and ¢y
(3.59) € (6,8) S L(ED) < el (6.1).

From (3.58), we deduce that
(3.60) K& 2 EED,
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52
(1+¢)
and ¢ such that

where A (§) = . Consequently, from (3.57), (3.59) and (3.60), we can find C'
E(&,t) < CE(E,0)e MO,

e [f x # 0: Taking the derivative of L (£, ) with respect to ¢ and making use of (3.40),
(3.42), (3.46) and (3.52), we obtain

2

§ 2
3.61 t — N;C — NgC C) ——~
(3.61) L&)+ (No— Ns 6C (g6) — C) 1+ Y]
+(N5—N0€0—N60)i |A| +( NOEO_C) 5—222k|6|2
(1+¢?) (1+¢%)
+ (1 — N5€5 — N656) 1% 5—2 \ﬂﬁ
1
(1+¢%)°
2
Bps
— (Nky — (NoC (g0) + N5C + NgC (g6))) mé&? / s) (77 (s)| ds.
Now, we fix the constants in (3.61) as follows
1 1 1
€y — 6 = —— , 0= ——— N6:1—|—C,

4Ny’ 4N61’ 2N,
N5:1+C, N0:§+N50+N6(€6)+C

Finally, we take N large enough such that
1

N > max <% (NOC + N5C (85) + N60> s k_ (NQC (60) + N5C + Nec (86))) .
1

With these choices, (3.61) takes the form
0

where ¢g is a positive constant, and
¢ ~2 £ ~2 ¢ ~2
(3.63) K&t = —— k[0 +——p [0 + o, [7]
ey ) )
g i+ € 1 et [To e
Since N is large enough and by using (3.55) then there exist two positive constants
c; and co
(3.64) Al (1) S L(Et) < € (6,1).

From (3.63), we deduce that
(3.65) K& 2 EED,
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2
¢ 5 .Consequently, from(3.62), (3.64) and (3.65), we can find C, ¢

where A (§) = m

such that
E(E ) < CE(£,0)e O,

This finishes the proof of the Proposition

4. THE DECAY ESTIMATES

In this section, using the previous estimates, we establish new decay rates of the solution
U(z,t) and V(z,t) of the systems (2.3) — (2.4) and (2.6) — (2.7), respectively. We need to
mention here that in the case of Y = 0 we don’t have the regularity loss phenomena.

Our first main result is stated as follow:

Theorem 4.1. Let s be a nonnegative integer and

N
If p2'

Suppose that Uy € H*NL' (R). Then, the solution U of the system (2.3), satisfies the following
decay estimates:

o [f (x=0), then

B

1650 (1)]|,, < C (1 + 1) 2 |Upllys + Cet [ 05U0|| o £ > 0.
o If (x #0), then
[
|50 (O], < O (47 TF [Uollys +C Q41 2 |00 5 £ > 0,

where k+1 < s, C and c are two positive constants.

Proof. Using the Fourier transform, the proof of Theorem 4.1 is reduced to the analysis of the
behavior of the spectral parameter in low- frequency and in the high-frequency regions. The
proof is based on the pointwise estimates in Proposition3.1. Applying Plancherel theorem

and making use of the inequality in (3.3) and as ¢; |U (g,t)r < E(&t) < e |U(&,1) i
obtain
(1) U I} = / & |U (6. de
< /52” X0 F (¢,0)] de
S / §2n —c (¢ (g 0) df—l-C / 5271 —cA( E)t (é& 0)’ 5
1€1<1 1€1>1
= I+ I.

The integral is spitted into two parts: the low-frequency part (|{] < 1) and the high-
frequency part (€] > 1).
e Estimation of I :
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—if (x=0)orif (x#0), with A(&) :%or)\(f) = (15—;)2.Here, we see

2 2
that A (§) > % or A(§) > %, so that we have we infer that

Ilgc}ﬁo

2 1
/ €] e~e€tde < O (1 + 1) 22| U3,
Loo
|€]<1

where, we have used the following inequality

(1+0)

1
/|£|”e‘652td530(1+t)‘ 2
0

e Approximation of I :

—If (x=0) : In high frequency region, we see that A(§) > C for [{| > 1.
Therefore I is estimated as follow:

[2 S Cefct / €2n

l€1>1

R A
—If (x#0): Wehave A (&) > ¢ 2 for |¢] > 1. Therefore we can estimate I, as

L < Csup{|g|—2‘5eclﬁl‘2t}/§2<"+5> )ﬁ(g,())‘zdg

[§1>1

0 (6.0)| de

/=1
< C+6)7||aru, .
Substituting these estimates into (4.1) gives the desired estimate in Theorem.

O

Using a similar method of proof like in the previous theorem, we establish the decay
estimates of the solution V'(z,t) solution of (2.6) — (2.7). The result is stated as follow:

Theorem 4.2. Let s be a nonnegative integer and

N

Suppose that Vo € HNL' (R). Then, the solution V of the system (2.6), satisfies the following
decay estimates:

o [f (x=0), then

E

05V ()]0 < € @+ 073 [Voll o + O ||4Va] . £ > 0.
o If (x#0), then

|okv (1)||,. <C(1 +1t)*4*g Vol +C (1 +t)*% |05 Vo || 25 t >0

where k+1 < s, C and c are two positive constants.

9
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