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1. INTRODUCTION

We consider an original fractional PDE with multiplicative white noise:
°D§: [u(z,t) — n(u(z, t))] = Au(z, t) + u(z, t) - Vu(z, t) + g(u(z, t))W(t), (1.1)
with
w(z,0) =ug (z), z €D (1.2)
and
u(x,t) =0, z € 0D, (1.3)
in which D ¢ R? is domain, A is Laplacian operator, u (-) on a Hilbert space H
with (-, -), W (t) is a white noise with filtration Fy—adapted, where Fy = o {W (¢)}.
D¢ symbolizes fractional-order derivative operator in the sense of Caputo for
a € (0,1) is defined as:

t
e 1 ou(w,x) dw
Diu(t,x) = T —a) / Do o) (1.4)
0

The existence and non-existence results for fractional-stochastic PDEs were dis-
cussed in [18]. Chemin et al. [6] studied the global regularity for the large solutions
to the NSEs. Miura [21] and Germain [13] focused on the uniqueness of mild solu-
tions to the NSEs. Several writers, see [22,26,27,29], have acquired the presence
and uniqueness of the SNSEs equations. Just mention a few works of Navier-Stokes
time-fractional equations has become a hot topic of studies because of its important
role in simulating anomalous diffusion.

Time-fractional differential equations have resulted in numerous mathematical
applications of interest. Specifically, see [9,28,31,32,33] for modeling anomalous
processes of diffusion as it may characterize long storage procedures. In addition,
exact solutions of some fractional PDEs were studied by different techniques in
[14,23).

Several authors, see for instance Ezzinbi and al. [10] and Cui et al. [5], acquired
the presence and regularity of solutions for some PDEs. Research is particularly
1
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interested in the stability of differential equations in stochastic concepts. A few
papers were in that direction. The comparison theorem was used in [6] to demon-
strate stability of stochastic PDEs for a mild solution. Caraballo and others. [3],
Liu [19] and Luo [20] provided three techniques for resolving SPDE with delays
based on well-known Gronwall inequality, functional Lyapunov and Razuminkhin
theorem.

This paper’s primary input is to create a mild solution to the(|1.1)) — (|1.3) issue.
Using primarily Holder”s inequality, stochastic analysis, Darbo’s fixed-point theo-
rem coupled with Hausdorfl’s methods of measuring non-compactness, we obtain

the presence of moderate issue solutions (|1.1]) — (1.3).
2. PRELIMINARIES

Assume that (Q, F P, {Ft}tzo) is a filter. Assume the operator A as infinitesimal

generator of a strongly continuous semi group on the Hilbert space H = L? (D). In
particular, let

A:=-A, D(A)=H} (D)NnH?* (D).
It is clear that he operator Ais a positive self-adjoint operator. Let e, denote the
eigenvectors corresponding to eigenvalues A, such that

Aey, = Mpex, ex = V2sin (kr), \, = n2k?, k € N*.

For o > 0, we have the following representation for the fractional power A% =
(—A)2 and its domain H? which can be defined by

>0, Afep=Nep k=12 ...
and

oo
H? =D (A%) = {v € L* (D), s.t. Hv||i1,, = Z)\Evi < oo}7
k=1

where L? (D) is a Hilbert space with,
ve = (v,ex), [|H 0| = [[A%v].

B is B (u,v) = u - Vv with domain D (B) = H{ (D) and B (u) = B (u,u). By
using these notations, it is possible to express the main equation ([L.1) — (1.3]) as
follows:

{ Dy [u (t) = (u ()] = Au(£) + B (u(t)) + g (u (1) 52, t >0,

(0= e (2.1)

in which {W; : ¢ > 0} is cylindrical L?—valued Brownian motion ( L?—valued sto-

chastic approach W (t) so that a trace class operator @ denote Tr (Q) = >_ A < 00,
k=1

which satisfies that Qex = Arer, k=1,2,.... So

W(t) = i\/ﬁ@k (t) e,
k=1

with {8k}, , is a family of Brownian motions.
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Define L := L? (Q% (H), H) be a Hilbert-Schmidt space of operators from Q2 (H)
to H with the norm

lollzz = @2 |

= (ZQSQ;en) ,
n=1

={¢eL(H) : i‘Aéqu%en 2<oo}7
n=1

where L (H) :={¢: ¢ : H — H is a linear bounded operator}.

i.e.,

Let K be a Banach space. Then
1ol o 0,0) = (B oI5 ) , Yve LP (Q,F,P,K), for every 2 < p.
Lemma 2.1. ([32]) Suppose T (t) = e~*4 is a semi group generated by an operator
A. For each p > 0, we have a constant C), depending on 1 so that
[AT @) » < Cut™, £>0.

Following Lemma will be introduced to assess the stochastic integrals containing
the inequality of the Burkhoder-Davis-Gundy.

Lemma 2.2. ([17]) For all2 <p and T >ty >t; > 0, and u : [0,T] x Q — L3
holds for

y
2

T
[lu@)izas) | <.
0

The identity

2
to p 2

|| [v@av )| | <cwe || [luwli;d

ty
holds true under these assumptions.

Inspired by the time-fractional differential equations definition of the mild solution
(see [28]), we present the definition:

Definition 2.3. An Fi-adapted stochastic approach, u(t), is known as mild solution

for if

w(t) = o (£) o + h (u +/ W) B (t — w) B (u (@) dw
0

+ (t - w)a—l Ema (t - w) g (u (UJD aw (w> ) (2'2)

o

where the E, (t) and E, o (t) are stated as:

/ Co ()T (t%6) d
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and
o0

Faa ()= [ 0G0 @) (0)as
0

where T (t) = e~*40 is a semi group produced by an operator —A. In this definition,
Ca (0) is Mainardi’s Wright function:

_ > (_1)m o
Ca (6) = mZ:Om!F 1-a(l+m)
Lemma 2.4. ([4]) For any a € (0,1) and —1 < v < o0, it is clear that
= v _ F+v)
@(e)zo,/o "G (6) D = o (2.3)

for every 6 > 0.
{Es (1)} and {E,  (t)} in (2.8]) for ¢ > 0 possesses the conditions as follows:

Lemma 2.5. Let E, (t) and E, o (t) be bounded-linear operators. For 2 > v >
0, «€(0,1), there is a positive constant C for which the inequalities

1Ea Oyl <CF Nyl Bava Oyl < CF Jyll. (2.4)
hold.

Proof. Let T > 0 and 2 > v > 0. The Lemmas imply that

1B (2) Xl o < / Ca (6) |ALT (1°6) x| d6
0

oo

< [ o @) Il a0

CT(1-v),_w 9
= Ty L2(D
and -
Boa (Xl < [ 0o )47 (°6) ] do
0
< /Cyat—%al—vga QNN
0
Coal' (2-V) o 5
= 2Ty L*(D
D I, xe ),
s0, E, (t) and E, , (t) are bounded operators and linear. The proof is completed.

O

Lemma 2.6. Let t be a positive real number. Then,
(i) For0<a<land0<v<2and0 <t <ty <T, thereis a C >0 for which

1(Ea (t2) = Ea (t1)) Xl v < C (t2 — 1) % |Ix]l, (2.5)
and

1(Baa (t2) = Baa (1)) Xl o < C(t2 = 1) |IXII- (2.6)
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(13) By (t) and E, o (t) are strongly continuous operators.
Proof. Tt is not hard to show that for any 0 < Ty <t; <to < T,
7 ar (0 7
tOé
/#dt =T(t50) - T (t) = /ato"IGAT (t*0) dt,

tl tl

and by (2.3) and Lemma we have
[(Ea (t2) — Ea (t1)) Xl g = [[ A (Ea (t2) — Ea (t1)) X||

/ Ca (0) Ay (T (156) — T (£0)) xdB
ta
< /a&@a( )/ta-1|\A2+UT(taa)X|\L2 dtde
ty
to
/C’a9 56, (0 /t—%-ldt Iyl do
t1
28 (o
P S A t 2 _t 2
T e )
20, (1-%) av 2
A 20 (4, —4y) 2 . x € L*(D).
VTgeT (1= =) (t2 —t1) 2 [Ixlls x (D)
Also
”(Ea,a (t2) — Eqa (tl)) X”HV = ”Av (Ea,oz (t2) — Eoa (tl)) X”
= / abla (0) A, (T (t50) — T (t9)) xdo
< / 020%C., (6) / 19 | Agy T (£6) | . b
0 t1
oo to
< [aareic @ | [¢% tat | Il as
0 t1
200,T (2 - %) Cer _aw
. t 2 7t 2
<1+a( %)) ( 1 2 ) ”X”
20,T (2 - %) av )
to —t1) 2 , x € L* (D).
Tl (1+a(1 — %>> (t2 1) ”XH X (D)
We have
[(Ea (t2) — Eo (t1)) x|l gv — 0,
and

[(Boa (t2) = Eaa (01)) Xl g = 0,
as t1 — t2 which implies the strongly continuity of operators E, (t) and Eq o (%) .
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Definition 2.7. Hausdorff measure of non-compactness of a bounded nonempty set
T of Y is denoted by x (T') and is defined as

Xf,(F):inf{e>O :'C S+ ey, SC?, S isﬁm’te}.
We recall here the some basic facts about x3 (-) .

Lemma 2.8. ([2]) Suppoe that Y is a Hilbert space and T, C C Y are bounded.
Then:

(1) T is pre-compact if and only if x5 (I') = 0,

(2) xy (T) = x5 (T) = x3 (conwl), in which T is closure, convl is convex hull of T.

(3) xy (') € xg (C) for T C C,

(4) x5 (' + ) X3 () + x5 (C) in whichT +C ={a+b: acT, be C},
(5) xy (L UC) =maz {xg (T), xy (C)}.

EG; Xy ()\I‘) < |)\| X5 (I') where X\ is a real number.

7 ‘

x5 (®T) < kxy (I)
holds for a bounded set T C D (®) in which B is a Banach space.

Definition 2.9. ([25]) The map : V : Y — Y is called a Xy —contraction if
xy (@ (1) < kxy (T)
for 0 <k <1, where I' CV is bounded and closed and Y is a Banach space.

Lemma 2.10. (([1])) Let V CY be a closed and convex subset of a Hilbert space’ Y
with 0 € V. Then, the continuous transformation: V :' Y — Y is a xy —contraction.
Furthermore, if {u € V : uw = A® (u)} is bounded where 0 < XA < 1, ® has at least
one fixed point in V.

Next we present some outcomes on the presence of moderate issue alterna-
tives. We create the following hypotheses in order to achieve this:
(H;) Suppose that the operator A is infinitesimal generator of {7"(t)},~, on H. We
are also assuming compactness of operator E, (t). -
(Hs) The map h : Q x H — L2 holds the conditions of global growth and Lipshitz
continuity:
[ (W)llgz < Cllull, [|h(u) =k ()llz < Cllu—o],

for each v,u € H.

(H3) For the initial condition uy which is a random variable with measure Fy, the
inequality
[[woll o (e, vy < 00, forany 0 <v <o <2
holds.
(H,) Assume that g : L2 — L3 is a continuous function. Then,

Ellg (us (t)) = g (u2 (0)lI72 < Lg [Jua (£) — uz (B)|75

where L, > 0, and t € [0,7], ui, uz € L3.
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and
Ellg (u®)ls < LoE [u(®)]} . t € [0.T], ue L3,

(Hs) The map Z : L? (D) — H~! (D) satisfies
2
12 @)l -2 < Ze[lull”,
and
12 (u) = Z ()l g-1 < Ze (ull + [J]]) lu = o],
where Z, > 0, and u, v € L? (D).

Lemma 2.11. Let ®1 be the operator expressed by for each u € K
¢
1 (u) = / (t— )" Buo (t—5) B (u(s)) ds. (2.7)
0
Under assumptions (Hy) and (Hs), the operator ®1 is continuous and maps K into
itself.

Proof. 1t is obvious that ®; is continuous. Next, we show that ®; (K) C K. By
(H:) and (Hz) and the equation [2.7] we get
t p
EN(@1w) Ol = B /(f ~ )" A B (t = w) Ay Z (u(s)) dw
0 Hv

t p—1

P(Qil) t
<cr / (t—w) = dw / (| AvorZ (u (@))") de

< oo, LD e / Bl (9]

t

=m / B [llu ()% deo , (2.8)

0

p—1 p—
with v, = CPC, [%} (T)TZ This complete the proof.

Lemma 2.12. Let K be a Hilbert space. The operator
t
Dy (u) = /Sa (t—w)g(u(w))dW (w) for each u € K.
0

is continuous and maps K into itself by the assumptions of (Hy) and (Hs) .

Proof. By Lemma we obtain
t P

E||(@2u) 0]} = E /(t —w)* 7 Ba (t - w) g (u () dW (w)

0 Hv
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/H ) B (1= )| 140 ()2 do

p—2

2 t

t
» 2P(a 1) p
p)C? /t— = /EHAVg(u)HL%dw
0

0

p72 t
2
<C(p) Cp( Lo ) /EHAug 1z dw
0

= [ Ellu (o)) ds (2.9)

0
pP—2

where v, = C (p) CECP [ * . This implies that ®, (Z) C Z.

2’0471)2}

Lemma 2.13. Assume that the operator ®3 defined in Z, satisfies
(P3u) (t) = Eq (t) uo + g (u(t)) -
By the assumptions (Hy) and (Hy), the operator ®3:Y — Y is continuous.

Proof. The continuity in p — th moment of ®3 follows from (Hy).
Next, we show that ®3(Y) C Y . By (2.9) and the assumptions (H1), (Hs), one
gets

E||(@5u) ()72 < Ellg (w®)72 < LnE lu(®)]72 -

So, we conclude @3 (Z) C Z. O
Lemma 2.14. By (H;) and (Hs), we have

E|Eq (t) uoll o] < Elluoll g ]-
Proof. The Lemma [2.1] implies that

E (|| Ea (t) woll ] < E / Ca (0) (AT (#0) wo|*) " a0
0
<F /Ca (

0

,,e*’5 eAuo,en> ) df
o0 2
o[ e (5 et
0

<K / Cor (60) [l o 40| = B [l 1] -
0

||M8

Nl=

Mg

n=1
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Now, we set T = T} + T5, where
(Thu) (t) = Ea () uo (s) + g (u(t)),

and
(Tou) (t) = /(t — W) Baa (t—w) Z (u (w))dw+/ (t—w)* ™ Baa (t—w) f (u(w))dW (w),
0 0

for ¢t € [0, T7.
Lemma 2.15. Assume (Hs),(Hy4), (Hs) hold and 0 < v < a <2, p > 2. Then,
B Bu (t2) — Ba (0|3, < CE, (b2 — 1) F B ol
Proof. We set
L =T (t2) — Ty (t1) = E, (t2) ug — Eo (t2) ug
For any p > 2, by virtue of Lemma [2.6] one gets
E|L|5.] = E[A]|Ea (t2) uo — Eq (t2) uo|’]
<CP,(t— 1) Elfuo|”.

It is clear that ||(T% (t2) — T4 (t1))|ly — 0 as t; — t2 which means that the operator
F is strongly continuous. O

Lemma 2.16. Assume (Hs),(Hy4), (Hs) hold and 0 < v < a < 2, p > 2, the
operator Ty is uniformly bounded.

Proof. From Lemma using the estimate (2.8, we have
sup E||Tz (u(t))|f.] < oo,
0,7

that is the operator T is uniformly bounded. O

Lemma 2.17. Assume (Hz),(Hy4), (Hs) hold and 0 < v < aw <2, p > 2, Then the
operator Ty is equi-continuous.

Proof. For T >ty >t >0,
to

(Tou) () — (Tou) () = / (b — ) Baa (b2 — w) Z (u () du

(=)
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= /(tl — W) MEaa (t2 = w) = Bao (th — )] Z (u(w)) dw

o

t1

+/ [(t2 =) = (11 = 0)* ] B (12— ) Z (0 () dos
0

+ / (b — ) Baa (b2 — ) Z (u () du

ty

= Jo1 + Jog + Jos, (2.11)
and
to t1
Jz = /(t2 — W) Eg (ty — w) f (u(w)) dWw—/ (ty — W) Eao (t —w) f (u) dW (w)
0 0

ty

= /(fl —w)*  Baa (ts = w) = Baa (h = w)] f (u(w)) dW ()
0

# [ it =) = (=)™ B (t2 =) (0 (@) W ()
0

4 [ =) B (2= ) £ (@) AW (@)
t1
= Js1 + J32 + Jas. (2.12)
For Js; in , by (Hs) and Lemma one gets
|
t1

t1
Bl aalf] = B
p—1 ¢
» pa(vt1) pla—1) P
< (-0 | [0-0F ] Bz @)l
0

0

/ (b1 — )" [Baa (s — ) — Faa (b1 — )] Z (1 (@) dw

-1
et p—- 1 )p 2p pa(vt1)
< CPCP? TP sup E |||lu(w)]|7 to —t 7 2.13
< ey (221 (te[QpT] [l 12n] ) (2~ 1) (2.13)
p]

Using the assumptions (Hs) and Lemma and Holder inequality, we have
ty
/ [(t2 =)™ = (1 = @) [ B (t2 — )] Z (1 () do

E (| Jo2lf.] = E [
0

- (/ O R e A dw)
0
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t
< [ El14-1B (w@)lf] do
0
p—1

—1 pa(l—v)=2
<crerr | L sup B [u(@)Fh] ) (2 —00)" =,
p (a - 7"(”;1)) te[0,T]

(2.14)
and
to p
E (| aslfy] = E [ [t =0 A () B (w ) ]
ty
to p—1 ta
a-1- gl
<cr( [-w /E 1A 1B (@) |[5:] deo
t1
p—1
-1 pa(l-v)
< CPCP p( - ( sup E {u(w)ﬁﬁ}) (ta —t1) 2 .
D (a — %)) -1 te[0,T)
(2.15)
Next, we can show via (2.13) — (2.15) and the Lemma [2.2}
t1 p
E([ sl ] = E [ /(tl — )" [Baa (t2 = w) = Bae (i — w)] f (u(w)) dWw ]
0

<C(pFE

s =)™ A B 12— ) = Bt~ [ 1 e |
(/i e, )]

0

t1

<CP)CE, (ta—t) 7 (/(m—ﬁ”ﬁ dw) /E||f

0

<o () <wup E[”u(w)”p]> (t— 1), (216)

2pa—p—2 t€[0,T]
and
t1

[t =™ = (0 =)™ Ay B 2~ )] £ (0 ) W

0

E||Js2|%0] = E [

(/ H [(tz - W)a—l —(t1 — W)a_l] [A Eq o (t2 — w)]HQ £ (u (w))”ig dw) :|
0

=Cc (/1 {[ta=w)* ™ =t =) x (2 =) ¥ }% dw)

0

<C()E
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< [ B[IF (@)ly;) do

2(p—2) )22
< C(p)crcrT
<COOT (g 57
2pa(2—v)—2(p+2)
x < sup E[llU(f)p]> (t2 —t1) 1 ; (2.17)
te[0,7]
and
to p

B uallye]) = B || [ (=)™ A B (t2 =) 2 (u () do

ty

(SIS

<C()E ( / 2~ )" A B (b — )| 1S (I o
0

p—2

<cwes ( / (-w) %) x / E I (w @)y, de

tl tl

D (VP 2(p—2) -
< C(p) CPCY <2pa(2—u)—2(p+2)>

t€[0,T]

By expectation of (2.10) and (2.13]) — (2.18), one gets
(Tou) (t2) = (Tow) (t) Lo (o, mv) < C (b2 =),

where v = min {%7 ap(l;p")_Q, 2”“(2_2)][)_2(’)+2)} when 0 < t5 —t; < 1.

Otherwise, if to — t; > 1, then we set v = maz {a(”;l), a(Q_;_l), Qpa(QZp”)_Qp }
[l

Lemma 2.18. F maps Y into itself by (Hy) and (Hs).

Proof. Let the nonlinear operator F' be given by,

(Fu) (t) = Eq (t)ug + h (u(t)) + / (t— w)Oﬁl Eyo(t—s)B(u(w))dw
0

+ [ =) Bao (t—w)g(u)dW (w).
/

Now, we construct mild solutions of (|1.1) — (L.2)) :
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Step 1. Let A € (0,1), set {u € T : w = AFu} is bounded.
Assume that v € Y be a solution of u = A\F'u. Then, by (H;) — (Hy) and applying
the similar arguments in Lemmas [2.9hnd we get

Eu ()l <377 [ Ea () wollfe + 377" 7 (w (@)l + 377 B [ @1 (u ().

+3 B @ (u (1) .
t

< 3P B Jluoll ] + 377 (m +72)/E[||U|\p v]ds.
0

sup E||u(t)|5, < .
t€[0,T)

which implies boundedness of u(-).

Step 2. F : Y — C([0,7],H?) is continuous. Let {uy, (t)}, 5o With u, —
u (n — 00) in Y. Then there is a number » > 0 such that F ||u, (t)||§{ < r for

t€[0,T) and all n, u,, € B(0,Y)=<u€Y : sup |ully. p and u € B, (0,Y).
t€[0,T]

By the assumptions (Hs) and similar argument to get (2.8) and (2.9)), we have
E|[(Fun) (£) = (Fu) ()57 < 377 1 (un (1)) = h (u (0) [ 70 +3P 7 B @1 (i (£) = w (8)) 5

37 LE | By (un () — u (1)

<37 I (un () = b (u () + 3771 (G + K2) /E lun = ullfye ds

0
Then, for ¢t € [0,T],

|Fu, — Fuly, — 0, whilen — oc.

Therefore, F' is a continuous map.
Step 3. Let us write F' as F = T3 + T3 to prove that F' is y—contraction.

(1) Ty is a contraction on Y. Let u, v € Y. By the Lemma :
E||Tyu — Tyl < LeE |lu(w) = v (w)[[5.

< Ly sup B u(w) - v(w) ol
w€el0,T]

< Ly [lu(w) — v (w) dwlly,
Taking supremum over ¢
[ T1u — Tholly < Lo Jlu(w) — v )]y,

where Lo = L, < 1.
Hence T7 is a contraction on Y.

(2) Ty is compact operator. Let u, v € Y. It follows from (Hsz), (Hs) and Lemma
212 that

E||Tyu — Tyolly, < 2P7'E / (t=w)* " Baa (t—w) A [g (u (W) = g (v (@))] dW ()

0 HY
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t P
+2r1E /(t — W) By (t—w) A, [B(u(w)) — B (v (w))] dw

0 HY
t
< (yi+)E / = ol du | |
0

which implies

sup E||Tou — TgUHZU =(y1+72) sup E|u— U”i]ﬂ -
te[0,T] t€[0,T7]

Since 0 < L =71 + 72 < 1, then F is contraction maping on Y.
From the Lemma and Lemma the operator T3 is relatively compact.

Because T} is a compact operator,
xx (ThV)=0
for a bounded V' C K. Hence,
Xk (F) = xx (F1V + F2V) < xx (F1V) + xkx (F2V) < Lxk (V) < xx (V).

Therefore, F' is a y—contraction mapping. Using the Lemma 2.10, we get F' has at

least one fixed point v* € V' C K which is a mild solution of (1.1)) — (1.2).
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