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In this work, we study a weakly singular Volterra integro differential equation with Caputo type fractional derivative. First,
we derive a sufficient condition for the existence and uniqueness of the solution of this problem based on the maximum
norm. It is observed that the condition depends on the domain of definition of the problem. Thereafter, we show that this
condition will be independent of the domain of definition based on an equivalent weighted maximum norm. In addition,
we have also provided a procedure to extend the existence and uniqueness of the solution in its domain of definition by
partitioning it. We also derive a sufficient condition under which the model problem will provide an analytic solution. Next,
we introduce a operator based parameterized method to generate an approximate solution of this problem. Convergence
analysis of this approach is established here. Next, we have optimized this solution based on least square method. For
this, residual minimization is used to obtain the optimal values of the auxiliary parameter. In addition, we have also
provided an error bound based on this technique. Several numerical examples are produced to clarify the effective behavior
of the convergence of the present method. Comparison of the standard method and optimized method based on residual
minimization signify the better accuracy of modified one. In addition, we also consider an equivalent form of weakly singular
integro differential equation of a Heat transfer problem to show the effectiveness of the present approach. Copyright (©
2020 John Wiley & Sons, Ltd.
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1. Introduction

Fractional order weakly singular integro differential equations are very frequent in several modeling. For e.g., fractal wave equation
in shallow water surface leads to a time fractional model [9]. In addition, if the water wave scattering happens by a thin vertical
barrier, immersed in deep water, it produces an integral equation with weakly singular kernel [2]. Therefore, a consequent behavior
of two models leads to a fractional order weakly singular integro differential equations. It is observed that the fractional and
integral models also appear in flight trajectory movement [6]. One can also see mathematical models available in [22, 19].

There are several notions of fractional derivatives existed in the literature, out of which the Riemann-Lioville [7, 22] and Caputo
fractional derivatives [25, 7] are mainly popular in recent days. A coupled system of Riemann-Lioville type fractional differential
equations are studied in [27] to obtain a sufficient condition for existence of positive solutions. Under certain conditions depending
on the domain, it is observed in [25], that the uniqueness of the solution can be extended in infinite dimensional Banach spaces
for fractional order boundary value problems in Caputo sense with o € (0,1). A discussion on integro differential equations of
integer order and qualitative properties of Volterra integral equations of second kind with some special type of weakly singular
kernels can be observed in [26]. But the existence and uniqueness of a general fractional order integro-differential equations with
weakly singular kernels in any specified domain are very little in literature, in our knowledge.

The approximate solutions of integral equations are also one of the interesting topic in recent researches. In literature,
approximations of a special type Abel integral equations appear in [15] by two-step Laplace decomposition algorithm, in [12] by
using fractional order Legendre functions and pseudospectral method and in [16] based on asymptotic behavior of the solution.
On the other hand, few specific class of fractional order Volterra integro-differential equations are also considered for numerical
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analysis, based on Wavelet methods in [24], using fast iterative refinement method in [10] and using spline collocation method
in [21]. In recent days, semi analytical methods became popular over numerical methods in order to avoid of finding suitable
discretization [23] of a general model. Very often, the semi analytical methods provide exact solution of the model. In this context,
the popular semi analytical approaches include- methods based on series solution, Laplace transform, variational iteration, to
solve fractional equations and integro-differential equations. Recently, homotopy based perturbation method [18, 8] became
noticeable due to its simplicity and reliability of solving differential equations. Later, it was modified in [8] for solving mixed type
integral equations. Convergence analysis of approximation techniques for integral equations can be also observed in few articles,
say [3, 6, 11]. Recently, few numerical methods are proposed to solve fractional integral equation with weakly singular kernel
by considering the particular case of 0 < a <1 [13]. However, in our knowledge, the approximate solutions of fractional order
weakly singular integro differential equations are very not known till today.

In the present work, our aim is to develop the existence and uniqueness result for the fractional order Volterra integro differential
equations with weakly singular kernel and provide an approximate solution for this model based on Homotopy perturbation method
(HPM) and modified it by least square based Homotopy perturbation method (LSHPM) by choosing the parameters optimally.
Note that the present model generalizes the aforementioned problems which include the Abel type problems where the order of
the weakly singular kernel is fixed.

We address the present work as follows. In Section 2, few preliminaries of fractional calculus are provided which is required
to analyze our model in Section 3. In addition, this section provides few sufficient conditions for existence and uniqueness of
the solution. Here, we develop two different theorems to extend the sufficient conditions independent of the domain. Section
4 describes the HPM and explains the convergence analysis of the method. We use the functions involved in this solution, to
construct another approximate solution, where the coefficients are optimized by least square method on residual error. This can
be pointed as least square homotopy perturbation method. In addition, we also provide an error bound of this modified solution
in L2 norm. Computational experiments are carried out in Section 5 to show the effectivity of the present method. It shows that
the optimized LSHPM provides better accuracy compared to HPM with very few number of terms in the approximation.

Notations: Through out the paper, we use N, R as the set of all natural numbers and real numbers. We define Q as the closure
of the domain Q. In addition, C(£2) defines the set of all continuous functions on 2 and C"(Q2) = {f(x)|f"(x) exists and f"(x)
is continuous for x € Q}. For the analysis, we use the supremum norm for a function f(x) as ||[f(x)]le = ||f(x)|| = Maxxeq |F(x)|

in a domain Q. The L2 norm for a function f(x), defined in Q is defined by ||f|2 = ﬁfgdx. We also use the symbol O(p) to
Q

denote the order of p. For x >0, v(a, x) is denoted as incomplete gamma function of order & > 0 and is defined by

'y(a,x)=[ t* e dt
0

2. Preliminaries

In this section, we introduce some preliminaries of fractional calculus which will be used through out the work. For more details,
one can see [22, 19].

Definition 1 Riemann-Liouville (R-L) Fractional Integral:- For a locally integrable function f defined on [0, T], the R-L fractional
integral of order oo > 0, is defined by

JF(x) = %fo (x =) f(r)dr, x>0, 1)
where [ defines the Gamma function.

Definition 2 Liouville Caputo Fractional Derivative:- The fractional derivative of order a >0 for a function f, where f and its
derivatives upto order n—1 are absolutely continuous, is defined by

f n a—lddf(l;r) dr, ifn-1l<a<n,
Daf(X) — d'?( (X) T (2)
a=n, ne N.
dxn

Riemann-Liouville fractional integral and Liouville-Caputo fractional derivative satisfy the following relations.
For a sufficiently function f and n—1<a <n, neN, we have

D*J*f(x)=f(x), and D%f(x)=J""D"f(x), (3)
JAD*F(x) = f(x) - Zl f(“(o x> 0. (4)

In addition, if @ > 0,8 >0 and f(x) is continuous, then the following result holds

S (x) = JPF(x) = P F(x). (5)
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Definition 3 Mittag-Leffler functions [19]:- The Mittag-Leffler function E4(y) is denoted as

oo k

Ea(”:éﬁ, yeR, a>0. (6)

3. Fractional Order Volterra Integro Differential Equation with Weakly Singular Kernel
We consider the following fractional order weakly singular Volterra integro differential equation on 2 = (0, 7] with n-1<a<
n, n € N, for the analysis:

{Dau(x):f(x)+fox(x-t)“K(x,t)u(t)dt, O<u<l, xeQ o

' (0)=7;, i=0,1,...,n-1, neN.

Here, f is considered as a sufficiently smooth function and the kernel K(x,t) e C(Q x Q) is considered to satisfy |K(x, t)| < M
for some constant M(>0) with K(x,x) %0 for x € Q. By means of weakly singular kernel, we note that (x — t)™K(x,t) is a
continuous function in  x Q, possibly except for x = t. Here, u defines the order of the weakly singular kernel. We are interested
to find an approximation of the solution u defined on u e C(Q) with suitably smooth given data.

Now, we convert the fractional differential equation to a equivalent integral equation to obtain the existence and uniqueness
of the solution of (7), for analysis [7, Lemma 6.2]. Applying J* on both sides of (7), and using (3) and (4), we obtain

n=1 i x
u(x)=3" )I_(—I'y; + Jo‘[f(x) + f (x-t)"K(x, t)u(t)dt]. (8)
im0 I* 0
Let us write (8) as Bu(x) = u(x), where B is defined by
Bu(x) =h(x)+J°‘[fx(x—t)_“K(x,t)u(t)dt], (9)
0
where .
n—-1 x! o o
h(x)=zl_—|'y,-+J f(x) = g(x) + J*F(x). (10)
im0 I"
Now onwards, we denote |.|| as ||.|. The following existence and uniqueness theorem provides a sufficient condition for the

solution of (7) for suitably smooth data.

Theorem 4 Under sufficient smoothness on the data, the solution of (7) will exist and unique in Q, if the condition
MTY (1 — )

0<
Moa+2-u)

=B < 1 is satisfied.

Proof: Let us first consider B: C(Q) - C(Q) such that
Bu(x) = h(x) + ﬁ fox(x—s)afl[fos(s—t)*w(s, t)u(t)dt]ds.
Assume uy, o € C(Q). Then,
|Bui(x) = Buz(x)|
‘ﬁ fox(x—s)“—l[fos(s—r)—w(s, r)(ul(r)—uQ(r))dr]ds

< %nul—u2||fox(x—s)“—l[fos(s—r)—“dr]ds
MP(1 - p)THe*

Mo+2-u)

llur = wel|.

SinceiC(ﬁ), |||l ) is @ Banach space, therefore, by Banach contraction principle, we can conclude that (7) has a unique solution
in C(2), when
MT Y (1 - )

0<
Mo+2-u)

=B (say) < 1. (11)

Moa+2-u)

Remark 1 For any choice of K(x,t) whose bound satisfies M < Trair (1)

for all x € [0, T], the unique solution of the

model problem (7) will be defined in whole interval [0, T].
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Now, we discuss the existence and uniqueness of the solution of (7) by considering weighted maximum norm (see, for e.g.,
[1]) which is defined by |ufw = r?a¥]|e’xu(x)|. Since e’T||u|| < |ullw £ |Ju|. the norm ||.||w is equivalent to maximum norm. In
x€[0,

addition, C(Q) is a Banach space with respect to ||.|lw. see [1]. If we show that the operator B in (9), is a contraction on
(C(2),]|llw). we can conclude that equation (7) has a unique solution u(x) on [0, TT].

Theorem 5 Under sufficient smoothness on the data, the solution of (7) will exist and unique in Q, if the condition M < ﬁ
is satisfied.

Proof: Assume u, v € C(Q). Then, from (9), we have

Bu(x) - Bv(x)| = ‘ﬁ fox(x - s)‘H[ [05(5 — ) K (s, ) (u(r) - v(r))dr]ds

Therefore
e|Bu(x) - Bv(x)|

|_(1a) ‘/OX(X B S)a—l[ [05(5 ) *K(s, r)(u(r) - v(r))dr]ds
< Me fOX(X_S)a_l[fos(s _ r)“‘e"|u(r) — V(r)|e’dr]d5

—X

- o)

< Wfox(x—s)o‘_l[vfos(s—r)_“erdr]ds

=Me™ I (1-u)|u- vllw(% fox(x—s)‘*‘l(ﬁ fos(s—r)l_“_lerdr)ds)
- Me T - ) vh(ﬁ [ sy e s

= M (1 - ) - Vi (S ()

_Me7 T - p)|u-v]w [X -t s
= Fira-p) A (x-s)""e’ds.

By change of variable x —s =y, we have

e|Bu(x) - Bu(x)| <M =mlu=viw [y ay
0

Ml+oa—p)
1 X va-p-1 -
- MI(1=p)|u— Wif Ly
(-l =vlw gy Jo Y ey
Y(1+oa-px)
SMI(L-p) 22y,
(- oty =l
. Y(1+a-u, x) _
Since, ——— = <1forO<pu<1, >0 and forall xeQ, (see [17]) we have
Ml+oa-p)
e *|Bu(x) = Bv(x)| < MT (L - ) |u=v]w.
This implies

1Bu(x) = Bv(x)llw < MT(1 = p)llu=vw.

Since (C(2),]|.]lw) is a Banach space, therefore, by Banach contraction principle, we can conclude that (7) has a unique solution

in C(Q2), when
1

M< Fiowy (12

which is the desired result.

In this above theorem, we discuss existence and uniqueness of the solution for our model problem on [0, T] with respect to
weighted maximum norm. Now, we consider this result with respect to maximum norm by dividing the whole domain into a
partition. We use the idea of the proof [20, Theorem 3.2] for Volterra integral equations of second kind. First, we discuss a
technical lemma which will be used to prove the existence and uniqueness of u on [0, T].

(x-t)**
Ml+a-w)
(1). For x 20, q(x,t) is an absolute integrable function with respect to t on [0, x] and

Lemma 1 Consider q(x,t) = where a >0 and 0 < u < 1. This function satisfies the following properties:

X+6
lim lg(x + 4, t)|dt =0.

§—0t Jx
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(11). Let g(x) be a continuous function defined on [0, T] and 0 < ¢1 < {2 < x, then

f“ a(x, 1)K (x, t)g(t)dt

G

and

fox a(x, YK (x, t)g(t)dt

are continuous on [0, T].
(111). There exists a partition, based on u in the domain [0, T], say0=To<T1 < T2 <--<Tn =T, so that for all x e [T;, T] with

j=0,1,2,---,N -1, we have
P +1)
f g(x. t)|dt<6<1,
for some constant 6 < 1, where M = M (1 — ) and M is defined earlier.
Proof: The idea of the proof is similar to [7, Lemma 6.10].

Theorem 6 Under sufficient smoothness on the data and the assumptions given in Lemma 1, the solution of (7) will exist and
unique on Q.

Proof: From (8) and (10), we have

u(x) = h(x) + ﬁ [Ox(x—s)“*[fos(s—t)*“x(s, t)u(t)dt]ds. (13)

We start with the partition 0=Tog< T3 < To <--< Ty =T, given in (Ill) of Lemma 1. First we show the existence of a unique
solution of (7) in [To, T1] by adopting the technique given in [7, 20]. Then, we extend the unique solution in whole interval
[0, T] by induction. Let us define

Um(x) = h(x) +

r(la) IOX(X - 5)&-1[ '/05(5 -t)7*K(s, t)Um_1(t)dt:|d5’ (14)

for m=1,2,3,-, and up(x) := h(x). It is easy to see that the above functions are continuous on [To, T1] by Lemma 1 (//) (see
also the procedure below, given in (16)). Let us define ® 4 (x) := um(x) = Um-1(x) for m=1,2,3, -, and ®g(x) := uo(x) = h(x).

Therefore, um(x) can be written as um(x) = Y. ®;(x). Again, for m=2,3,4, -, we have
i=0

P (x) a)f( a_l[fOS(s—t)—“K(s,t)(umq(t)—um,g(t))dt]ds. (15)

For a partition [To, T1] with x € [To, T1], we obtain

|5 m(x)] ‘ﬁ fox(x_s)afl[fos(s—t)*w(s, t)(um_l(t)—um_g(t))dt]ds

FéﬁpﬁYx—sf*[[f@—rrﬂK@»MKwpmo—uWQQ»wﬂds

sLﬂ?;’)*” X(x—s)a*[fs(s—t)*“dt]ds

_ M||¢’m 1” 1-p-1 16
iy, e [Wlﬂﬂjhc_” dﬂ "
M|

i st ANCED R O COEE
= (1 ®ma ] (S (<))

i x
=||Pm-i| =—— f - t)*"dt,
o slrrra g Jo =)

where the last inequality follows from (5). Using Lemma 1 (//1) on [To, T1], and taking norm on left side of the above equation,
we get the following form
||¢'rn|| < 9||d>m,1||,
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for m=2,3,4, ..., and for some positive constant 8 < 1. In addition, for m= 1, we have

|1 (x)] =‘% fox(x—s)o‘_l[/:(s—t)_“K(s,t)dDo(t)dt]ds
< ||q>o||% fox(x—s)a-l[fos(s_ t)‘“dt]ds

M x _
=|® 7f - ) Hdt
1900 gy Jo D)
< 6o,

This implies ||®pm|| < 8||Pm-1]| holds true for m = 1. Therefore, for m=1,2,3,...., we obtain

[®mll < 67| Po].

Since 6 < 1, the series " ®;(x) is convergent on [To, T1] and the convergence is uniform. Therefore, mth partial sum of Y ®;(x),
1=0 /=0

i.e., {um(x)} is uniformly convergent and converges to a function, say v(x), on [To, T1]. In addition, continuity of um(x) implies

v(x) is continuous on [To, T1]. Since, {um(x)} is uniformly convergent, therefore, for m — oo, we have from (14)

) = Jm un()

= n|7me (h(x) + r(la) fox(x—s)“’l[ fos(s— t) K (s, t)um,l(t)dt]ds)

-~ h(x) + ﬁ fox(x—s)a—l[/os(s— ) K (s, t)nltnm(u,n,l(t))dt]ds
-~ h(x) + ﬁ fox(x—s)a—l[/os(s— £)*K (s, t)v(t)dt]ds.

This implies v is a solution of (13) and hence there exists a solution for the model equation (7) on [To, T1]. For uniqueness of
the solution, let us consider u(x) as another solution on [To, T1]. Then, for u, v e C[To, T1],

lu(x) = v ()| :‘ﬁ fox(x—s)afl[fos(s—t)*w(s,t)(u(t)—v(t))dt]ds
< M||u_v||ﬁ [Ox(x—s)“*[fos(s—t)*“dt]ds
_ ||u—v||% fox(x_t)a—udt
<B|u-v|.

Here we have followed the procedure, used in (16). Taking norm on left side of the above equation, we get
lu—v]<6fu-vl.

Since, 6 < 1, this implies u = v. Hence, the solution of (7) exists and unique on [Tg, T1]. Now, we show that the existence and
uniqueness of the solution in [0, T]. For this, let us assume that the result holds true on [Tj_1, T;] for j < N. We prove that this
is also the case on [T}, Tjs1]. For x € [T, Tj+1]. the solution can be written as

u(x) = hi(x) + ﬁ /zj(x—s)o‘_l[fos(s— £) K (s, t)u(t)dt]ds, (17)

where

hi(x) = h(x) + % fon(x—s)a—l[fos(s— £) K (s, t)u(t)dt]ds. (18)

Note that the function h;(x) is a known function as the solution is known in the interval [0, 7;]. In addition, the solution is
continuous on [0, T;] and h(x) is also continuous on [0, T;]. Therefore, Lemma 1 (/1) follows that h;(x) is a continuous function
in this domain. Hence, as in (14), we define the following function on [T}, Tj:1]

()= )+ = [ —s)(“[ [ -0k t)%7,1<t)dr]ds, (19)

1
M)
for m=1,2,3,-, and u}(x) = hj(x) and &, (x) = ul,(x) — v (x) for m=1,2,3,--, and ®}(x) := h;(x). Therefore, ,(x) can

be written as i, (x) = Z@{(X). Hence, for x € [T, Tj+1], by proceeding same as before, we obtain a uniformly convergent series
i=0
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Zcbj(x) whose mth partial sum will converge and leads to a unique continuous solution {(x) where d(x) = ||m uy(x) on

[TJ Ti+1]. Now, from (19) and Lemma 1 (/), we have

lim a(x) = hi(T;).
X—»TJ+

Since u(x) is defined on [0, T;], we have from (13)

Jm () = h(T)).

This shows that the solution is continuous at T;. Therefore, by continuous continuation, the solution exists and unique in whole
domain [0, T]. Hence, the proof is complete.

From above theorem, we can obtain a continuous solution throughout the interval of definition. Now we produce the following
result under which an analytic solution can be obtained.

Lemma 2 Let f(x) and K(x, t) are analytic in Q and Q x Q respectively. Then, the solution u(x) of (7) is analytic if and only

if
fox(x— t)a’l(f(t) + [ j;t(t — ) EK(E r)g(r)dr]dt) -0, (20)

where g(x) is given in (10).

Proof: The idea of the proof is similar to [7]. From (8), we have

u(x) =g(x) + Ja[f(x) + —/OX(X -t) " K(x, t)u(t)dt], (21)
where g(x) = g )I(_—!ify,- is analytic in €.
From (20), we have J“[f(x) + /Ox(x— t) K (x, t)u(t)dt] =0. This implies u(x) = g(x) is an analytic solution of (7), since

g(x) is analytic. For the converse, let us assume that u(x) is analytic. We show that this follows the condition (20). Since f(x)
is analytic at x =0, it can be represented by a power series expansion at x =0, i.e.,

f(x) =3 gx.
J=0
Let us define a function r : 2 x Q — R such that r(x, t) = K(x, t)u(t). Since K(x, t) is analytic at (0,0) and u(t) is also analytic,
this follows r(x, t) is analytic at (0, 0). So, r(x, t) can be represented as

r(x,t) =Y cuxt’

k.1=0

Now, from (21), we have

u(x) - g(x) = J“[f(x) N fx(x— £) ™ r(x, t)dt]
0
:ﬁf x—s)%" 1[chs’+f (s—r)* Z CkIS rdr]ds

K.1=0
o _ (22)
=Z rg+1) x4 Z Cklf (x —8)* 1k f (S—r)_“r’dr ds
FZM(a+)+ 1) ) &7 o 0
az r(J + 1) Xj +X1+oz—p Z CkIXk+Ir(/+ 1)r(1 ,U,) F(2—p,+k+/) .
s (a+J+1) G FrR+/-p) FTR+a-u+k+))

At the point x =0, the left side of the above equation is analytic. Therefore, right hand side must be analytic. Again, for a
fractional number n—1<a <n, neN and 0 <u <1, right hand side of the above equation cannot be analytic unless the series
terms are identically zero. This implies

/;x(x—t)a_l(f(t)+[—/Or(t_r)—uK(t’ r)u(r)dr])dt=

and hence, u(x) = g(x) is a solution of (7). Combining both of the above results, we obtain the required condition.
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Now we introduce the HPM which will be used to approximate the solution of (7). This analytical method attaches a
continuous mapping between exact and approximate solutions and uses the traditional perturbation analysis to obtain a suitable
approximation of the solution within few iterations. Here we discuss a modified version of HPM based on least square approach,
and produce a residual based error analysis. Numerically it is observed that the modified HPM is leading to a better accuracy
of the solution, compared to HPM. In particular, numerical experiments suggest that the modified approach also requires less
number of iterations compared to HPM.

4. Solution Approximation

To define the procedure of finding an approximated solution, let us reformulate the model (7) to the following form
Lu+Ru="f(x), for xef. (23)

Here L defines a linear fractional order differential operator, R defines a linear integral operator, f(x) is a sufficiently smooth
known function and L satisfies
Lv=0, for v=0. (24)

Now we construct a homotopy H(W,p):F x[0,1] - R, denoted by H:=H(W,p) for WeF and pe[0,1]. Here F=
{W(x.p)|(x,p) € 2x[0,1]} defines a sufficiently smooth function space. We consider the homotopy H as

HW,p) =(1-p)[L(W) - L(uw)] +p[L(W) +R(W)-f(x)]=0, for xeQ. (25)

Here, p € [0,1] is an embedding parameter and ug = ug(x) is an initial chosen approximation of the solution of (23) which can
be obtained by using the initial condition in (7) and L(u) = f(x).
From (25), note that p=0 and p =1 lead to

H(W. p)lp-o = L(W) ~ L(u) and H(W, p)]p-s = L(W) + R(W) - (). (26)

Therefore, from (24), we can say that W(x,0) = up(x) and W(x, 1) = u(x) are the solutions of the equation H(W, p)|p=0 =0
and H(W, p)|p=1 = O respectively.

Now we can relate this approach in topological sense. In topology, it is possible to continuously deform one continuous
function, say W(x, 0), to another continuous function W(x, 1) by means of homotopy. In the present case, we expect that the
initial approximation ug(x) will deform to the original solution u(x) when p tends from 0 to 1, i.e., W(x, p) approaches to the
solution u(x) from the initial approximation up, see for e.g., [18].

Now, considering W (x, p) as a smooth function of p, we can write W (x, p) in the following series form of p:

W(x,p) = 3 PW(x). (27)

Jj=0

We can obtain W;(x) by substituting (27) in (25) and equating the powers of p. Therefore, we get the following relation

n-1 Xi B
Wo(x) = uo(x) = 3 Sy + LM (%),
i=0 I (28)
Wi(x) = -l (RWp),  J> 1.
Now, if the series at (27) is uniformly convergent in p, then we can write
u(x) = lim W(x,p) = > W;(x). (29)
p—1- =0
n-1
The approximate solution ®,(x) is defined by ®,(x) = > W;(x).
j=0

Now we produce the convergence analysis of the above series in the next subsection.

4.1. Convergence Analysis

Here, we show that the series (27) and (29) are uniformly convergent.

Lemma 3 Let the function K(x,t) e C(Q2x Q) bounded by M(>0) for all (x,t) e Qx Q and f(x) € C(Q). In addition, assume
that the initial approximation ug is continuous on 2 and 0 < B < 1 in (11). Then, the series in (29) is uniformly convergent in 2.

E Copyright (© 2020 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2020, 00 1-17
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Proof: First, we prove absolute convergence of the series in (29) by producing a convergent geometric series as its upper bound.

By above assumptions wo is continuous in €, therefore there exist § >0, such that |uo| <& for all x € Q. Using the stated
assumptions, we obtain the following estimates

Wo (x)| = |uo(x)| <9,
SMI(1—p)THe*

e [ e _
Wi (x)| = | [O b= e K G W)t <« S0 8B,
e [Ny ap MBI (1 —p)THe* o
Wa(x)| = | fo Ix - t* K (x, )W (x)dt| < e -6p°.

By induction, the j-th term of the series (29) satisfies
Wj(x)| < 66’

Therefore, for all x € €,

YIW(x) <66
j=0 j=0

For0<B<1, Zéﬁj is a convergent geometric series. Therefore, by Weierstrass M-test, we conclude that ZVVJ'(X) converges
J=0 Jj=0
uniformly on Q. Using the above Lemma 3, we can obtain the uniform convergence of the series in (27).

Theorem 7 For all p € [0,1], the assumptions stated in Lemma 3 implies that the series (27) is uniformly convergent in Q. In
particular, an approximate solution of (7) can be obtained from (29).

Proof: For all pe [0,1] and for all x € Q, note that

2HWJ(x) < :io|wj(x)|.

Hence, by Lemma 3, the series Z|Wj(x)| converges uniformly on Q. Therefore, by Weierstrass M-test, we obtain the uniform
=0
convergence of (27) on Q. Hence, we can write limy-1- W (x, p) = Y. W;(x). Again, from (26), we have u(x) = limpo1- W(x, p).
j=0
Now, by combining these estimates, we get an approximate solution of (7).

Note 8 Let Y Wj(x) be the solution of (7). In practice, we only take a finite number of terms of the series (29), say N terms,
Jj=0
to approximate the exact solution by a partial sum of (29). Note that the upper bound of the absolute error, based on this

partial sum will be given by % (see Lemma 3), where B is noted in Theorem 4 and § is defined in Lemma 3.

Remark 2 In addition, if € defines a tolerable error based on the partial sum up to N terms, then we can provide an upper bound

of N, which is
In(e(1 - B)/5)
ve [

where | x| defines the nearby least integer of x, B is mentioned in Theorem 4 and § is defined in Lemma 3.

4.2. Least square homotopy perturbation method

Now, we discuss a modified version of HPM which can accelerate the convergence compared to the standard HPM. The method
is constructed by combing the HPM and least square method and known as least square homotopy perturbation method [4].
Here we observe that the modified HPM provides less residual error compared to standard HPM. In addition, we also obtain an
estimate of the approximation error based on the residual error. First, we obtain the approximate solution ®,(x) by taking a
finite partial sum of (29). Let us assume that it contains m + 1 number of linearly independent functions {Wng, Wn1, -+, Wpm} in
the vector space of continuous functions on [0, T]. Now, consider a set S, (n=1,2,---) which contains the linear combinations
of the functions {Wno, Wn1, -, Wam} such that ®,(x) can be written by a linear combination of these functions and S,-1 € S,.

m
For n> 0, let us assume ®,(x) = Z C,f\Unk be the approximate solution of (7) where C¥'s are unknown constants. Now, we
k=0
calculate the optimal value of the constants CX by using least square residual minimization method. We do it by the following
algorithm:
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-]
(i) First, calculate the residual function by substituting ®,(x) at (23):
R(x, ®n(x)) = LPs(x) + RPs(x) - F(x).
(ii) Now, Construct a functional

HCh= [T R Bo))dx

J
=0.

(iii) Minimize the functional defined in (ii) by computing Ck by solving the system of equations aCK
n

(iv) Use the calculated values C,’; to obtain the approximate solution CTDn(x).

Lemma 4 Let ®,(x) be an approximation of (7). Then, it satisfies

T o,
lim R(x, ®n(x))dx =0.

n—oo Jo

Proof: By the construction of ®,(x) we have

T 2 = T 2
[ R (x,CD,,(x))dxsf R?(x, ®n(x))dx.
0 0
Since, ®,(x) is a convergent solution of (7), we have

. T 2
lim R*(x, Pn(x))dx =0.

n—oo Jo

Therefore,
T _ T
0<lim [ R*(x,®n(x))dx < lim f R?(x, ®n(x))dx = 0.
n—oo Jo

n—oo Jg

This implies that the desired result holds true.

Error Analysis

By Lemma 4, for a given € >0, there exists N € N such that whenever n> N, neN, it follows that |(R(x, ®,(x))|<e€. This
implies

<E.

D&, (x)  F(x) - [OX(X — ) FK(x, £)®n (1) dt

For x > t, the integral operator is monotonically increasing. Hence, from the above equation, we get

®,(x) - h(x) - Ja[ f (x-t)™K(x, t)d_D,,(t)dt] < J%(€) < €1 say, (30)
0
where €; = %. Let u(x) be the solution of the model equation (7). Then from equation (13) and (30), we have for all
x€[0,T]
(®n(x) - u(x)) - [ —— f (x—s)*! f (s=r)*K (s r)(u(r) - Ba(r))dr|ds )| < e
M) Jo 0
S u(x) = B ()] < | =1 f (x —5)*? f (s=r)“K (s, r)(u(r) - Ba(r))dr|ds| + e
MN(e) Jo 0
_ l+a—p _ _
S u(x) = B (x)] < &1 + %”u—%” ey + Blu—B.
This implies
— eT®
“P < —
lu=®l < Fa D=
Also, we have
T _ _
[ 100 = Bt dx < T =Bl
Error with respect to L2 norm is given by
_ _ eTa+1/2
“ B < VT U= <« ——————.
lu=®ullo < VTu =B < Fa+1)(1-B)
Copyright © 2020 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2020, 00 1-17
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5. Computational Experiments

In this section, we produce several examples in favor of the convergence of the present method. These examples satisfy the
existence and uniqueness result from Theorem 4. Before going to the computation, we provide the key steps of HPM by the
following algorithm. This algorithm can be modified for LSHPM appropriately.

5.1. Algorithm
Step 1. Fix € as an user chosen desired accuracy. Find N from Remark 2.
Step 2. Find W, by

{ Wo(x) = uo(x),
Wi(x) = -L"{(RW; 1), j=>1.

for j=0,1,--, n for some positive number n < N where L and R are defined in (23) and up(x) is defined in (28).
Step 3. Consider ®o(x) =0. Now, compute the approximate solution by ®;(x) = ®j_1(x) + Wj_1(x) for j=1,---,n—1. ®,(x) is
our desired approximate solution.

The mathematical model of Heat transfer problem is given by

aT (x. t) :AOZT(X.t)’ x€(0,00), t>0,

at 92x (31)
T(x,0)=0, x¢€(0,00),
with boundary conditions
KTOD o6 -7,
ox (32)
lim T(x,t)=0, t>0.

Here, T(0, t) is the surface temperature, T is the temperature of surrounding medium, H is the convection coefficient. We
assume thermal conductivity K and thermal diffusivity A are constant. The boundary condition

KaT(O, t)

O =H[T(0,t) - Teo]

represents the heat flux across the surface, which is proportional to the temperature between the surface and surrounding medium.

Equation (31) can be written as an equivalent weakly singular integral form by using Fourier cosine transform. For more
details, see [14]. The solution of the equation (31) is given by

T(x,t) = -\ fot H(t—s) V’[T(0,5) - Too] x exp(ﬁx_s))ds, (33)

1 A . : . .
where X\ = ?\/;. If one evaluates the equation (33) by setting x = 0, the dimension of (33) would reduce. Therefore, at x =0,
this equation can be written as:
t
T(t) = (1) —A/ H(t - )T (s)ds, (34)
0
t _1/2
where f(t) = X [ HTwo(t —5)"2ds.
0
Here, T(t) = T(0,t) is the unknown surface temperature which can be easily obtained from (34). Since, T (x;, t) only depends
on the surface temperature, we can obtain the temperature at any location of the domain from (33). In the following example,

we are interested to obtain the surface temperature of the environment by considering an equivalent fractional order weakly
singular integral equation.

Example 1 Consider:

t
D%T(t):f(t)—)\[ H(t - ) 2T (s)ds, 0<t<1, (35)

0

T(0)=0
t _1/2
where f(t)=>\[ HT o (t - 5)"2ds.
0
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In our case, we will obtain the surface temperature for the given value of H=1, A=1 and T, =25°C. The exact solution
m-1

of Example 1 is unknown. The approximate solution of Example 1 is ®,(t), defined by ®,, (t) = > Wn(t). Using the initial
m=0
condition and by equating the coefficient of O(p’), we obtain the following results
25/
O(p°) : D¥*(Wo(t)) = f(t Wo(t) = il
(1) D (Wo(0)) = F(1) = (1) = Fos
t - 4
O(pl):o3/4(vv1(t))+[ (t-s)""Wo(s)ds=0 = Wl(t)=—OT\/7_Tt5/2.
0

Similarly, we can obtain the next terms of the series (29) by the relation
t
D¥* (Wi (1)) + f (t = s)°Wi(s)ds = 0, fori=1,2, .
0
Now, we produce the absolute residual error E77(t) to show the effectiveness of our present method. It is defined as follows:

ES (1) =104 (@0, (1)) + [ (£ -5) Fn, (s)ds  F(2)]

These errors are given at Table 1.

t ES (1) ES(t) t Eg(t) Eg°(t)
0.1 1.24345E-14 3.55271E-15 0.6 1.69893E-06 7.40958E-08
0.2 1.66125E-11 1.81188E-13 0.7 8.57271E-06 4.53334E-07
0.3 1.17317E-09 2.15081E-11 0.8 3.48364E-05 2.17683E-06
0.4 2.40557E-08 6.31999E-10 0.9 1.19987E-04 8.68692E-06
0.5 2.50480E-07 8.69788E-09 1 3.62734E-04 2.99582E-05

Table 1. Absolute residue errors of Example 1

Example 2 First, consider the Volterra integro-differential equation of arbitrary fractional order c:

{ D%u(x) =
u(0) =1.

‘/OX u(t)dt, oe(0,1), and xe€(0,1],

(36)

By considering L as the fractional operator at (25), we obtain the following relations by using initial condition and by equating

the coefficient of O(p’)
O(p°) : L(Wo(x)) =0 =— Wo(x)=u(0)=1.
O(pl):L(Wl(x))_foxwo(t)dt:o — WA(x) =

X1+o<

r+a)’

m+ma
X

O") LW ()= [T Wa (e =0 = W)= iy

Using the above terms, we can write from (29)

-1 Lt 22 (33 _ > x"(1+e)
u(x) =1+ &gy + Faomy + Fay t n;) F(n(L+a)+1)
= Eqreay (x'*%),

where E,(x) is the Mittag-Leffler function [19].
Example 3 Now, consider the following fractional problem with weakly singular kernel:

{ D%u(x)=f(x)—%fox(2+3x+5r)(x—t)*l/zu(t)dt, 0<x<l, 37

u(0) =0,

XM F(9/2) wya 277X 7mx*  105mx°
x T+ + + + .
(5/4) T(15/4) 15 15 256 1024

where f(x) = r
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The exact solution of (37) is u(x) = x + x'/?

the initial condition and equating the coefficient of O(p’), we obtain the following outcome

. Now, we use HPM described in Section 4 to solve the above problem. Using (25),

O(p°) : L(Wo(x)) = f(x) =0

2mx19/4
6271 (9/4)

7o /mx13
26 (13/4)

105mx>3/4
8761 (15/4) -

N

= Wo(x) =x +x"?+ RFEE

O(p) : LW (x)) - & fox(z +3x 4 58)(x - 1) Wo(t)dt = 0

_ 3w 7/2 _ 327 9/2 _ 5687 11/2 _ 7wl (5/2) 6 17w [(5/2) 7
= Wi(x) = 1751 (6) 357 (6) X ITHEG) 80T (7) 327 (7)
3337 r(9/2) 8 _Jmx** 7 /x84 2mx19/4 105mx23/4

512r(8) T 107 (13/4)  26I(13/4) ~ 6271 (9/4) ~ 876 (15/4) "

Similarly, we obtain the next three terms Wa(x), W5(x), Wa(x) of (29). The approximate solution @, (x) is defined by

np—1
®n (x) = Y Wi(x). Now, we produce the absolute error Er.y(x) and the relative error (% ) Erre(x) to show the effectiveness

m=0

of our present method. These errors are defined as follows [5, 23]:

Erap(x) = |u(x) = @y (x)] = |u(x) = £i25 Win(x)| and
n-1
Won(x)]

|uGo-
m=0

Etre(x) = TaG

x 100,

by taking the first 5 terms of the series (29), i.e., ni =5. Define Ern, (x) = Erap(x)|n,. These errors are given at Table 2.

(a) First Subtable

(b) Second Subtable

X Eran(x) Ere(x)(%) X Erap(x) Erre(x)(%)
0.1 3.27044E-15 3.26013E-12 0.6 3.89153E-08 5.07164E-06
0.2 1.16559E-12 5.72552E-10 0.7 1.90552E-07 1.93067E-05
0.3 4.56740E-11 1.45094E-08 0.8 7.75263E-07 6.16293E-05
0.4 6.96185E-10 1.58052E-07 0.9 2.73167E-06 1.71631E-04
0.5 6.20180E-09 1.05403E-06 1 8.58020E-06 4.29010E-04

Table 2. Absolute errors and relative errors for Example 3

Now, we produce the absolute residual error Erres(x) is defined as follows
Etres(x) = [L(®n; (x)) + R(Pn; (x)) = F(X)].

where L and R is defined in Section 4. For Example 3, it can be clearly seen from Figure 1 that the absolute residual errors are
converging to zero as the number of terms n; in the approximate solution increases.

Note that, if we consider the absolute tolerable error € = .00001 at Remark 2, then we need at least 17 terms of the partial sum
for the desired accuracy for Example 3. However, Table 2 suggests ni =5 is sufficient for Example 3. It will be more beneficial
to take the value n; which is suggested in Remark 2 in the series of (29). In addition, we also produce the comparison of the
exact and approximate solutions in Figure 1 and their errors in Figure 2 to show the convergence behavior.

’ —u(x)
- -2,

u(x) and @,(x)
u(x) and @ (x)

Figure 1. Comparison of exact solution and approximate solution for Example 3
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Ery(x) Err,(x)
3 |~e=Er,(x) —e=Err,(x)
~a—Er (x) 015 = Er1,(x)
251 )
z -
22 Z
i 8o
15F ]
i 0.05F
0.5
0 — 0 _é
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 2. Comparison of absolute maximum errors and absolute residual errors for Example 3 for different values of m

Example 4 Now, consider the following fractional problem with weakly singular kernel:

3 _ 2 1 [~ B 12
{D4u(x)—3x+2x zofo (5x - 3t)(x — t) Pu(t)dt, 0<x<2, (38)

u(0) =1.
The exact solution of (38) is unknown. Now, we use HPM described in Section 4 to solve the above problem. Using (25), the
initial condition and equating the coefficient of O(p’), we obtain the following outcome

3x7/4 axl1/4
rays T rasm -

O(p°) : L(Wo(x)) =3x —2x> =0 = Woy(x) =1+

Similarly, we obtain the next terms of the series (29) by the relation

LW () - o5 [ (5x-30)(x = )2 (e)de =0,

n—-1
The approximate solution ®,(x) is defined by ®,(x) = > W;(x).
m=0

We produce the error with respect to L? norm over Q = [0,2] as

E2HPM _ (fo2 (u(x) = Dn(x))? dx)m. (39)

Now, we use least square homotopy method defined in Subsection 4.2 to approximate the solution. For n =1, the approximate

solution ®;(x) is given by ®1(x) =1+ r?ﬂ;:) + r“();?//:). This implies that the set S; contains the functions {1,x7/i‘,x11/4},
which are linearly independent and continuous. Hence, for applying LSHPM, we construct the approximate solution ®1(x) as
®1(x) = Ao + A X+ Ayx™* where Ag, A1, Ay are unknown and obtained by residual minimization and given initial condition.

By initial condition, ®1(0) = 1, we get Ag = 1. Therefore, ®1(x) = 1 + Aix/* + A;x'* The residual error is

R(x, ®1(x)) = (1.60836A; —3)x +0.3x¥2 + x?(2.21149A, — 2) + 0.137633A;
X% +0.11132A:x1774.

Next, we compute the functional J(A;, A2) as

J(A1, Ag) = f02 R?(x, &1 (x))dx.

The optimal value of A;, Ay are calculated by minimizing the functional J(A1, A2). For minimization, we need to solve the
following system of equations
o, od _
0A1 0Ar
By solving the above system of equations, we obtain A; =2.31021 and Az = 0.275744. Therefore, the approximate solution is
given by ®;(x) = 1 +2.31021x7/* + 0.275744x**/* Similarly, we can obtain ®, and ®3, 4, etc. Now we produce the error with
respect to L? norm over Q = [0,2] as

0.

1/2

E2LSHPM _ ([02 (u(x) = Bu(x))’ dx) . (40)

At Table 3, the comparison of HPM and LSHPM is given for the Example 4, which shows that the solution accuracy by
LSHPM method is better than standard HPM. In addition we also plot the errors based on different methods at Figure 3 for
this example.
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X € [0’ 2] E,%’HPM E[Z],LSHPM

n

2 258973 6.13537E-03
3 2.16748E-01 1.51576E-05
4 1.27902E-02 2.00751E-06

Table 3. L? norm based errors for Example 4

252107 : : 1
LSHPM
—-E, (x) 4_ESPM(X) |
ELSHPM
P ) 1 08F |- EFPMpo ‘1
1
= | Z
X 15 i 06F P
= —
g Y 1 =3 Z
7] ! 1 2
Wi *. B T 04
+ (e NN
! “ f'“'\ ™ SN Sy
o5 g J A ' N SR 02f
v \ g N 7 \ ‘/ v
‘ M \
0 \ \‘£ \u‘. (Y3 1 o "
0 05 1 15 2 0 05 1 15 2
X

Figure 3. Comparison of errors for Example 4 for different values of n

Example 5 Now, consider the following fractional problem with weakly singular kernel:

1 x =

DEu(x) =2x+ 3% - [0 (x +2t)(x - )" °u(t)dt, 0<x<2, (1)
u(0) =0.

The exact solution of (38) is unknown. Now, we use HPM described in Section 4 to solve the above problem. Using (25), the

initial condition and equating the coefficient of O(p’), we obtain the following outcome

9/5 23/10
O(p%) : L(Wo(x)) - 2x = 3x°/% = 0 = Wo(x) = (2257 + 73@/10) .

Similarly, we obtain the next terms of the series (29) by the relation
LW, 1o 350, -
Wi ()= 75 [ (200 =) *PW(t)de =0
0

n-1
The approximate solution ®,(x) is defined by ®,(x) = > W;(x).

m=0
We compute the error with respect to L? norm over Q = [0,2] as

2HPI\/I (/ (u(x) - b X)) )1/2. (42)

Now, we use least square homotopy method defined in Subsection 4.2 to approximate the solution. For n =1, the approximate
solution ®1(x) is given by P1(x) = 2570 + Oy/m0 oI5 x23/10y

18I (4/5) 4I(33/10)° ' ’
which are linearly independent and continuous. Hence, for applying LSHPM, we construct the approximate solution <T>1(x) as
®1(x) = Ax® 4+ A;x?31° \where A1, Ay are unknown and obtained by residual minimization. Since ®;(0) =0, this implies the
approximate solution satisfied the initial condition. The residual error is

R(x,®1(x)) = (1.67649A; —2)x + x*/*(2.01862A; — 3) + 0.28126A; x*°/°

This implies that the set S; contains the functions {x

+0.26486A,x°7110.

Next, we compute the functional J(A1, A2) as
2 _
J(Al,A2)=/ R?(x, ®1(x))dx.
0

The optimal values of Ay, A, are calculated by minimizing the functional J(Ai, Az). For minimization, we need to solve the

following system of equations
21 o 9 g
0A1 T 0A,

Math. Meth. Appl. Sci. 2020, 00 1-17 Copyright © 2020 John Wiley & Sons, Ltd.

Prepared using mmaauth.cls



Mathematical

Methods in the _ ) ) _ _
Applied Sciences Approximate Solution of Fractional Weakly Singular Equation

By solving the above system of equations, we obtain A; =3.37741 and A, = -0.760781. Therefore, the approximate solution
is given by ®;(x) =3.37741x%° - 0.760781x%*/'°_ Similarly, we can obtain ®, and 3, P4, etc. Now we produce the error with

respect to L? norm over Q = [0, 2] as
1/2

E2LSHPM _ ([02 (u(x) = Bo(x))’ dx) . (43)

At Table 4, the comparison of HPM and LSHPM is given for this example, which shows that the solution accuracy by LSHPM
method is better than standard HPM. We also plot the errors at Figure 4 based on different methods.

X € [0’2] Eg,HPM EI27,LSHPM

n

3 1.281937 7.46274E-04
4 1.64422E-01 1.03303E-05
5 1.66611E-02 2.30637E-07

Table 4. L2 norm based errors for Example 5

15 2 0.5 1 15 2

25710° 061
nd E§SHPM(X) ? - EMPMy)
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4
1 0.4f
X 15rg 1 < ,1
z 1 = L o
%’ J'?? & ¢ %uf ° [‘
WOty e J’\ Y i
' A AT e :
05' b f % : 'Y > % ¢ r4
S ‘Y‘ L) LS e ‘: &‘ i' 01r
R Y :1: 2
1 o X
X

Figure 4. Comparison of errors for Example 5 for different values of n

6. Conclusions

Here, several sufficient conditions for the existence and uniqueness of the solutions of fractional order weakly singular Volterra
integro differential equations are derived based on maximum norm and weighted maximum norm. In addition, we have also
noted the restricted conditions if one proceeds with the usual approaches. Hence, we provide a suitable approach to extend
the existence and uniqueness of the solution which is defined throughout its domain of definition. In addition, an approximate
solution of this model is proposed based on HPM. We have theoretically shown that the proposed approach is convergent to
the exact solution. This approach can be enhanced by LSHPM, where the constants multiplied with the involving functions in
HPM, can be chosen optimally. It turns out that this approach produces comparatively less error than HPM in L2 norm. We
have theoretically estimate an error bound based on LSHPM. Several experiments are produced which observe that the modified
optimized method LSHPM is computationally effective than HPM for weakly singular fractional order Volterra integro differential

equations.

Acknowledgements

The first author, Pratibhamoy Das, wants to thank the Science and Engineering Research Board (SERB), Govt. of India, for
providing the Career Research Award for present research support under the grant ECR/2017/001973.

References

1. Agarwal RP, Meehan M, O'Regan, D. Fixed Point Theory and Applications. Cambridge University Press: New York, 2001.
2. Banerjea S, Dutta B. On a weakly singular integral equation and its application. Appl Math Lett. 2008;21:729-734.

Copyright © 2020 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2020, 00 1-17
Prepared using mmaauth.cls



Mathematical
Methods in the

Approximate Solution of Fractional Weakly Singular Equation Applied Sciences
|

3. Bizar J, Ghazvini H. Convergence of the homotopy perturbation method for partial differential equations. Nonlinear Anal Real World
Appl. 2009;10:2633-2640.
4. Bota C, Caruntu B. Approximate analytic solutions of nonlinear differential equations using the Least Squares Homotopy Perturbation
Method. J Math Anal Appl. 2017;448:401-408.
5. Chandru M, Das P, Ramos H. Numerical treatment of two-parameter singularly perturbed parabolic convection diffusion problems with
non smooth data. Math Meth Appl Sci. 2018; 41:5359-5387.
6. Das P, Rana S, Ramos H. A perturbation based approach for solving fractional order Volterra-Fredholm integro differential equations
and its convergence analysis, /nt J Comput Math. 2019. doi:10.1080,/00207160.2019.1673892.
7. Diethelm K. The Analysis of Fractional Differential Equations. An Application-Oriented Exposition Using Differential Operators of
Caputo Type. Lect Notes Math. (2004), Springer-Verlag: Berlin, 2010.
8. Dong C, Chen Z, Jiang W. A modified homotopy perturbation method for solving the non-linear mixed Volterra-Fredholm integral
equation. J Comput Appl Math. 2013;239:359-366.
9. Gayen R, Gupta S, Chakrabarti A. Approximate solution of the problem of scattering of surface water waves by a partially immersed
rigid plane vertical barrier. Appl Math Lett. 2016;58:19-25.
10. Grace SR, Deif SA. Fast iterative refinement method for mixed systems of integral and fractional integro-differential equations.
Comput Appl Math. 2018;37:2354-2379.
11. Hetmaniok E, Nowak I, Stota D, Wituta R. A study of the convergence of and error estimation for the homotopy perturbation method
for the Volterra-Fredholm integral equations. App! Math Lett. 2013;24:165-169.
12. Eshaghi J, Adibi H, Kazem S. Solution of nonlinear weakly singular Volterra integral equations using the fractional-order Legendre
functions and pseudospectral method. Math Meth Appl Sci. 2016;39:3411-3425.
13. Keshavarz E, Ordokhani Y. A fast numerical algorithm based on the Taylor wavelets for solving the fractional integro-differential
equations with weakly singular kernels. Math Meth Appl Sci. 2019;42:4427-4443.
14. Frankel JI. A nonlinear heat transfer problem: solution of nonlinear, weakly singular Volterra integral equations of the second kind. Eng
Anal Bound Elem. 1991;8:231-238.
15. Khan M, Gondal MA. A reliable treatment of Abel’s second kind singular integral equations. App! Math Lett. 2012;25:1666-1670.
16. Kilbas AA, Saigo M. On solution of nonlinear Abel Volterra integral equation. J Math Anal Appl.1999;229:41-60.
17. Jameson GJO. The incomplete gamma functions. Math Gazette 2016;100:298-306.
18. Liao S. Beyond perturbation: introduction to homotopy analysis method. CRC Press: Boca Raton, 2004.
19. Baleanu D, Diethelm K, Scalas E, Trujillo JJ. Fractional Calculas: Models and Numerical Methods. World Scientific: 2016.
20. Linz P. Analytical and Numerical Methods for Volterra Equations. SIAM: Philadelphia, 1985.
21. Pedas A, Tamme E. On the convergence of spline collocation methods for solving fractional differential equations. J Comput Appl!
Math. 2011;235:3502-3514.
22. Podlubny I:  Fractional Differential Equations. Academic Press: San Diego, 1999.
23. Das P. An a posteriori based convergence analysis for a nonlinear singularly perturbed system of delay differential equations on an
adaptive mesh, Numer. Algorithms, 81, 465-487, (2019).
24. Sahu PK, Saha Ray S. A novel Legendre wavelet Petrov Galerkin method for fractional Volterra integro-differential equations. Comput
Math Appl. 2016;290:1-5.
25. Wang JR, Lv L, Zhou Y. Boundary value problems for fractional differential equations involving Caputo derivative in Banach spaces.
J Appl Math Comput. 2012;38:209-224.
26. Wimin H. Existence, uniqueness and smoothness results for second-kind Volterra equations with weakly-singular kernels. J. Integral
Equations Applications 1994;6:365-384.
27. Jleli M, Samet B. Existence of positive solutions to a coupled system of fractional differential equations. Math Meth Appl Sci.
2015;38:1014-1031.
Math. Meth. Appl. Sci. 2020, 00 1-17 Copyright (© 2020 John Wiley & Sons, Ltd.

Prepared using mmaauth.cls



	1 Introduction
	2 Preliminaries
	3 Fractional Order Volterra Integro Differential Equation with Weakly Singular Kernel
	4 Solution Approximation
	4.1 Convergence Analysis
	4.2 Least square homotopy perturbation method

	5 Computational Experiments
	5.1 Algorithm

	6 Conclusions

