Global dynamics of an nonautonomous
SEIRS epidemic model with vaccination and

nonlinear incidence

Long Zhang ¢, Xiaolin Fan?, Zhidong Teng **
@ College of Mathematics and Systems Science, Xinjiang University
Urumgqi 830046, Xinjiang, P.R. China
b Department of Basic Education, Xinjiang Institute of Engineering

Urumgi 830091, Xinjiang, P.R. China

Abstract: In this paper, a class of nonautonomous SEIRS epidemic
models with vaccination and nonlinear incidence is investigated. Under
some quite weak assumptions, a couple of new threshold values in the
form of integral, i.e., Ry, R}, Ry and R on the extinction and permanence
of disease for the model are established. As special cases of our model, the
autonomous, periodic and almost periodic circumstances are discussed
respectively. The nearly necessary and sufficient criteria of threshold on
the extinction and permanence of disease for above cases are obtained as
well. Numerical examples and simulations are presented to illustrate the
analytic results.
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1. Introduction

As well known, mathematical models reflected in population dynamics of diseases have
played a increasingly critical role in the theory of epidemiology. Therein, the susceptible-

exposed-infected-removed compartmental models (SEIR models for short) with incubation
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of disease are especially classical for their accurate partition of the total population in-
to four compartments, i.e., susceptible (), exposed (E), infected (I) and removed (R),
respectively. Recently, quite a number of significant works about SEIR models have
been achieved. The key issues are: calculation of basic reproduction number, stability
of disease-free equilibrium, extinction of disease, existence and stability of endemic e-
quilibrium, persistence of disease, and existence and stability of bifurcation phenomena
(see, e.g., [2, 3, 4, 5, 12, 14, 16, 17, 18, 19, 21] and references cited therein) etc. In ad-
dition, we see that the SEIR models have been successfully applied to investigate and
forecast the dynamical behaviors of many fatal infectious disease in reality, e.g., Ebola,
Zika, measles (see [13, 15, 20, 22, 23, 24, 25, 29, 40|) etc. For some diseases, e.g., in-
fluenza, when the removed individual is not perpetual immune for the disease, then the
removed will afresh return to the susceptible as immune system loses its efficacy. There-
fore, SEIRS epidemic model is further developed to characterize such diseases. Presently,
we see that there is quite a few works on the autonomous SEIRS epidemic models (See
26, 27, 28, 31, 33, 36, 37, 38, 41, 42| and the references cited therein).

Obviously, the nonautonomous phenomena are very prevalent in our real life, e.g., the
seasonal alternations, climatic variation etc. As results of these variable factors, many
parameters in above epidemic models, e.g., the recruitment of susceptible, transmission of
the disease, natural birth and death rates, mortality rate due to disease, remove rate etc.,
are fluctuant as time ¢. Therefore, nonautonomous epidemic models are more consistent
with the real environment, and more realistic to model the dynamics of disease. However,
up to now, to our best knowledge, there is very few research on the periodic and general
nonautonomous SEIRS type epidemic models (See [1, 7, 10, 11, 30, 32, 34, 35, 39]).
Particularly, in [7], Zhang and Teng studied a nonautonomous SEIRS epidemic model.
By a new technique of analysis, some new sufficient conditions for the permanence and
extinction of disease were established. In [30], the authors investigated a periodic SEIRS
epidemic model with a time-dependent latent period. The basic reproduction number
Ry was calculated, and the threshold type results on the global dynamics in the term
of Ry were established. In [34], a non-autonomous SEIRS model with general incidence
rate was considered. The sufficient conditions for the extinction and strong persistence
of the infectives were obtained, and as some special cases, including autonomous and
periodic circumstances, were discussed as well. In [35], the permanence and extinction
for a nonautonomous SEIRS epidemic model with bilinear incidence were investigated.
A novel and interesting method was introduced, by which the sufficient conditions were
established.

In [10], the author studied the following SEIRS epidemic model with periodic vacci-



nation and transmission rates:

| %ﬁﬂ = uN1=p) = BESHIE) — (u+r(1))S() + SR(),
%t(t) = BOSHI() — (u+0)E(t),

(1)
%Ef) = oE(t)— (n+7)I(),
dR(t)

| =5 = ENpHr(D)S() + 1) = (n+ O)R(D),

where B(t) and r(t) denote the vaccination and transmission rates, respectively, which
are continuous positive periodic functions with common period w > 0. All the other
parameters are positive constants. The basic reproduction ratio Ry was calculated by the
method given by Wang and Zhao in [6]. The authors showed that the global dynamics
of model (1) is completely determined by the basic reproduction ratio Ry. That is,
when Ry < 1 then the disease-free periodic solution is globally asymptotically stable
by the comparison principle of differential equations, and when Ry > 1 then the disease
is permanent by the theory of persistence in dynamical systems.
In this paper, we consider the following general nonautonomous SEIRS model with
vaccination and nonlinear incidence
(- dS(t)
— = AW =p() = BB F(SQ), 1(2) = (ut) +7(1))S() + 6(E) R (D),
) B (5(0).10) ~ (ult) + () E(),

Y 0B — () + 1))
RO K pte) + (S +2(O10) — (u(0) + 50 ReE),

where S(t), E(t), I(t) and R(t) denote the susceptible, the exposed, the infectious and

the recovered population at time t, respectively. A(t) denotes the recruitment rate of

the susceptible at time ¢t. [(t) is the transmission rate of the disease at time t. p(t)
is the vaccination rate of all new-born children at time ¢. r(t) is the vaccination rate
of the susceptible population at time ¢. u(t) is the common per capita birth and death
rate at time t. o(t), v(t) and §(¢) are the per capita rates of leaving the latent stage,
infected stage and recovered stage at time ¢, respectively. Function f(S, 1) is called the
incidence rate, which is defined in R?2 = {(S,I): S > 0, > 0} and is nonnegative and
continuous. It is assumed that all parameters A(t), B(t), p(t), r(t) u(t), é(t), o(t) and
v(t) are continuous and nonnegative functions and 0 < p(¢) < 1 for all ¢ > 0.

Our purpose in this paper is to investigate the global dynamical behaviors of model

(2). By developing the technique of analysis given in [8, 9, 11], we will establish some new
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threshold conditions of integral form for the extinction and permanence of disease of model
(2). Furthermore, as the consequences of these results, we will discuss the autonomous,
periodic and almost periodic cases of model (2), and establish the nearly necessary and
sufficient threshold criteria on the extinction and permanence of disease for these models
as well.

This paper is organized as follows. In section 2, we introduce main assumptions for
model (2) and some preliminary lemmas which will be used in the statements and proofs
of main results. In section 3, the sufficient condition of integral form for the extinction
of disease for model (2) is stated and proved. In section 4, the sufficient condition of
integral form for the permanence of disease for model (2) is stated and proved. In section
5, the autonomous, periodic and almost periodic cases of model (2) is discussed and the
threshold conditions for the extinction and permanence of disease are stated and proved.
In section 6, the theoretical results are illustrated by some special examples and numerical

simulations. Finally, a conclusion is given in section 7.

2. Preliminaries

For model (2), we always assume that the following conditions hold.
(Hy) Functions A(t), u(t), p(t), B(t), v(t), r(t), o(t) and §(¢) are nonnegative, bounded
and continuous on R, = [0, +00).
(Hy) There exist constants w; > 0 (i = 1,2, 3) such that
t+wy t+wa t+ws
lim inf B(s)ds >0, lim inf/ p(s)ds >0, lim inf/ A(s)ds > 0.
¢ ¢

t—-+o00 t t—+00 t—+00

(Hj) Function f(S,I) is continuously differentiable for (S, ) € R% and nondecreasing
for S > 0, @ is nonincreasing for I > 0, f(S,0) = f(0,I) =0 for S > 0 and I > 0,
respectively.

Let f(t) be a continuous and nonnegative function defined on R;. We define f* =
sup;so f(t) and f~ = infy>o f(¢). Furthermore, if f(¢) also is periodic with period w > 0,
we denote by f the average value of f(t), that is f = %fgj f(t)dt, and if f(t) also is almost
periodic, we denote by m(f) the average value of f(t), that is m(f) = limy_,o f(f f(s)ds
(see [18]) .

Remark 1. When model (2) degenerates into w—periodic model, that is, all coeffi-
cients A(t), u(t), p(t), 5(t), v(t), r(t), o(t) and §(t) are w— periodic, then (Hs) degenerates
into the following form

>0, n>0A>0.

Remark 2. When model (2) degenerates into almost periodic model, that is, all
coefficients A(t), u(t), p(t), B(t), v(t), r(t), o(t) and 6(t) are almost periodic, then (Hs)

4



degenerates into the following form

m(B) >0, m(u) >0, m(A)>0.

Remark 3. When f(S,I) = SI (bilinear incidence), f(S,I) = Wﬁ% (satu-
rated incidence), f(S,1) = % (Beddington-DeAngelis incidence), and f(S,I) =

% (non-monotonous incidence), where ay > 0 and oy > 0 are constants, then as-
sumption (Hs) is satisfied.
By the biological background of model (2), for any solution (S(t), E(t), I(t), R(t)) of

model (2) the initial condition is given by
S(O) =5 > 0, E(O) = Fy >0, I(O) =1y >0, R(O) = Ry > 0. (3)

Firstly, on the nonnegativity and boundedness of solution (S(t), E(t),I(t), R(t)) of
model (2) we have the following results.

Lemma 1. Assume that (Hy) — (Hs) hold. Then for any solution (S(t), E(t), I(t),
R(t)) of model (2) with initial condition (3) we have:

(a) (S(t), E(t),I(t), R(t)) is positive for all t € R..

(b) limy—0o (S(t) + E(t) + I(t) + R(t) — 20(t)) = 0, where 2(t) is the solution of the

following equation
dz(t)

- A(t) — pu(t)z(t) (4)

with initial condition z(0) = zy > 0.
(¢) There exists a constant My > 0 which is independent any solution (S(t), E(t), I(t),
R(t)) of model (2) such that
limsup S(t) < My, limsup E(t) < My, limsup I(t) < My, limsup R(t) < M,.

t—o0 t—o00 t—o0 t—o0

Proof: Let the solution (S(t), E(t),(t), R(t)) is defined on interval [0,t), where
to < +oo. We firstly prove that (S(t), E(t), I(t), R(t)) is positive for ¢t € [0,%). Let
m(t) = min{S(¢), E(t), I(t), R(t)}, then m(t) is continuous for ¢ € [0,%y), and m(0) =
min{Sy, Ey, In, Ry} > 0. Suppose that there is a t € (0,t) such that m(f) = 0, and
m(t) > 0 for all ¢ € [0,¢). Then, we have the following four case: (1) m(t) = S(t) = 0,
(2) m(t) = E(t) =0, (3) m(t) = I(t) =0, (4) m(t) = R(t) = 0. If case (1) occurs, then
from the first equation of model (2) we obtain

dS(t S(t), I(t
I50) () L5016
Since S(t) > 0 for all £ € [0,7), S(f) = 0 and limg_,o £50 = 210D ¢xigts we obtain that

S B
LSWIO) ig defined for all ¢ € [0,7] and also is continuous. Consequently,

S
ﬂwz&mmiéw@ﬂﬁ%g@l

+u(t) +(1)S@), ¢ €[0,0).

+ pu(s) +(s))ds), ¢ € [0,1).
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From this, we further obtain S(¢) > 0, which leads to a contradiction. Hence, case (1)
does not occur. Similarly, we also can obtain that cases (2), (3) and (4) do not occur.
Therefore, (S(t), E(t),1(t), R(t)) is positive for all ¢t € [0, ).

Next, we prove that (S(t), E(t),1(t), R(t)) is bounded on [0,t). Let N(t) = S(t) +
E(t) + I(t) + R(t), then from model (2) we have

P _ a) - woN )

Consider the auxiliary equation (4), from assumptions (H;) and (Hs), and [8, 9], we can
obtain that for any initial value z(0) = 2o > 0, equation (4) has a unique positive solution
2o(t) defined for t € [0, 00), zo(t) also is bounded on [0, 00), and zy(t) is globally uniformly
attractive. Thus, for any positive solution z(t) of equation (4) one has

lim (2(t) — 2o(t)) = 0. (5)

t—o00

From this, there is a constant My > 0, and M, is independent of any positive solutions of
equation (4), such that
limsup z(t) < M,. (6)

t—o00
Therefore, for N(t) = S(t) + E(t) + 1(t) + R(t), from N(t) = z(¢t) with N(0) = z(0) for
all t € [0,t0) and (6) we obtain that (S(t), E(t),(t), R(t)) is bounded on [0, ).

By the continuation theorem, we further have t, = oo, i.e., (S(t), E(t),1(t), R(t))
is defined on [0,00) and also is positive. Furthermore, from (5) and (6) we also have
conclusions (b) and (c) of the lemma. This completes the proof.

From conclusion (b) of Lemma 1, without loss of generality, we can assume that for
any solution (S(t), E(t),I(t), R(t)) of model (2) with initial condition (3), S(t) + E(t) +
I(t)+R(t) = 2(t) for all t € R, where ug(t) is a fixed solution of equation (4) with initial
value z(0) = zy > 0. Thus, model (2) can be equivalent to the following three-dimensional

model:

——= = BO)f(S1),I(t) — (u(t) + o(t)E(t),

dt
P @B - o) + o)1)

and the initial condition (3) for model (7) becomes into
S(0)>0, E@0)>0, I(0)>0. (8)
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Next, we consider the following linear equation

du(t)

g = MO =p(t) +0(t)20(t) — (u(t) +7(t) +0(t))u(t). (9)

Directly from [8, 9], we have the result as follows.

Lemma 2. Assume that (H,) — (Hs) hold. Then we have

(a) There are constants My > my > 0 such that for any solution u(t) of equation (9)
with initial value u(0) = ug > 0, one has m; < liminf, ,, u(t) < limsup,_,  u(t) < M;;

(b) Each fixed solution u*(t) of equation (9) with initial value u*(0) > 0 is globally
uniformly attractive on R.,.

Lemma 2 indicates that model (7) has the disease-free equilibrium state (u*(t),0,0).
Further, we easily verify that model (2) has the disease-free equilibrium state (u*(t), 0,0,
20(t) — u*(t)).

Further, we consider linear equation as follows

dZ—? = AL = p(t) +0()20(t) — (u(t) +r(t) +0(t))v(?) (10)
_gl(ﬁ+w +257 + 6*6*%@),

where constant M, is given in conclusion (¢) of Lemma 1. Let u(t) and wv(t) be the
solutions of equations (9) and (10) with initial values u(0) = v(0) = vy > 0, respectively.
Directly from [8, 9], we have the following result.

Lemma 3. Assume that (Hy) — (Hs) hold. Then there is a constant B > 0 only
dependent on yu(t) + r(t) + 0(t) such that

sup [u(t) — v(t)] < Bey(g+ 2L 200
20 ol

+ 20 6Bt 9/ (Mo, 0) (24;” 0

CUQ).

Let (S(t), E(t), 1(t)) be any solution of model (7) with initial condition (8), and u*(¢)
be the fixed solution of equation (9) with initial value u*(0) > 0. For constant ¢ > 0 we
define
Of (u” (1), 0)

G(g,t) = B(t) o

g+t - (14 §>a<t>, W(a.t) = gE(t) - 1(0).

We have the following result.

Lemma 4. Assume that (Hy) — (Hs) hold. If there is constant ¢ > 0 such that
limsup,_,., G(q,t) <0, then there is a T > 0 such that either W (q,t) > 0 for allt > T or
W(q,t) <0 forallt>T.

Proof. Firstly, from conclusion (a) of Lemma 2, there are constants My > mg > 0
such that

my < u*(t) < My forall t>0.
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9f(5,0) -
T oI

From this, by limsup, . G(g,t) < 0, there are constants £y > 0 and Ty > 0 such that

Of (u*(t) + €0, 0)
ol

Next, from assumption (Hj3) we have that of is uniformly continuous for S € [0, 2M5).

B(t)

gt — (14 §>a<t> < e (11)

for all t > Tj. Furthermore, from model (7) we have

%Sgt) < A1 = p(t) +6(t)z0(t) — (u(t) + r(t) + 6(1))S(t)

for all t > 0. From the comparison principle and conclusion (b) of Lemma 2, there is a
constant T} > Tg such that

S(t) <u*(t)+eo forall t>T.

Suppose that there does not exist such T, then there exist two increasing time se-
quences t, and s, satisfying following properties: lim, ,t, = o0, 0 < t, < s, for any
positive integer n, W(q,t,) = 0, qut" >0, W(g,t) > 0 for all t € |J _,(tn,s,) and
Wi(g,t) <0 forall t ¢ |J 7, (tn, sn). Hence, we have

4E(ta) = I(t,) (12)

and by assumption (H3) when ¢, > T}

dW (q,tn) dE(t,) dI(t,)
dt “u T T
= @{Bta)f(S(tn), [(tn)) — (u(tn) + o(tn)) E(t,)}
—{o(tn)E(tn) — (p(tn) + () I(tn)} (13)

118000 D20 0, 40

B (t){((t) + 0 () + gaoﬁn)}

IN

Substituting (12) into (13) we obtain

Bt {300 L0, ) — (14 Do)} 2 0,

We have E(t,) > 0 by conclusion (a) of Lemma 1, and hence,

fwt) +e00) vy Loy so

for all ¢,, > T}, which is a contradiction with (11). This completes the proof.



3. Extinction of disease

Theorem 1. Assume that (Hy) — (Hs) hold. If there are constants A > 0 and ¢ > 0
such that limsup,_, . G(q,t) <0,

Ri(\ q) = hmsup/ {B(s) ( ) )q — (u(s) +o(s))}ds <0 (14)
t——+o0
and
Ri(\g) = limsup / {o(s)= — (u(s) +7(s))}ds <0, (15)

then the disease-free equilibrium (u*(t),0,0) in mode] (7) is globally attractive.

Proof. From Lemma 4, we only need to consider the following two cases:

(i) qE(t) > I(t) for all t > T.

(i) qE(t) < I(t) for all t > T.

Firstly, we consider case (i). From (14), assumptions (H;) and (Hs), and the uniform
continuity of % for S € [0,2Ms], there exist constants €g > 0, 6; > 0 and T} > T such
that

|20 () + o (s)jas < —a (16)

for all ¢ > T;. For any solution (S(t), E(t),1(t)) of model (7) with initial condition (8),

since
dS(t)

— SAML = a(t) +0(8)20(t) — (u(t) +r(t) +6(2))S(1)

for all ¢ > 0, by the comparison theorem of differential equations and conclusion (b) of
Lemma 2, there is a Ty > T3 such that S(t) < u*(t) + go for all £ > Ts.

From assumption (H3) and the second equation of model (7), we have

dl;it) < ﬂ(t)af(u*(g)[—i_go’())](t)—(M(t)-I—U(t))E(t), -
17
< EQ@)B(t )8f( <8)I+ 0.0, _ (u(t) + o(t))]

for all ¢ > T,. Integrating (17) for any ¢ > T5, then

50 < B o ([ 1369 ED g u(5) + o (s))as),

T

From (16), we directly obtain lim;_,,, E(t) = 0. Then, from qE(t) > I(t) for all t > T,

it follows lim; 4 I(t) = 0.
Next, consider case (i7). Since we have E(t) < % for all t > T, from the third
equation of model (7) it follows
dI(t)

0 f(t){o(t% — (ult) + (1)} (18)



Integrating (18) for any ¢ > T, then

1(t) < I(F)exp ( / {a<s>§ ~ (uls) + () }ds).

From (15), we can easily obtain limy, . [(t) = 0. Then, from E(t) < % for all t > T,
it follows lim;_,, o, E(t) = 0.
Thus, for any small enough & > 0, there is a T > T such that E(t) < ¢ and I(t) <
for all t > T'. Then, we have
ds(t)
o S MO —q(t) +0()20(t) — (ult) +7(t) +0(t))S(t)
for all t > 0, and by assumption (H3)

B > M)~ gl1)) +0(0)20(t) — () + r(0) + 3(0)500) — (B0 LT 4 9500
for all t > T'. Let u(t) be the solution of equation (9) with initial value u(7T") = S(T"). We
have u(t) > S(t) for all t > T'. Let v(t) = u(t) — S(t), then we have u(t) > 0 for all ¢ > 0
and

< —(ute) +r(0) + 50)(0) + (30 LI L5

< —plt)o(t) + (BTG 4 25%)e

for all t > T'. Hence,

ot Jf (Mo, 0) b
< S u(s)ds +YJ 0 Y + [y w(r)dr
v(t) <wv(T)e +e(p i + 20 )/T e ds

for all ¢ > T. From assumption (Hj), we easily obtain that there exist constants a > 0
and H > 0 such that for any ¢, > t; > 0 one has ft s)ds > a(ty —t1) — H. Therefore,

we further obtain

£ ( Mo
u(t) > S(t) > u(t) — v(T)e etDH _ Gl - 't 25+)6

for all t > T'. Taking t — oo, and by the arbitrariness of ¢ we can obtain lim; . (S(t) —
u(t)) = 0. Finally, from conclusion (b) of Lemma 2 we further have lim;_, ., (S(¢) —u*(t)) =
0. This shows that disease-free equilibrium state (u*(¢),0,0) is globally attractive. This

completes the proof.

4. Permanence of disease

Theorem 2. Assume that (Hy) — (H3) hold. If there exist constants A\ > 0 and
q > 0 such that limsup,_,., G(¢,t) <0,

Rava) = tmint [ (3D )+ aeias =0 )



and

R3 (N, q) = hmlnf/ {o(s)= — (u(s) +~(s))}ds > 0, (20)

t--+oo
then infected I in model (7) is permanent.

In order to prove Theorem 2, we firstly introduce the following lemma.

Lemma 5. Assume that (H,) — (Hs) hold. If there exist constants A > 0 and ¢ > 0
such that condition (20) holds and limsup,_,., G(q,t) <0, then W(q,t) <0 for allt > T,
where T is given as in Lemma 4.

Proof. From Lemma 4 we have only two cases: W (q,t) > 0forallt > T or W(q,t) <0
for all t > T. Suppose that W(q,t) > 0 for all t > T. Then, we have E(t) > % for all
t > T. It follows from the third equation of model (7) that

T > 10{o0), — (W0 +10)} = T0{o(0)7 — (W) +4@)) (@)

for all t > T'. Integrating (21) for t > T we have

1) > I(T) exp ( [ 106): — uts) + ’V(S))}d8> (22)

for all + > T. From condition (20), there exist positive constants 7 > 0 and T* > 0 such
that

/t {a(s% () + () s > (23)

for all t > T*. Since inequality (22) holds for all ¢ > max{T,T*}, it follows from (23) that
limy o [(t) = +00. This contradicts with the boundedness of I, stated in conclusion (c)
of Lemma 1. This completes the proof.

Proof of Theorem 2. Firstly, from the uniform continuity of af SO ) for S € [0, 2M,)]
and inequality (19), there are constants &€ > 0, 19 > 0 and Ty > 0 such that mgy — & >0
and for all £ > Tj

/t B 250 g0 )+ o()ds 2 (24)

Since lim;_,q ! (i’l) = aféi’o) uniformly for S € [0,2M,], we have lim; g

of (u*(t)—¢€,0)
oI

W — ¢ for all ¢ > T[) and I € (O,]Q]

For any vy € Ry and ty € R, let u(t) and v(t) be the solutions of equations (9) and

fw@)-&l)
1

uniformly for ¢ > Ty. Hence, there is an I, > 0 such that w

v

(10) with initial value u(ty) = v(to) = wo, respectively. By Lemma 3, there is a constant
B > 0 which is only dependent on pu(t) + r(¢) + d(¢) such that

9 (M(),O) af(M070) w

oft) —ute)] < BT 1 g2 4 pr 2L,
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for all ¢ > ty. Therefore, for the above & > 0 there is a £; > 0 such that
1
lo(t) —u(t)] < 55 for all ¢ > t. (25)

Since u*(t) is globally uniformly attractive from Lemma 2, then there is a 7} > 0 which
is independent of any ¢, € R, and vy € [0, My] such that

1
lu(t) —u*(t)| < 55 for all ¢t >tg+11. (26)

Further, for above ¢; > 0 we can choose constants eo > 0 and Ty > Ty with 9 <
min{ey, Ip} such that for all ¢ > T,

t+wa
[ 062G e~ (o) + o9)en)ds < - 7

Let (S(t), E(t),1(t)) be any solution of model (7) with initial condition (8). By the
conclusion (¢) of Lemma 1, there is a constant 73 > T, such that S(t) < M, E(t) < M,
and I(t) < My for all t > T3. By Lemma 5, there is a constant T > T3 such that

W(q,t) <0 forall t>1Ty. (28)

We firstly prove limsup,_, ., [(t) > 2. Suppose that this conclusion is not true, then
there is a Ts > Ty such that I(t) < eq for all ¢ > T5. Suppose that E(t) > e; for all t > T,

then we have

E(t) = E(T5)+/ [6(s)f(S(s), I(s)) = (u(s) + o(s)) E(s)]ds

T

Of (Mo, 0
< 5+ [ 156905k — () + o)l
Ts
for all t > T5. Thus, from (27), we have lim; ,, E(t) = —oo, which contradicts with

conclusion (a) of Lemma 1. Therefore, there exists an s; > T5 such that E(s;) < €.
Suppose that there exists an sy > s1 such that E(sq) > &1 + 6*%@0252. Then, there
exists an s3 € (s1, $2) such that E(s3) = e, and E(t) > &, for all ¢t € (s3, s2]. Let n be an
integer such that s, € [s3 4+ nws, s3 + (n + 1)ws]. Then, from (27) we have

ey 4 B Mywnes < B(sy) = Elss) + / 1B F(S(), 1(5)) — (u(s) + 0 () B(s))ds

s$3+nwz 532
<ar ([T [T e e - (1) + ote))elas

< 61+/ ﬁ(S)WEQdS
S3+nw

0f (Mo, 0
< €1+ﬁ+—f<28[07 )EQQJQ

12



which is a contradiction. Therefore, we have that

0f (Mo, 0)

0
E(t) < &1+ ,BJr ol WoE9 (29)

for all ¢ > s;. Since for all t > s,

M > A)(1—q(t) +6(t)uo(t) — (u(t) +r(t) +o(t))S(1)

df(Mop,0 + 2 .|_6 Mop,0

by the comparison theorem we have S(t) > wv(t) for all t > s;, where v(t) is the solution
of equation (10) with initial value v(s;) = S(s1). Let vg = S(s1), then vy € [0, Mp]. From
the inequalities (25) and (26) we obtain for all t > sy + T

S(t) > v(t) > u(t) —

E>u"(t) — e (30)

DO | —

Since I(t) < ey < Iy for all ¢ > Tj, from the second equation of model (7) and (28) we
obtain for all t > Ty £ s; + T

%it) = M)(af(u*(?[_ U (1) — (u(t) +o(t)E(t)
> T - g o + a0)EW),

Integrating from 75 to any ¢t > Ty we have

B(0) = B e ([ 186002 g = (u(s) + o(s))ds).

Ts
It follows from (24) that lim; ., E(t) = +oo. This contradicts with the boundedness of
E(t) from Lemma 1. Therefore, we finally have limsup,_,  I(t) > €.
Next, we prove that there is a constant [ > 0, which is independent of any solution
(S(t), E(t),1(t)) of model (7), such that
liminf I(t) > [. (31)

t—o00

From inequalities (24), (27) and (H;), we can obtain that there exist constants P > 0
and 7, > 0 such that

|02 — us) + o)ends < -y (52)
t+P u*(t) — €
| e =20 o (ue) + (sl > (33)

13



and
t+P
/ B(s)ds > ny (34)

for all t > 0. Let K > 0 be an integer satisfying

af(My,0 M,
et Bt f(ﬁlo’ )W252 < 6_(“++U+)P772'f<n]1\740 0)U26K772 (35)
where vy = gye= W P and m = my — & Since limsup,_,, . I(t) > &y, there are

only two possibilities as follows:
(i) liminfy o I(t) > eo.
(17) 1(t) oscillates about &4 for large t.
In case (i), we directly have inequality (31) with [ = e5. Consider case (ii). Let
t1,ta > Ty with ¢ <ty such that I(t;) = I(t3) = g9 and I(t) < eq for all t € (1, 1s).
Suppose that to —t; > C'+ 2P+ T with C = PK. If E(t) > &, for all t € (t;,t, + P),

then from (32) we have

E(ty + P) < E(t)) +/t1+ 18(s) 2 (Mo, 0)

——a7 2~ (u(s) +a(s))er]ds < My — My =0,
t1

which is a contradiction. Therefore, there exists an s4 € [t1,t; + P) such that E(sy4) < €.

Then, similar to the proof of (29), we can show that

E(t) <e + 5+Ww252 < (1+ ,BJ“WM)Q for all ¢ € (s4,t2].  (36)
Since 450t
B > AW~ at) +5(0)20(t) — () + 7(2) + (1)S(D)
_(6+af(]8w1070> _|_5+(2_|_/8+ f(]awj(ho )w2)€1
Similarly to above proof of (30) we can obtain
S(t) > v(t) > u(t) — %5 > wit) — (37)

for all t € [t; + P + T1,t5]. From third equation of model (7) we can directly obtain
I(t) > ege”WHRPHT) & 4 forall ¢ € [ty by + 2P + T1].

Since from (37) for any ¢ € [t; + P+ T1,t1 + 2P + T1]

%it) > ﬁ(t)f(u*(t)[(_t)g’ I<t>)](t) — (u(t) +o(t)E(t)
> pyl M) L eh B,

Mo

14



we have from (34)

E(t1+2P+Ty) > e—(u++a+)(t1+2P+T1)(E(t1 + P+ Tl)e(,ﬁwﬂ(tﬁerTl)

t1+2P+T, M.
[ e LI sy
t

( 1+P+)7;1 pon ]\t{E)ﬂP—f—Tl F(m, M) T (38)
—(ut+oT)(t1+2P+T) ) t4ot)s
= /t1+P+T1 Ala) My vt s
> e_(“++”+)P772—f(ﬂ}\;—l(])\/lo vy.
Now, from (28) and (36) we further have
dE
PO~ 50 #(5(0), 1) — (1) + o) (),
> D=2 1) - ) + o) B() (39)
Of (u(t) - £,0)

> E@)[B(t)( i —&)g — (u(t) +a(t))]

for all t € (t, + 2P + T, ts]. Let t* =t +2P + T + C. Then, from (33), (38) and (39),

we have

a df(u*(t) —¢&,0

By > B +or+Ten( [ e EE0 a0 () + oty

f( M t1+2P+Ty

m,
> e_(ﬂ++0+)Pn2TOOfU26K7]2'

Thus, from (36), we have

Of (My,0 (o m, M,

5]_ +/8+ f(a]_(] )(JJQEQ > e (;},Jr—‘r +)P772f< MO O)UZGK’I]Q’

which contradicts with (35). Therefore, we finally have to —t; < t; + 2P +T; + C. Then,

from third equation of model (7) we directly have
I(t) > gpe WHOQPYTIAC) & 1 g a]] ¢ € [t1, 2],

which implies liminf; , . I(¢) > [. This completes the proof.

From the above results and the equivalence of model (2) and model (7), we can directly
have the following corollary on the extinction and permanence of disease for model (2).

Corollary 1. Assume that (Hy)— (H3) hold and there is a constant ¢ > 0 such that
limsup,_,., G(q,t) <0.

(a) If there exists constant A > 0 such that conditions (14) and (15) hold, then the
disease-free equilibrium (u*(t), 0,0, zo(t) — u*(¢)) in model (2) is globally attractive.

(b) If there exists constant A > 0 such that conditions (19) and (20) hold, then infected

I in model (2) is permanent.
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5. Some corollaries

In this section, we consider some special cases of model (2) as the applications of the
main results established in the above.

Firstly, we assume that all coefficients in model (2) are positive constants. Thus,
model (2) is autonomous. We see that equation (4) is autonomous, and hence solution
20(t) can be chosen by zy(t) = % £ %. Then, equation (9) also is autonomous. The
% £ y*. Thus, the basic reproduction

number for autonomous model (2) is defined by

of3 Of(u*,0)
(htN(u+o) o

solution u*(t) can be chosen by u*(t) =

For constant ¢ > 0, we define

Ri(q) = 6@6] —(n+0), Ri(q) = Ué —(n+7)
and Of(u*.0) .
u b
G(Q):B—aj q+7—(l—|—a)a.

Corollary 2.  Suppose that (Hj) holds, and all parameters A(t), 5(t), p(t), r(t)
w(t), o(t), o(t) and y(t) in model (2) are positive constants. Then we have

(1) If Ry < 1, then the disease-free equilibrium (u*,0, 0, zo—u*) of model (2) is globally
attractive.

(2) If Ry > 1, then infected I in model (2) is permanent.

Proof. For autonomous model (2), we have Ry(),q) = Ra(\, q) = Ri1(q), Ri(\,q) =
R5(\,q) = Ri(q) and G(t,q) = G(¢) in Theorem 1 and Theorem 2. We only need to
prove the following conclusions.

(i) There exists a positive constant ¢ > 0 such that R;(q) < 0, R;(¢) < 0and G(q) <0
if and only if Ry < 1.

(ii) There exists a positive constant ¢ > 0 such that R;(q) > 0, R;(¢) > 0 and G(¢) <0
if and only if Ry > 1.

We only prove conclusion (i). Conclusion (ii) can be proved in a similar manner.
Suppose that there exists a constant ¢ > 0 such that Ry(q) < 0, Rj(¢) < 0 and G(q) < 0.
Then, it follows from R;(q) < 0 and Rj(q) < 0 that

w+o

—<g< .
Pt pULD

(40)

Hence, we obtain Ry < 1. Conversely, we assume Ry < 1. Since

o of(u*,0) o At
G = —(1
<u+7) =57 R (1+

Jo=(p+o)(Ro—1) <1,
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there exists a constant ¢ > 0 being close enough to = such that (40) hold and G(q) < 0.
Hence, for such ¢ we have Ri(q) < 0, Ri(q) < 0 and G(q) < 0. Thus, conclusion (i) holds.
This completes the proof.

Remark 3. Corollary 1 shows that the results on the extinction and permanence of
the disease established in this paper for nonautonomous model (2) cover the threshold-
type results in the autonomous case.

Secondly, we consider the periodic case of model (2), that is, all coefficients A(t), u(t),
p(t), B(t), v(t), r(t), o(t) and 6(¢) are nonnegative periodic functions with the common
period w > 0. Firstly, for equation (4), when A(¢) and pu(t) are w-periodic functions,
then from [8, 9], zy(¢) can be chosen by the unique w-periodic solution of equation (4).
Furthermore, it can be proved that for w-periodic equation (9) there is a globally uniformly
attractive w-periodic solution u*(¢). Thus, function G(t,q) = 5(2&)Wq +r(t) —
(1+ %)a(t) is w-periodic. We see that conditions (14) and (15) given in Theorem 1 are

equipollent to A = w and

R = [ 60D ity + atean <o,

* “ 1
Riw.a) = [ (o7 = (u(®) +2())it <o
0
and conditions (19) and (20) in Theorem 2 are equipollent to Rs(w,q) = Ry(w,q) > 0 and
R (w,q) = Rj(w,q) > 0. We have the following result.
Corollary 3. Suppose that (Hs) holds, and all parameters A(t), wu(t), p(t), B(t),
v(t), r(t), o(t) and §(t) in model (2) are w—periodic continuous functions. Then we have
(i) The disease-free periodic equilibrium (u*(t),0,0, zo(t) — u*(t)) of model (2) is glob-
ally attractive if there exist ¢ > 0 such that

e e’ ngpm

and G(q,t) <0 for all t € [0,w].
(ii) The infected I in model (2) is permanent if there exists ¢ > 0 such that

o >q>_ﬁii_ (42)
w+y ﬁwwmm
ol

and G(q,t) < 0 for all t € [0,w].

Proof. In fact, for conclusion (i) we directly obtain R;(w,q) < 0 and R}(w,q) < 0,
and for conclusion (ii) then Ry(w,q) > 0 and Rj(w, q) > 0. Therefore, by Theorem 1 and
Theorem 2, Corollary 2 is true. This completes the proof.
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Remark 4. Model (1) is the special case of model (2) with A(t) = uN, f(S,I) = SI,
and the parameters p(t), u(t), d(t), o(t) and (t) are positive constants. Only the param-
eters (t) and r(t) are w-periodic continuous function. As a consequence of Corollary 3
we have the following result.

(i) The disease-free periodic equilibrium (u*(t),0,0, N —u*(¢)) of model (1) is globally
attractive if there exists constant ¢ > 0 such that

7 g< o+ 0'
oty fu*

and G(g,t) < 0 for all ¢ € [0, w].
(ii) The infected I in model (1) is permanent if there exists constant ¢ > 0 such that
LS o+ cr'
pty Bur

and G(g,t) <0 for all ¢t € [0,w].
Remark 5. Comparing Corollary 2 and Corollary 3, we can propose the following

open problem. For w-periodic model (2), we define

B(’?f(u

(t+7)(n+0)
It is clear that if condition (41) holds, then we have Ry < 1, and if condition (42) holds,
then we have Ry > 1. However, conversely, from Ry < 1 (or Ry > 1) we not always
can obtain that there exists a constant ¢ > 0 such that (41) holds (or (42) holds) and
G(q,t) < 0 for all t € [0,w]. Therefore, an important and interesting open problem is

whether only when Ry < 1 (or Ry > 1) we can exactly obtain the global attractivity of
the disease-free periodic equilibrium (u*(t),0,0, 2o(t) — u*(t)) (or permanence of infected
I) in model (2).

Remark 6. Furthermore, as a well extension of periodic model (2), we can consider
the asymptotic periodic model (2). That is, all coefficients in model (2) are asymp-
totic periodic continuous functions with common period w > 0. Thus, there exist w-
periodic continuous functions A*(t), p*(t), 5*(t), p*(t), r*(t), 6*(t), o*(t) and v*(¢) such
that limy,oo (A(f) — A*(t)) = 0, limy0o(p(t) — p*(t)) = 0, limy,oo(B() — B*(t)) = 0,
i (1(E)— 1°(8)) = 0, T (r(£) =1 (£)) = 0, ity ((£)—0°(£)) = 0, limy o (0r(8)—
o*(t)) = 0 and lim; oo (7(t) — v*(t)) = 0. Assume that z(t) is the unique w-periodic so-

lution of equation
dz(t . .
T n) - w(0200),

and u*(t) is the unique w-periodic solution of equation

dZ—i” = AT = p (1)) + 07(1)z0(£) = (" (1) +r7(8) + 07() u(?).
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Furthermore, define

1
g+r@t)—(1+-)o

G'(a,) = 5 ()= )0 ().

As an extension of Corollary 3, we have the following conclusions.
(i) The disease-free periodic equilibrium (u*(t), 0,0, 2o(t) — u*(¢)) of model (2) is glob-
ally attractive if there exist ¢ > 0 such that

Q*l

T
<q :
[ 5*8fu* 0)

and G*(g,t) < 0 for all ¢ € [0,w].
(ii) The infected I in model (2) is permanent if there exists ¢ > 0 such that

o* ,U* + o*
[ e B of (u*(t),0)
ol

and G*(¢q,t) < 0 for all t € [0,w].

Finally, we consider the almost periodic case of model (2). Firstly, for equation (4),
when A(t) and p(t) are almost periodic functions, then from [8, 9], z(¢) can be chosen by
the unique almost periodic solution of equation (4). Furthermore, it can be proved that
for almost periodic equation (9) there is a globally uniformly attractive almost periodic
solution w*(¢). Thus, function G(q,t) = ,B(t)Mq +r(t) — (1+ %)O'(t) is also almost
periodic. We have the following result.

Corollary 4. Suppose that (Hs) holds, and all parameters A(t), u(t), p(t), B(t),
(), r(t), o(t) and §(t) in model (2) are almost periodic continuous functions. Then, we
have

(i) The disease-free almost periodic equilibrium (u*(t), 0,0, zo(t) — u*(t)) of model (2)
is globally attractive if there exists ¢ > 0 such that

m(o) _ m(p+ o)

1< — 5w @0 (43)
m(p+7) m(ﬁW)

and lim sup,_, .. G(q,t) < 0.
(ii) The infected I in model (2) is permanent if there exists ¢ > 0 such that

m(o) e m(p+ o)
(wtqy) ¢ 01 (w* (1),0)
mip =+ 7y m(B=5)

and lim sup,_, . G(q,t) < 0.
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Proof. We only prove conclusion (i). Conclusion (ii) can be proved in a similar
manner. From condition (43) and the properties of almost periodic functions (see [8]), we
obtain that there are constants A > 0 and 1 > 0 such that for all ¢ > 0

[0 D uis) + tsys <

and

t+A 1
/t (017 = (us) + (s))ds < =1

Hence, we further have

())

Ri(\, ) = limsup / (80 20 )+ o(w)) o < 0

t—+00

and

Ri(\ q) hmsup/ {o(v) (u(v) +v(v)) pdo < 0.

t——+o00
Therefore, by Theorem 1, conclusion (i) in Corollary 4 is true. This completes the proof.

Remark 7. For the almost perlodlc model (2), we define

_ m(o)m(pL500)
m(p+y)m(p+o)

Similarly to Remark 5, we also can propose the following open problem. That is, whether

only when Ry < 1 (or Ry > 1) we can exactly obtain the global attractivity of the disease-
free almost periodic equilibrium (u*(t),0,0, zo(t) — u*(¢)) (or permanence of infected I)
in model (2).

Remark 8. Similarly to Remark 6, as an extension of almost periodic model (2),
we can consider the asymptotic almost periodic model (2). We can establish the similar

conclusions as in Remark 6.

6. Numerical examples

In order to illustrate the validity of our theoretical results, we give some examples and
numerical simulations in this section.

Example 1. Take A(t) = 20+0.1sin(t), pu(t) = 1.2+0.1sin(¢), p(t) = 0.240.1sin(t),
B(t) = 0.2540.2sin(t), r(t) = 0.2+0.1 sin(t), d(t) = 0.24+0.1sin(t), o(t) = 0.840.1sin(t),
v(t) = 0.8 4 0.1sin(t) and f(S,1) = 1+212 in model (2), which is a 27-periodic model. It
is easy to verify that assumptions (H;) — (H3) hold. Solving equation (4), we obtain

t
2o(t) = exp(—1.2t+0.1cos(t) +0.1) / (20x 4 0.1sin(x)) exp(1.22 — 0.1 cos(z) — 0.1)dz

0
L0 exp(0.1cos(t) — 1.2t 4+ 0.1)
exp(0.2) ’
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see Fig.1 (a), by which we can see that the periodic solution zy(t) is globally asymptotically
stable. Then, from numerical simulation, we can see that equation (9) has a 2m-periodic
solution u*(t) (see Fig.1 (b)) which is globally asymptotically stable, by which we can see
that 10 < u*(¢) < 15.

Choosing ¢ = 0.41, we can see 20210

51— = u*(t), then we can obtain by the numerical

calculation
Gtg) = ALY (1) — (14 Lyo()
< (0.25+0.2sin(t)) * 15 % 0.41 + 0.2 + 0.Lsin(¢) — (1 + 100/41) * (0.8 + 0.1 sin(t))
~ —1.0137+ 0.9861sin(t) < 0,
R = [ 0O o) + oteppar
< /zw((0.25 +0.2sin(t)) * 15 % 0.41 — (1.2 4+ 0.1sin(¢) + 0.8 + 0.1sin(t)))dt
~ 90060 < 0,
Rilwa)= [ (o) = (ult) ()

q
= / ((0.8 + 0.1sin(t)) * 100/41 — (1.2 + 0.1sin(t) + 0.8 + 0.1sin(t)))dt

—0.3065 < 0.

Q

Therefore, all conditions given in Corollary 3 are satisfied. From numerical simulations
(see Fig 1. (c¢)-(f)), we can see that the infected I(¢) in model (2) is extinct, and disease-
free equilibrium state (u*(t),0,0, zo(t) — u*(t)) is globally attractive.

Example 2. Take A(t) = 100+ 0.1sin(¢), u(t) = 1.240.1sin(t), p(t) = 0.5+ 0.3 sin ¢,
B(t) = 10 + 0.4sint, r(t) = 0.2 + 0.1sin(t), 6(t) = 0.8 + 0.4sint, o(t) = 3 + 0.3sint,
v(t) =0.84+04sint and f(S,1) = %
is easy to verify that assumptions (H;) — (H3) hold. Solving equation (4), we obtain

in model (2), which is a 27-periodic model. It

t
2o(t) = exp(—1.2t +0.1cos(t) +0.1) / (100x 4 0.1sin(z)) exp(1.2z — 0.1 cos(z) — 0.1)dx
0

L0 exp(0.1cos(t) — 1.2t +0.1)
exp(0.2) ’

see Fig.2 (a), by which we can see that the periodic solution zy(t) is globally asymptotically
stable. From numerical simulation, we can see that equation (9) has a 27-periodic solution
u*(t) which is globally asymptotically stable(see Fig.2 (b)), by which we can see that
32 < u*(t) < 58.
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Af (u*(t),0) _ wu*(t)+2u*2(t)
oI

= e = W (t),then we can obtain by

Choosing ¢ = 0.07, we can see

the numerical calculation

G(t,q) = B(t) LG +r(t) — (1 + D)o (t)
(10 + 0.4 x sin(t)) * 58 % 0.07 + 0.2 4+ 0.1sin(¢) — (1 + 1/0.07) * (3 + 0.3 * sin(¢))
—5.0571 — 2.8617sin(t) < 0,

A\

Q

R = [0S o) + owp)ar

2T
> / ((10 + 0.4 *sin(t)) * 32 % 0.07 — (1.2 + 0.1 * sin(¢) + 3 + 0.3 * sin(t)))dt
0

~ 114.3542 > 0,
mw@wzéﬂwwg—w@+wWMt
= /Zﬂ((?) + 0.3 %sin(t)) « 100/7 — (1.2 + 0.1 x sin(¢) + 0.8 + 0.4 x sin(t)))dt

~ 256.7136 > 0.

Therefore, all conditions given in Corollary 3 are satisfied. From numerical simulations,
we can see that system that the infected () in model (2) is permanent (see Fig.2 (c)-
(f)). In addition, model (2) has a positive 2m-periodic solution which may be globally
asymptotically stable.

7. Conclusions

In this paper, we investigate the global dynamic behaviors of a class of SEIRS epi-
demic models with vaccination, nonlinear incidence and all coefficients depending on time
t. Under the certain reasonable assumptions, some new threshold values are obtained to
determine the permanence and extinction of disease for model (2). The threshold con-
ditions for the permanence of disease has the integrable form of limit inferior, while the
threshold conditions for the extinction of disease has the integrable form of limit superi-
or. Particularly, in Section 5, we prove that when all parameters of model (2) degrade
into positive constants the conditions given in Theorems 1 and 2 become the threshold
conditions by the basic reproduction number Rj.

For the special case of model (2) in which only £(¢) and r(¢) in model (2) is given as w-
periodic functions, incidence function f(S, ) = ST and all other parameters are positive
constants, then we have model (1). We obtained the new threshold criteria on the global
attractivity of the disease-free periodic equilibrium and the permanence of infected I for
model (1) which are different from the threshold criteria given in [10]. It is easy to see that

the new threshold criteria more easily verify than those in [10]. However, unfortunately,
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an additional condition G(g,t) < 0 for all ¢ € [0,w] is requested. Therefore, we proposed
an open problem in Remark 5.

We also see that in model (2) we do not introduced the disease-related death rate of
infected. Therefore, another open problem is to investigate the dynamical behaviors of
general nonautonomous SEIRS model with vaccination, disease-related death and nonlin-

ear incidence.
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Figure 1: (a): Time series of solutions z(t) of system (4) in Example 1 with initial values: zy =
124+04xi, i =1,2,---, respectively. (b):Time series of solutions u(t) of system (9) with initial values:
up = 641405, i =1,2,---,20, respectively. (c): time series of solutions of (S(t), E(t),I(t), R(t))
of system (2), (d)-(f): 3-dimensional phases of system (2) with initial values (S(0), E(0),1(0), R(0)) =
(5+0.5%4,05+0.5%4,0.3+0.5%4,0), i=1,2,---,20, respectively.
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Figure 2: (a): Time series of solutions z(t) of system (4) in Example 2 with initial values: zy =
70414, i = 1,2,---, respectively. (b):Time series of solutions u(t) of system (9) with initial values:
up =2+ 3%, i =1,2,---,20, respectively. (c): time series of solutions of (S(t), E(t),I(t), R(t)) of
system (2), (d)-(f): 3-dimensional phases of system (2) with initial values (S(0), E(0),1(0),R(0)) =
(5+2%4,05+05%4,03+05%4,0), i=1,2,---,20, respectively.

28



