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The atmospheric convection is a phenomenon that has a
length scale smaller than the resolution at which the state–
of–the–art general circulation numerical models are run-
ning, and thus, the convection needs to be parameterized.
In this work, a theoretical formulation for the parameteri-
zation of subgrid–scale convection based on subgrid aver-
aging that represents a generalized eddy–diffusivity mass–
flux (GEM) formulation is presented. The subgrid fluxes
are derived by considering a decomposition of subgrid vari-
ables into convective and turbulent variables, and by as-
suming that the convection is modeled by round convec-
tive plumeswith generic radial profiles. Themain difference
between our formulation and the mass–flux formulations
is that the condition of a very small fractional area occu-
pied by the convection is replaced with the condition that
the convective vertical velocity goes to the mean state far
from the updraft region of the plume. The plumemodel can
be also generalized by considering that the convective ele-
ments are energy–consistent plumes, governed by the con-
servation of mass, momentum, kinetic energy, and buoy-
ancy, which provides a physical–based closure for the en-
trainment. Therefore, the closing problem of our formula-
tion consists of the specification of the convective radial
profiles and the boundary conditions at the initial vertical
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2 Cristian V. Vraciu

level. Furthermore, our formulation allows one to consider
more realistic profiles for the convective variables, making
the formulation suitable for the parameterization of atmo-
spheric convection at the convective gray–zone. This as-
pect is discussed in the last part of this work, where it is
showed how the formulation can be implemented at any
resolution. Moreover, in the present framework, no distinct
assumptions are required for each convective type, thus
facilitating the parameterization of convection in a unified
way.

K E YWORD S

atmospheric convection, unified parameterization, gray–zone,
plume model, turbulence

1 | INTRODUCTION

The majority of the modern numerical models use parameterization schemes for the representation of the moist con-
vection based on the so-called mass–flux formulation, in which it is assumed that the convective elements (such as
cumulus clouds and dry updrafts) are steady–state convective plumes. The representation of convection is typically
split into separate parameterization schemes for dry, shallow, and deep convection, respectively, and all are based
on different theoretical considerations. Unfortunately, little progress has been made for improving the physical basis
of the parameterization of deep convection since Arakawa and Schubert (1974), Tiedtke (1989) and Kain and Fritsch
(1990). For this reason, the representation of deep convection is still a large source of error in weather and climate pre-
diction models (Holloway et al., 2014; Yin and Porporato, 2017; Sherwood et al., 2020; Masson-Delmotte et al., 2021).
The traditional parameterizations heavily rely on the assumption of quasi–equilibrium and a very small fractional area
occupied by the convection, which requires a very large grid spacing of the numerical models. Due to the increasing
computational power, the general circulation models run nowadays at a resolution at which the quasi–equilibrium
assumption does not hold. Therefore, for this reason, some parameterization schemes with relaxed quasi–equilibrium
condition have been developed (e.g. Pan and Randall, 1998; Gerard and Geleyn, 2005; Park, 2014).

At the same time, stochastic parameterizations for deep (e.g. Plant and Craig, 2008; Hagos et al., 2018; Bengtsson
et al., 2022) and shallow convection (e.g. Sakradzija et al., 2016; Sakradzija andKlocke, 2018; Shin and Park, 2020) have
been proposed in order to make the mass–flux formulation more suitable for numerical simulation at the convective
gray–zone. However, the assumption of a very small fractional area occupied by the convection in every grid–box of
the numerical model is still a very important assumption in all mass–flux formations (Yano, 2014b; Arakawa and Wu,
2015), which means that the grid spacing of the numerical models must be large enough such that this condition is
respected regardless of the spatial variability of the convective elements. Although parameterizations with relaxed
fractional area occupied by the convection have been formulated (e.g. Arakawa andWu, 2013; Grell and Freitas, 2014;
Fan et al., 2015; Gerard, 2015; Zheng et al., 2016; Kwon andHong, 2017;Malardel and Bechtold, 2019; Langguth et al.,
2020; Wang, 2022), they still assume top–hat profiles as in the mass–flux formulation, and as is going to be seen in
Section 4.3.1, such development is valid only if the convective radial velocity is assumed to be very small, and thus, the
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subgrid fluxes containing subgrid horizontal wind components, such as the subgrid horizontal transport, are neglected.
However, at high resolutions, there might be a large variability between two consecutive grid cells (for example, in
a grid cell a cumulonimbus cloud may develop, while in the neighbor one only shallow convection is present), and
thus, neglecting the subgrid horizontal transport terms might result in large errors. Furthermore, although these
schemes relax the condition of a small fractional area occupied by the convection in the subgrid vertical transport term,
this condition is usually still present in the plume model they assume since it is considered that the plume entrains
environmental air in which the environmental variables are still assumed to be equal with the mean grid–box variables.
Under the present development, this inconsistency is also avoided. Moreover, in the schemes with relaxed fractional
area occupied by the convection, which considers top–hat profiles for the convective elements, it is assumed that the
convection is fully resolved when the horizontal resolution is equal to the horizontal dimension of a cloud, which is
on the order of 1 km, although in fact a resolution of ∼ 100m is required to adequately resolve the convective clouds
and the mesoscale organization of the cloud ensemble (Bryan et al., 2003; Lebo andMorrison, 2015; Jeevanjee, 2017;
Savre and Craig, 2023). More recently, in order to circumvent many of the problems associated with the mass–flux
parameterization at the gray–zone, an alternative framework based on conditional filtering has been developed by
Thuburn et al. (2018). A similar framework that generalizes the mass–flux formulation has been previously proposed
by Yano et al. (2010) or Yano (2012, 2016), in which the flow is decomposed in a number of components that are
assumed to be constant within a grid cell.

Due to their proven practicality in a wide range of domains, machine–learning algorithms have been also recently
proposed as a solution to improve the parameterization of atmospheric convection (e.g. O’Gorman and Dwyer, 2018;
Yuval and O’Gorman, 2020; Hagos et al., 2022; Kriegmair et al., 2022; Lopez-Gomez et al., 2022; Shin and Baik, 2022),
but their practical usage and implementation is not very clear yet and this research topic is still in an incipient stage.
Since these algorithms only adjust some coefficients depending on the large-scale conditions, it might be beneficial
to make sure that they build on physical–based models in order to ensure that the conservation laws are reasonably
respected.

As in the mass–flux formulation, in this work we develop a theoretical formulation for the parameterization of
the subgrid–scale convection following the grid–box averaging technique, obtaining a generalized eddy–diffusivity
mass–flux (GEM) formulation. However, the main difference between our formulation and the mass–flux scheme is
that we do not assume the subgrid to consist of top–hat plumes with a very small fractional area and an environment
that occupies the rest of the subgrid, both treated independently as two separated fluids that can interact with each
other through lateral entrainment and detrainment. We rather assume that the convective variables are described by
a plume located in the center of their system which gradually transitions into an environmental state at infinity. In this
way, we provide a more general treatment in which the convective fluxes can be obtained without assuming that the
fractional area occupied by the convection is very small as in the mass–flux formulation. It is shown, however, that
if one assumes top–hat profiles, then our assumptions become equivalent to the mass–flux ones since a plume with
a top–hat will transition to the environmental state at infinity only if the fractional area occupied by the convection
is very small. Nonetheless, for realistic radial profiles, the assumption of a very small fractional area occupied by the
convection becomes relaxed, thus making our formulation more suitable for simulations at the convective gray–zone.
Following the seminal work of Priestley and Ball (1955), we also consider an energy–consistent plume model, which
means that we introduce, in addition, an equation for the vertical component of the kinetic energy. By doing so,
we generalize the classical entraining plume model and provide a physical–based closure for the entrainment, whose
parameterization problem is notorious for being the principal source of errors in the representation of the subgrid–
scale convection (Murphy et al., 2004; Klocke et al., 2011). The energy–consistent plume model has been proven by
both numerical simulations and experimental studies to predict with a high accuracy the convective flow of plumes
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in idealised setups (e.g. Wang and Law, 2002; Kaminski et al., 2005; Ezzamel et al., 2015; van Reeuwijk and Craske,
2015; van Reeuwijk et al., 2016; Kewalramani et al., 2022; Milton-McGurk et al., 2023). Therefore, as also suggested
by Savre and Herzog (2019), Vraciu (2022) or Yano (2023), we believe that the energy–consistent plume model can
also be a better choice for modeling the atmospheric subgrid–scale convection than the entraining plume model that
is currently used in the mass–flux formulations. Although the energy–consistent plume model requires closure for
the radial profiles of the convective plume, switching the closure problem from entrainment to radial profiles, it has
the advantage of providing a physical–based entrainment and of allowing to consider more realistic radial profiles
for the plume model. Therefore, as it is going to be seen, the whole parameterization problem only reduces to the
specification of certain radial coefficients. However, considering the energy–consistent plume model is not crucial for
the present formulation, since the classical entraining plume model can be recovered from the more generic energy–
consistent plume model.

Another potential advantage of the energy–consistent plume model is that does not require distinct theoretical
considerations for every convective type, and thus, dry, shallow, and deep convection can all be parameterized in a
unified way, which eliminates the necessity of triggering functions. This unified treatment has been already proposed
by building on the traditional mass–flux formulation (e.g. Hohenegger and Bretherton, 2011; D’Andrea et al., 2014),
while others formulated unified parameterization schemes following the eddy–diffusivity mass–flux approach (e.g. Rio
et al., 2009; Angevine et al., 2010; de Roode et al., 2012; Sušelj et al., 2012; Sakradzija et al., 2016; Han and Bretherton,
2019; Suselj et al., 2019; Cohen et al., 2020; Witte et al., 2022; Suselj et al., 2022; Smalley et al., 2022). In the unified
schemes, the convective plumes are initialized at the first vertical level in the surface layer, and are allowed to rise
and condense at the lifting condensation level forming cumulus clouds. Above the condensation level, depending
on the large scale stability condition, the plumes will either develop into cumulonimbus clouds or will remain shallow.
However, different types of entrainment closures are assumed and different values for the plumes radii are considered
depending on their type, and thus, the plumes are not represented completely in a unified way. As it is going to be
seen in Section 4, the energy–consistent plume model does not require closure for the entrainment and provides an
equation for the plume radius. Therefore, the energy–consistent plume model could be a more suitable choice for
the representation of atmospheric convection in a unified way. In addition, approximate analytical solutions for the
proposed plume model are obtained, facilitating the implementation of the plume model in numerical models with a
high vertical grid spacing. Furthermore, in the last part of this work, it is shown how the present formulation can be
implemented in a high–resolution numerical model at the convective gray–zone.

Moreover, in this work, we derive the expressions for the subgrid fluxes for generic radial profiles and we discuss
the situation in which every convective plume is characterised by an updraft located in the center and a subsidising
shell around the updraft area, as it follows from the recent observational and numerical evidence (Mallaun et al., 2019;
Griewank et al., 2020; Nair et al., 2020; Gu et al., 2021; Savre, 2021; Denby et al., 2022). We show that for such a
profile of the convective vertical velocity we can obtain the subgrid fluxes without requiring that the fractional area
occupied by the convection in a given grid box be very small. Furthermore, it is discussed in Section 7 how the
present formulation can be implemented for simulations with resolutions for which the fractional area occupied by
the convection is close to 1, and it is shown that even in this limit the convection remains partially parameterized if
proper radial profiles are considered. Under this case, the convection becomes fully resolved only at resolutions much
smaller than the horizontal dimension of the convective plumes.
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2 | MASS–FLUX FORMULATION

2.1 | Traditional mass–flux scheme

As already discussed, the majority of the current parameterization models for deep and shallow convection are the
so–called mass–flux parameterizations. In these schemes, it is assumed that the total subgrid flux of a variable ϕ is
represented by the subgrid vertical flux ϕ∗w ∗ (Arakawa and Schubert, 1974; Plant and Yano, 2016) given by:

ρϕ∗w ∗ = M (ϕc − ϕ ), (1)

where M = ρσw ′
c is the convective mass flux, ρ is the atmospheric density, σ is the fractional area occupied by

the convective plume, w ′
c is the characteristic vertical velocity of the plume, and ϕc and ϕ are the convective and

mean values of the variable ϕ, respectively. In the traditional mass–flux formulation σ ≪ 1 is considered, making no
difference between the environmental and the mean variables.

The dynamics of the subgrid–scale convection are described by steady–state axisymmetric plumes. For every
convective plume, the governing equation for the convective variables ϕc is given by (Arakawa and Schubert, 1974):

∂

∂z
Mϕc = Eϕ − Dϕc + σF ′, (2)

where z is the vertical coordinate, E is the entrainment rate, D is the detrainment rate and F ′ is the convective–scale
forcing on ϕc . Note that this equation is only valid in the limit σ ≪ 1 because the plume entrains environmental air
in which the environmental variable is assumed equal to the mean variable ϕ. At the gray–zone, this condition must
also be relaxed. Also, the mass flux M is usually separated into a normalized vertical dependent profile µ (z ) and a
temporal dependent amplitude MB (t ) defined at the cloud base:

M (z , t ) = µ (z ) MB (t ) . (3)

The problem of defining µ and MB are called “cloud model” and “closure”, respectively. Review articles such as Plant
(2010) or Yano et al. (2013) discuss the closure problem, in which the objective is to find a relation for the mass flux
amplitude MB as a function of the atmospheric instability. On the other hand, in the traditional mass–flux parame-
terizations, the cloud model problem is closed using the Morton et al. (1956) entrainment hypothesis (Arakawa and
Schubert, 1974; Plant, 2010; Yano, 2014a). Recall that the entrainment hypothesis states that the horizontal inflow
in the convective plume is proportional to the characteristic vertical velocity of the plume (Turner, 1986):

−(r u ′r )r=R = αeRw
′
c , (4)

where r is the radial coordinate in the cylindrical system, u ′r is the radial velocity of the plume, R is the plume radius,
and αe is a constant, known as the entrainment coefficient. Thus, using the entrainment hypothesis, the continuity
equation reduces to:
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d

dz
(w ′

cR
2 ) = αeRw

′
c . (5)

Since σ ∝ R 2/A, in which A is the grid–box area, the continuity equation becomes:

1

µ

d

dz
µ =

αe
R
. (6)

In addition, in the mass–flux formulations, the plume radius R is assumed to be constant in the Lagrangian sense
(de Rooy et al., 2013; Plant and Yano, 2016), which leads to the following normalized profile:

µ = exp
[αe
R

(z − zB )
]
, (7)

where zB is the cloud base height. Following the entrainment hypothesis, the fractional entrainment rate ϵ = E /M is
given by: ϵ = αe/R .

Therefore, one can see that in the traditional mass-flux formulations, the atmospheric instability only controls the
mass flux amplitude but not its profile, which is only controlled by the turbulent entrainment, since the entrainment
hypothesis only takes into consideration the turbulent entrainment for a self–similar flow (Bejan, 2013; van Reeuwijk
and Craske, 2015). In addition, the plume radius is usually assumed constant (Arakawa and Schubert, 1974; Plant,
2010; Yano et al., 2013; Yano, 2014b; de Rooy et al., 2013), which is inconsistent with the Morton et al. (1956)
model, since the entrainment hypothesis is based on the observation that the convective plume radius is proportional
with z (Bejan, 2013). Of course, over the years, numerous large eddy simulations (LES) of deep convection showed
that in reality, the mass flux does not follow the exponential profile given by relation (7) (e.g. Khairoutdinov et al.,
2009; Romps and Charn, 2015; Peters et al., 2021). Moreover, the plume is assumed to detrain instantaneously
at the level of neutral buoyancy, which is also an unphysical behavior as proven by numerous LES simulations (e.g.
Romps, 2010; Dawe and Austin, 2011; Peters et al., 2020). In order to improve the mass–flux formulation, many
other entrainment parameterizations have been proposed. For example, Gregory (2001) assumes ϵ ∝ B ′

c/w ′2
c and von

Salzen and McFarlane (2002) assumes ϵ ∝ dB ′
c/dz , where B ′

c is the plume buoyancy. Neggers et al. (2002) considers
ϵ = 1/(τw ′

c ) , where τ is a constant cloud lifetime, assumed to follow a stochastic variability by Sakradzija et al. (2016).
The reader is referred to the paper of de Rooy et al. (2013) for a comprehensive review of the assumed entrainment
parameterization in the cumulus convection.

At the same time, in order to better represent the vertical structure of shallow and deep convection, parameteri-
zation schemes that use in addition an equation for the plume updraft velocity of the form

1

2

∂w ′2
c

∂z
= aB ′

c + bϵw ′2
c (8)

have been developed (e.g. Bechtold et al., 2001; Bretherton et al., 2004; Hohenegger and Bretherton, 2011; Kim and
Kang, 2012; Chu and Lin, 2023), in which a and b are coefficients that requires closure.
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2.2 | Eddy–diffusivity mass–flux scheme

The eddy–diffusivity mass–flux (EDMF) parameterization combines the effects of turbulent eddies that are modeled
using the eddy–diffusivity model and the effect of convective updrafts on the large–scale variables (Hourdin et al.,
2002; Soares et al., 2004). Thus, the subgrid vertical flux is given by:

ρϕ∗w ∗ = M (ϕc − ϕ ) + ρKϕ
∂ϕ

∂z
, (9)

where Kϕ is the eddy diffusivity of the scalar ϕ. The eddy diffusivity term from Equation 9 represents the turbulent
mixing only in the environment, and thus, the condition σ ≪ 1 should be considered. However, as is going to be seen,
such an assumption is not necessarily required under the present formulation.

The EDMF has been initially proposed for the parameterization of the dry boundary layer, in which the dry up-
drafts are assumed to be round convective plumes. In the EDMF parameterization, the dry plumes are modeled using
an equation for the plume updraft velocity given by Equation 8, and for the conserved convective variables ϕc :

dϕc

dz
= −ϵ (ϕc − ϕ ) . (10)

The system of Equations 8 and 10 represents the one–dimensional Lagrangian plume model, also referred to as the
entraining plume model.

In the standard procedure of the entraining plume model the fractional entrainment rate is closed using the en-
trainment hypothesis as in the traditional mass–flux formulation (Houze, 2014). However, in the EDMF formulations,
many other entrainment parameterizations have been assumed. For example, based on LES results, de Roode et al.
(2000) proposed that:

ε ∝ z −β , (11)

where β is a constant with a value close to 1. Siebesma and Teixeira (2000), Soares et al. (2004) and Siebesma et al.
(2007), based on LES and empirical evidence, consider that the fractional entrainment is given by:

ε ∝
(
1

z
+ 1

zi − z

)
, (12)

where zi is the inversion height of the dry boundary layer. On the other hand, Pergaud et al. (2009) consider as in
Gregory (2001) that ϵ ∝ B ′

c/w ′2 based on scaling arguments. Vraciu (2022) showed that by following the Priestley and
Ball (1955) formalism one may obtain the system of Equations 8 and 10 with a fractional entrainment rate that scales
as ϵ ∝ z −1 in which the plume radius is not assumed constant but follows a linear growth with the height, giving thus
a theoretical explanation for the entrainment parameterization closures assumed by de Roode et al. (2000), Siebesma
and Teixeira (2000), Soares et al. (2004) and Siebesma et al. (2007).

An extended version of the EDMF formulation has been proposed by Tan et al. (2018) in which prognostic plumes
are assumed to model the updrafts and downdrafts, and it is considered that the second–order moments can be
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partitioned between the plumes and the environment, which could be more suitable for the convective gray–zone.

It might deserve mentioning that the EDMF parameterization has been criticized by some authors because it com-
bines themass–flux formulation and the eddy–diffusivity parameterization without any regard for mutual consistency,
which may lead to physical inconsistencies (Yano et al., 2016, 2018). These authors argue that rather than trying to
put together schemes that have been developed independently, a better strategy would be to construct a unified
scheme from scratch. This is exactly the procedure we adopt in this work, where a unified subgrid–scale parameteri-
zation is constructed by starting from the conservation laws and considering certain approximations. Furthermore, as
it is going to be seen, the EDMF parameterization can be recovered from our formulation, which may show that the
EDMF schemes are in fact physically consistent.

3 | STATEMENT OF THE PROBLEM

The convection parameterization problem can be considered as consisting of two parts: (1) the control of the large–
scale (grid–scale) dynamics over the convection, which needs to be described by convective–scale (subgrid–scale)
equations, and (2) the feedback provided by convection on the large–scale variables, which must be described by
proper convective source terms on the large–scale equations. Thus, the objective of a parameterization theory is to
obtain a closed set of equations for the large–scale and convective–scale variables, respectively.

We consider that the grid–point value of an atmospheric model represents a grid–boxmean value. Thus, by taking
an average over a grid box, the prognostic equations for the mean variables in Cartesian coordinates, considering the
Einstein notation, in the anelastic approximation, are given by:

∂

∂t
(w ) + 1

ρ

∂

∂z
(ρw 2 ) + ∂

∂xj
(w u j ) = Qw , (13)

∂

∂t
(ui ) +

1

ρ

∂

∂z
(ρui w ) + ∂

∂xj
(ui u j ) = Qui , (14)

∂

∂t
(ϕ ) + 1

ρ

∂

∂z
(ρw ϕ ) + ∂

∂xj
(ϕ u j ) = Qϕ , (15)

where t is the time coordinate, ρ is the atmospheric density which is only a function of z (the anelastic approximation),
ui is the mean horizontal wind in the xi direction, with i , j = 1, 2,w is the mean vertical velocity in the z direction, with
z taken along the mean gravitational acceleration, ϕ is the mean value of the scalar ϕ, which represents any scalar
other than the components of the flow, and Qw , Qui and Qϕ represent the apparent source terms for w , ui and ϕ,
respectively. The apparent source terms are given by:

Qw = − 1

ρ

∂

∂z
(ρw ∗2 ) − ∂

∂xj
(w ∗u∗

j
) + Fw , (16)



Cristian V. Vraciu 9

Qui = − 1

ρ

∂

∂z
(ρu∗

i
w ∗ ) − ∂

∂xj
(u∗

i
u∗
j
) + Fui , (17)

Qϕ = − 1

ρ

∂

∂z
(ρϕ∗w ∗ ) − ∂

∂xj
(ϕ∗u∗

j
) + Fϕ , (18)

wherew ∗ is the subgrid vertical velocity, u∗
i
is the subgrid horizontal velocity in the xi direction,ϕ∗ is the subgrid scalar,

and Fw , Fui and Fϕ are the large–scale and other forcings forw , ui andϕ, respectively. The form of the apparent source
terms is obtained by considering that the starred variables are a deviation from the grid–box mean (e.g., ϕ∗ = ϕ − ϕ),
which means that w ∗ = u∗

i
= ϕ∗ = 0. The box has a size of Lx1 × Lx2 in the x1 and x2 directions, respectively. The

grid–box averaging operator ( ·) is given by:

( ·) = 1

Lx1Lx2

∫ +Lx2/2

−Lx1/2

∫ +Lx2/2

−Lx2/2
dx1dx2 . (19)

The first two terms of the apparent source terms represent the subgrid fluxes, which provide the feedback of the
convection and turbulence upon the large–scale variables. The objective of any subgrid–scale convective parameter-
ization is to find appropriate expressions for these fluxes.

As shown by Pinsky et al. (2021), we can decompose the subgrid variables into convective and turbulent compo-
nents, say w ∗ = w ′ +w ′′, where we denote with prime the convective variables and with double prime the turbulent
ones. Since w ∗ = 0, as imposed before, and by definition w ′′ = 0, it requires that w ′ = 0. Thus, since we consider the
grid–box averaging on the horizontal plane, the horizontal profile of the convective variables must be chosen in such
a way that the condition w ∗ = 0 is respected at every height and time (similar for ϕ∗ and u∗

i
).

4 | THE PLUME MODEL

We assume that the convective motion is characterized by steady–state round convective plumes, in such a way that
the condition w ′ = ϕ′ = 0 is respected. We also consider round plumes, and thus, we prefer to work in a cylindrical
system of coordinates. For one plume, we consider that the governing equations are given by the continuity equation,
the vertical momentum equation, the equation for the vertical component of the kinetic energy, and the advection–
diffusion equations, in the anelastic approximation as:

∂

∂z
(r ρw ′ ) + ∂

∂r
(r ρu ′r ) = 0, (20)

∂

∂z
(r ρw ′2 ) + ∂

∂r
(r ρu ′rw ′ ) = r ρB ′ − ∂

∂r
(r ρτw ), (21)
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∂

∂z

(
1

2
r ρw ′3

)
+ ∂

∂r

(
1

2
r ρu ′rw

′2
)
= r ρw ′B ′ − w ′ ∂

∂r
(r ρτw ), (22)

∂

∂z
(r ρw ′ϕ′ ) + ∂

∂r

(
r ρu ′rϕ

′) = − ∂

∂r
(r ρτϕ ) − r ρw ′ ∂ϕ

∂z
+ r ρF ′

ϕ , (23)

where u ′r is the plume’s radial velocity in the r direction, τw is the radial turbulent shearing stress, τϕ is the radial
turbulent diffusion flux of the scalar ϕ′ and F ′

ϕ is the convective source term of the scalar ϕ. The derivation of the
system of governing Equations 20–23 is presented in Appendix A. Here, the kinetic–energy equation is introduced
only for the generalization of the plume model, and as it is going to be seen, the classical entraining plume model
can be easily recovered under the present formulation. The specification of the convective source terms depends on
the chosen microphysics parameterization, which is beyond the scope of this work since we do not want to lose the
generality of the formulation. We also neglect here the earth’s rotation on the plume dynamics. Although Deremble
(2016) suggests that this effect might be important for the dynamics of the convective plumes, it is still unclear if such
an effect must be considered by the convective parameterization models. The buoyancy force B ′ is given by:

B ′ =
g

θv0
θ′v − gq ′h , (24)

where g is the gravitational acceleration, θv0 is the reference virtual potential temperature, θ′v is the convective–scale
virtual potential temperature and q ′

h
is the convective–scale hydrometer mixing ratio. Thus, for the buoyancy, we

have the equation:

∂

∂z
(r ρw ′B ′ ) + ∂

∂r

(
r ρu ′r B

′) = − ∂

∂r
(r ρτB ) − r ρw ′N 2, (25)

where τB = (g/θv0 )τθv − gτqh is the buoyancy radial turbulent diffusion flux, and where N 2 is the Brunt–Vaisala
frequency, defined here as:

N 2 =
g

θv0

θv
∂z

+ g
∂qh
∂z

− 1

w ′

(
g

θv0
F ′
θv + gF ′

qh

)
, (26)

in which F ′
θv

and F ′
qh

are the cloud source terms for the convective–scale virtual temperature and hydrometer mixing
radio, respectively.

We assume that the convective–scale variables follow self–similar radial profiles:

w ′ = w ′
cfw

( r
R

)
, ϕ′ = ϕ′

cfϕ

( r
R

)
, u ′r = u ′cfu

( r
R

)
,

τw = w ′2
c fτ

( r
R

)
, τϕ = w ′

cϕ
′
c jϕ

( r
R

)
, (27)
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where w ′
c is the centerline vertical velocity of the plume, ϕ′

c is the centerline scalar, u ′c is the characteristic radial
velocity, and fw , fϕ , fu , fτ and jϕ are the radial profiles for the vertical velocity, scalar ϕ, radial velocity, radial turbulent
shearing stress and radial turbulent diffusion flux, respectively. The radial profiles are chosen in such a way that they
follow the condition w ′ = ϕ′ = 0. In Section 4.3 two possible closures for the radial profiles are discussed.

4.1 | Conservation equations

The momentum Equation 21, the kinetic energy Equation 22, and the scalar Equation 23 can be integrated over the
plume domain (from 0 to R ), where we define the plume radius R as the distance from the center of the plume to the
first r at which w ′ = 0. Therefore, by the definition of R , fw (1) = 0. Thus, integrating Equations 21 – 23 from 0 to R ,
we obtain:

1

ρ

d

dz

[
a1ρw

′2
c R 2

]
− w ′2

c f 2w (1)R dR

dz
= a2B

′
cR

2 − w ′2
c Rfτ (1), (28)

1

ρ

d

dz

[
1

2
a3ρw

′3
c R 2

]
− 1

2
ρw ′3

c f 3w (1)R dR

dz
= a4w

′
cB

′
cR

2 − a5Rw
′3
c (29)

1

ρ

d

dz

[
aϕρϕ

′
cw

′
cR

2
]
− ϕ′

cw
′
cfϕ (1)fw (1)R dR

dz
= −a6w ′

cR
2 ∂ϕ

∂z
− Rw ′

cϕ
′
c jϕ (1) + J

ϕ
c , (30)

where we used the Leibniz integral rule to perform the integrals over d/dz . Jϕc =
∫ R

0
F ′
ϕ r dr is the integral convective

source term, and the coefficients a1 – a6 and aϕ are given by:

a1 =

∫ 1

0
f 2w (ξ )ξdξ, a2 =

∫ 1

0
fB (ξ )ξdξ, a3 =

∫ 1

0
f 3w (ξ )ξdξ,

a4 =

∫ 1

0
fw (ξ )fB (ξ )ξdξ, a5 =

∫ 1

0

dfw (ξ )
dξ

fτ (ξ )ξdξ,

aϕ =

∫ 1

0
fw (ξ )fϕ (ξ )ξdξ, a6 =

∫ 1

0
fw (ξ )ξdξ, (31)

where ξ = r /R is the normalized radial coordinate. Rearranging Equations 28–30 and using fw (1) = 0, we have:

a1R
2 dw

′2
c

dz
+ a1R

2w ′2
c

d

dz
(ln ρ ) + a1w

′2
c
dR 2

dz
= a2B

′
cR

2 − w ′2
c Rfτ (1), (32)

3

4
a3R

2w ′
c

dw ′2
c

dz
+ 1

2
a3w

′3
c R 2 d

dz
(ln ρ ) + 1

2
a3w

′3
c
dR 2

dz
= a4w

′
cB

′
cR

2 − a5Rw
′3
c (33)
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dϕ′
c

dz
+ϕ′

c

[
1

w ′
c

dw ′
c

dz
+ 2

1

R

dR

dz
+ d

dz
(ln ρ )

]
= − a6

aϕ

∂ϕ

∂z
− 1

R
ϕ′
c

jϕ (1)
aϕ

+ 1

aϕwcR 2
J
ϕ
c . (34)

In Equations 34, the term (1/w ′
c )dw ′

c/dz represents the dynamical (or buoyancy–driven) entrainment. Multiplying
Equation 32 with a4w

′
c and Equation 33 with a2 and, by combining them, we can obtain a relation for the dynamical

entrainment, as:

1

w ′
c

dw ′
c

dz
=

a2a5 − a4fτ (1)
2a1a4 − 3a2a3/2

1

R
− a1a4 − a2a3/2

a1a4 − 3a2a3/4
1

R

dR

dz
− a1a4 − a2a3/2

2a1a4 − 3a2a3/2
d (ln ρ )
dz

. (35)

Substituting Equation 35 in Equation 34, after some arrangements, Equations 32 and 34 becomes:

dw ′2
c

dz
=

a2
a1

B ′
c −

[
η1
R

+ 2
d (ln R )

dz
+ d (ln ρ )

dz

]
w ′2
c , (36)

dϕ′
c

dz
=

1

aϕw
′
cR

2
J
ϕ
c − a6

aϕ

∂ϕ

∂z
−
[
η2
R

+ η3
d (lnR )

dz
+ η4

d (ln ρ )
dz

]
ϕ′
c , (37)

where the coefficients η1–η4 are given by:

η1 =
fτ (1)
a1
, η2 =

a2a5 − a4fτ (1)
2a1a4 − 3a2a3/2

+
jϕ (1)
aϕ
, η3 = 2 − a1a4 − a2a3/2

a1a4 − 3a2a3/4
, η4 = 1 − a1a4 − a2a3/2

2a1a4 − 3a2a3/2
. (38)

For the buoyancy we may write:

dB ′
c

dz
= −N 2 −

[
η2
R

+ η3
d (ln R )

dz
+ η4

d (ln ρ )
dz

]
B ′
c . (39)

Multiplying Equation (32) with 3wc/(2a1b ) and Equation (33) with 2/(a3b ) and combining them, we can obtain a
relation for the plume radius, as:

dR

dz
= η5

B ′
cR

w ′2
c

+ η6 −
R

2

d (ln ρ )
dz

, (40)

where the coefficients η5 and η6 are given by:

η5 =

(
3a2
2a1

− 2a4
a3

)
, η6 =

(
2a5
a3

− 3fτ (1)
2a1

)
. (41)

The system of Equations 36, 37, 39 and 40 can be solved numerically by the parent numerical model, obtaining
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thus the convective variables, and therefore, the convective source terms, if the radial coefficients and the boundary
conditions are provided. However, due to the non–linear character of the system of equations, the vertical resolution
of the parent model could be too small to be able to produce accurate values for these terms. Of course, one should
perform a convergence test before implementing this system of equations in a numerical model. This problem may be
avoided by finding approximate analytical solutions, which may be used to describe the convective flow between the
vertical grids (zk and zk+1) of the parent model, where the index k represents the k -th vertical level of the numerical
model. Such solutions are presented in the Appendix B.

The analytical solutions are even more useful when the dry plumes originating from the mixed layer become
saturated and form shallow or deep convection. As it is often considered, between the top of the mixed layer and
the lifting condensation level there is an inversion layer called the transition layer (Betts, 1976; Neggers et al., 2006;
Albright et al., 2022). The depth of the transition layer may be smaller than the vertical resolution of the weather
or climate numerical model. For this reason, some EDMF schemes assume a parameterization for the number of dry
plumes that overshoot the transition layer and form cumulus clouds (Sakradzija et al., 2016). However, considering a
stochastic variability for the plumes in a given grid box, this kind of parameterization is no longer needed, since the
number of plumes that overshoot the transition layer forming cumulus clouds can be obtained analytically.

The system of Equations 36 and 37 can be brought into a form equivalent with the entraining plume model,
if one considers the same assumptions as the ones made in the entraining plume model, namely, top–hat profiles
and the Boussinesq approximation. For top–hat profiles we obtain the following values for the radial coefficients:
a1 = a2 = a3 = a4 = aϕ = a6 = 1, a5 = η1 = fτ (1) , η2 = jϕ (1) , η3 = η4 = 0, η5 = −1/2 and η6 = fτ (1)/2.
Therefore, assuming top–hat profiles and the Boussinesq approximation, and combining Equation 36 with Equation
40, we obtain:

dw ′2
c

dz
= 2B ′

c − 3

2

fτ (1)
R

w ′2
c , (42)

dϕ′
c

dz
=

1

w ′
cR

2
J
ϕ
c − ∂ϕ

∂z
−

jϕ (1)
R

ϕ′
c . (43)

Using that for top–hat profiles ϕ′
c = ϕc − ϕ, one may see that for the conserved variables, for which J

ϕ
c = 0, the

system on Equations 42 and 43 is mathematically equivalent with the entraining plume model if ϵ = jϕ (1)/R , a = 1,
and b = (3/4)fτ (1)/jϕ (1) . Even so, the energy–consistent plumemodel is still a generalisation of the entraining plume
model since an additional equation for the plume radius is obtained. Therefore, closure for the radius is required only
for the dry plumes in the surface layer. Note that the equation of the plume radius is obtained by combining the
momentum equations with the equation for the kinetic energy, and thus, it is a consequence of the conservation
of energy. Thus, the plume is energy–consistent, since it evolves such that it conserves its momentum, energy, and
buoyancy, in contrast with the entraining plume model which is governed only by the conservation of momentum and
buoyancy, in which there is a prescribed radial velocity (entrainment). In our formulation, rather than prescribing the
radial velocity based on the entrainment hypothesis or LES results, we obtain the radial velocity from the continuity
equation.



14 Cristian V. Vraciu

4.2 | Convective radial velocity

Finally, the convective radial velocity u ′r is obtained from the convective–scale continuity Equation 20, as:

u ′r = − 1

r ρ

d

dz

[∫ r

0
ρw ′r dr

]
, (44)

where we used that u ′r (z , r = 0) = 0, and performing the integral, we obtain:

u ′r = − 1

r ρ

d

dz

[
ρwcR

2
∫ r /R

0
fw (ξ )ξdξ

]
, (45)

where ξ = r /R . If we consider that between two consecutive vertical levels the plume radius remains approximately
constant, then we can consider in a first approximation that Equation 45 can be written as:

u ′r = u ′cfu
( r
R

)
, (46)

where the characteristic radial velocity uc is given by:

u ′c =
1

ρ

d

dz
[ρwcR ] (47)

and the radial function fu is given by:

fu

( r
R

)
= − R

r

∫ r /R

0
fw (ξ ) ξdξ. (48)

This expression is only valid as an approximation between two consecutive vertical levels since R given by Equation
40 is not constant, and thus, R must be updated at every level before computing the convective radial velocity.

Therefore, we have all the necessary terms for obtaining the convective contribution to the subgrid convective
fluxes.

4.3 | Radial profiles and turbulent fluxes closure

As one may see, the closing problem of the presented energy–consistent plume model consists in the specification
of the radial coefficients that comes from the integration of the radial profiles of the convective variables. A very
simple choice will be to assume top–hat profiles, as is already considered in the existing parametrization schemes. If
a top–hat is considered, then, in order to respect the condition ϕ′ = 0, we must have:

ϕ′ =


ϕ′
c 0 ≤ r ≤ R

− πR2

Lx1Lx2−πR2ϕ
′
c R < r < ∞

(49)
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In the mass–flux formulation it is assumed that πR 2/(Lx1Lx2 − πR 2 ) ≪ 1, since it is assumed that the fractional area
occupied by the convection is very small in every grid box, and thus, ϕ′ ≈ 0 for r > R .

R

F IGURE 1 The radial profile of the updraft velocity of a cumulus cloud. Based on the airborne measurements of
Mallaun et al. (2019), and adapted from Figure 13 of their study.

However, more realistic radial profiles can be considered following numerical simulations or airborne measure-
ments. In Figure 1, a possible choice for the radial profile of the updraft velocity is schematically presented. In this
graph, wm is the maximum vertical velocity of a cumulus cloud. The scheme is based on the airborne measurements
of Mallaun et al. (2019) for warm shallow cumulus clouds. Following the measurements and numerical simulations
of the radial profiles of the flow in clouds and dry plumes, we may consider that the convective vertical velocity is
given by a profile similar to the one presented in Figure 1 in which the vertical velocity goes to the mean state w far
from the convective plume, which means that w ′ (z , r → ∞) = 0. Pinsky et al. (2021) showed that a scale separation
between the convective and turbulent motion can be considered for nonprecipitating cumulus clouds if one assumes
the following radial profile of the updraft velocity:

w ′ = w ′
c

(
1 − r 2

R 2

)
exp

(
− r 2

R 2

)
, (50)

which respects the conditionw ′ = 0 and is able to reproduce the observed subsidising shells around the updraft region,
being also in agreement with the airborne measurements of Mallaun et al. (2019) or with the large eddy simulations
of Savre (2021). However, for the scalar ϕ different profiles have been found (Gu et al., 2021), and thus, we do not
consider a universal profile for any scalar, but just to close the system one may assume the top–hat profile (Equation
49). Note that even if a profile such as given in Equation 49 does not go to zero in the far–field, since we assume
that w ′ (z , r → ∞) = 0 any product w ′ϕ′ will asymptotically become zero in the far–field. This condition will become
important when performing the subgrid averaging.

4.3.1 | The asymptotic behavior ofw ′

Let us consider that the convective vertical velocity w ′ follows a top–hat profile, such as:
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w ′ =


w ′
c 0 ≤ r ≤ R

− πR2

Lx1Lx2−πR2w
′
c R < r < ∞

(51)

Substituting this profile in Equation (48) we obtain the radial profile of the radial velocity as:

fu

( r
R

)
=


− r

2R 0 ≤ r ≤ R
1
2

πR2

Lx1Lx2−πR2
r
R R < r < ∞

(52)

As one may see, under a top–hat profile for the vertical velocity, the convective radial velocity goes to infinity
far from the convective updraft. This behavior is clearly nonphysical, and thus, we argue that a top–hat profile for
w ′ can be used only if the convective radial velocity is completely neglected. Furthermore, for any profile in which
w ′ (z , r → ∞) , 0, will correspond a convective radial velocity that goes to infinity in the far field. Therefore, we
must consider the asymptotic behavior w ′ (z , r → ∞) = 0 in order to obtain a complete parameterization in which
the subgrid fluxes containing the convective radial velocity are not neglected. This asymptotic behavior can be also
observed from recent measurements and numerical simulations (Mallaun et al., 2019; Griewank et al., 2020; Gu et al.,
2021; Savre, 2021).

4.3.2 | Turbulent fluxes closure

The radial turbulent fluxes may be closed by following the mixing length model:

τw = −Cmi x l 2mi x (z )
���� ∂w ′

∂r

���� ∂w ′

∂r
, (53)

τϕ = −Cmi x ,ϕ l 2mi x (z )
���� ∂w ′

∂r

���� ∂ϕ′

∂r
, (54)

where Cmi x and Cmi x ,ϕ are the mixing constants forw ′ andϕ′, respectively, and lmi x is the mixing length. Considering
that lmi x = R , Kewalramani et al. (2022) based on large–eddy simulation results found Cmi x = 0.034 and Cmi x ,ϕ =

0.041, but probably for the dry and moist atmospheric convection other coefficients might be considered, and thus,
future work is required in order to find the appropriate coefficients for the dry, shallow, and deep convective plumes.
Therefore, following the mixing length closure with lmi x = R , the radial profiles of the turbulent fluxes becomes:

fτ (ξ ) = −Cmi x

���� dfw (ξ )
dξ

���� dfw (ξ )
dξ

, (55)

jϕ (ξ ) = −Cmi x ,ϕ

���� dfw (ξ )
dξ

���� dfϕ (ξ )dξ
, (56)
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where ξ = r /R . Also, note that Kewalramani et al. (2022) also neglects the pressure redistribution term, but they
still obtain very good agreements with LES. This might be because the contribution of the pressure term is implicitly
considered in the coefficients Cmi x and Cmi x ,ϕ . However, one may also consider the pressure redistribution terms
in an explicit way in the above–discussed energy–considered plume model, but this will require additional closure.
Thus, tuning the energy–consistent plume model must be made before building a parameterization scheme, which is
beyond the scope of this work.

5 | THE SUBGRID FLUXES

Weconsider that in a given grid–boxwith the area LxLy we can have a number of n plumes described by the Equations
36, 37 and 40. We assume that for every plume there is a corresponding subgrid–box with an area lx1 lx2 large enough
such that ⟨w ′ ⟩ = ⟨u ′

i
⟩ = ⟨ϕ′ ⟩ = 0, where lxi is the horizontal dimension of the small subgrid–box in the i -th direction,

and where we define the averaging operator ⟨·⟩ as:

⟨·⟩ = 1

lx1 lx2

∫ +lx2/2

−lx1/2

∫ +lx2/2

−lx2/2
dx1dx2 . (57)

It follows thus that we have:

( ·) = 1

n

n∑
k ′=1

⟨·⟩k ′ , (58)

where we index with k ′ the plumes in the given grid–box.

L 

L

l

l

x

x

x

x

1

1

2

2

F IGURE 2 The sub–grid scheme for a case with four convective plumes of different dimensions. With red is
represented the updraft area, characterized by a positive w ′, and with blue the subsidising shells are characterized
by a negative w ′. The vertical velocity w gradually transitions to the mean state denoted by white color.
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In Figure 2 it is illustrated a schematic draw for a case in which there are four convective plumes in a grid–box.
Since we consider that the plumes are axisymmetric and we prescribe the convective–scale variables in cylindrical
coordinates, it is convenient to define a radial distance R inside every small subgrid–box, defined from the center of
the plume, large enough such thatw ′ ≈ 0 and u ′r ≈ 0 at r = R. Therefore, we can consider the following approximation:

⟨w ′ϕ′ ⟩ ≈ 1

lx1 lx2

∫ R

0
w ′ϕ′r dr ≈ 1

lx1 lx2

∫ ∞

0
w ′ϕ′r dr . (59)

Considering that the convective plume is placed in the center of their corresponding subgrid–box lx1 lx2, the
component u ′

i
of the horizontal convective flow produced by one plume is given by:

u ′i = u ′cfu
©­­«
√
x ′2
i

+ x ′2
j

R

ª®®¬
x ′
i√

x ′2
i

+ x ′2
j

, (60)

with x ′
i
∈ [−lxi /2; lxi /2] and i , j . Thus, u ′

i
is an odd function with respect of x ′

i
= 0, which means that if the plume is

placed in the center of the box, ⟨u ′
i
⟩ = 0. Therefore, the assumed condition u ′

i
= 0 is respected. Note that u ′r cannot

have positive and negative values at the same height at the same time. In other words, a single plume cannot produce
both a convergence and a divergence at a given height and time, since this behavior will be unphysical. For exactly this
reason, the imposed condition u ′

i
= 0 is respected only ifu ′

i
is an odd function. As a result, ⟨u ′

i
w ′ ⟩ = ⟨u ′

i
ϕ′ ⟩ = ⟨u ′

i
u ′
j
⟩ = 0

(for i , j ), since u ′
i
is an odd function and w ′ and ϕ′ are even functions with respect of x ′

i
= 0. In addition, we have:

⟨u ′2i ⟩ ≈ c1
R 2

2lx1 lx2
u ′2c , (61)

if lx1 ≈ lx2, and

⟨w ′2 ⟩ ≈ c2
R 2

lx1 lx2
w ′2
c , (62)

⟨ϕ′w ′ ⟩ ≈ c3
R 2

lx1 lx2
ϕ′
cw

′
c , (63)

where the radial coefficients c1 − c3 are given by:

c1 ≈
∫ ∞

0
f 2u (ξ ) ξdξ, c2 ≈

∫ ∞

0
f 2w (ξ ) ξdξ, c3 ≈

∫ ∞

0
fw fϕ (ξ ) ξdξ. (64)

Using Equation 58, for the sub–grid flux ϕ∗w ∗ we obtain:
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ϕ∗w ∗ =
1

n

n∑
k ′=1

⟨ϕ′
k ′w

′
k ′ ⟩k ′ +

1

n

n∑
k ′=1

⟨ϕ′′w ′′ ⟩k ′ +
1

n

n∑
k ′=1

(⟨ϕ′
k ′w

′′ ⟩k ′ + ⟨ϕ′′w ′
k ′ ⟩k ′ ) . (65)

Since ⟨ϕ′ ⟩ = ⟨ϕ′′ ⟩ = ⟨w ′ ⟩ = ⟨w ′′ ⟩ = 0 and the convective variables have different forms and dimensional scales than
the turbulent ones (Pinsky et al., 2021; Pinsky and Khain, 2023) (see also Figure 1), we can consider that ⟨ϕ′w ′′ ⟩ =

⟨ϕ′′w ′ ⟩ = 0. And writing the flux ⟨ϕ′
k ′w

′
k ′ ⟩ in terms of the mass flux M ′

k ′ = ρσk ′w
′
c,k ′ , in which σk ′ = c3R

2
k ′/Lx1Lx2 is

the equivalent fractional area occupied by the k ′-th plume, we obtain:

ρϕ∗w ∗ =
n∑

k ′=1
M ′

k ′ϕ
′
c,k ′ + ρϕ′′w ′′, (66)

where we used that lx1 lx2 ≈ Lx1Lx2/n . Therefore, one may see that if we consider an eddy–diffusivity closure for the
turbulent flux ϕ′′w ′′, then for the subgrid flux ϕ∗w ∗ we recover the eddy–diffusivity mass–flux (EDMF) formulation.
For the rest of the subgrid fluxes, following the same considerations as before, we have:

w ∗u∗
i
= w ′′u ′′

i
, (67)

ϕ∗u∗
i
= ϕ′′u ′′

i
, (68)

ρw ∗2 =
n∑

k ′=1

c2
c3

M ′
k ′w

′
c,k ′ + ρw ′′2, (69)

u∗2
i

=
n∑

k ′=1
c1

R 2
k ′

2lx1 lx2
u ′2c,k ′ + u ′′2

i
. (70)

u∗
i
u∗
j
= u ′′

i
u ′′
j
, (71)

with i , j .
Note that in the EDMF parameterization the fluxes ϕ∗u∗

i
and u∗

i
u∗
j
are neglected and w ∗u∗

i
may also contains a

convective term considering thewind component as a conservative variable (e.g. Hourdin et al., 2002; Rio andHourdin,
2008), or it is neglected altogether. Thus, the present parameterization generalizes the EDMF formulation not only
by the more generic convective radial profiles and a more generic plume model but also by the subgrid fluxes. These
differences appear since we consider that u ′

i
is an odd function with respect of the center of the plume, which is a

necessary condition in order to respect the assumed condition u ′
i
= 0. However, in the mass–flux formulation even if
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u ′
i
= 0 is considered, the behavior of the convective radial velocity is overlooked, probably because the condition u ′

i
= 0

is respected as an approximation from the beginning since the mass–flux formulation assumes a very small fractional
area occupied by the convection in every grid box. Therefore, one may see that in our formulation, although we make
some assumptions regarding the difference between the plume area and the grid box area, we do not need to consider
the assumption that the fractional area occupied by the convection in every grid box is very small. The resolution
limitation of our formulation is discussed in Section 6. Note, in addition, that we obtain the subgrid fluxes in the same
way even if we make the assumptions of the mass–flux formulation of a top–hat profile for updraft velocity and a
small fractional area occupied by the convection in every grid box, since in this case the condition w ′ (z , r → ∞) = 0

is still respected.

6 | MAXIMUM RESOLUTION LIMIT

Themaximum resolution is obtained whenwe only have a single plume in every grid–box. Furthermore, the resolution
is limited by the condition ϕ′ = 0, w ′ = 0 and u ′

i
= 0. Assuming that the plume is placed exactly in the center of the

grid box, the condition u ′
i
= 0 is respected for any resolution since it is an odd function. However, in reality, the plume

may not be located exactly in the center of the grid box, but we can consider that it can be translated to the center
if u ′

i
≈ 0 at the boundary of the box (two neighbor plumes are far enough that they do not interact directly, and thus

they can be considered isolated). We also assumed that there is a circular area in every box of the plume such that
the averaging over the box can be given by Equation 59. Since at the maximum resolution we have n = 1 in every
grid box, ⟨·⟩ = ( ·) , and the radius of the circular area is given by R = min(Lx1/2, Lx2/2) . It follows thus that for the
maximum resolution, we must have Lx1 = Lx2. We also had to consider that R is large enough such that w ′ ≈ 0

at r = R. Therefore, the problem reduces to find R = Lx1/2 = Lx2/2 such that ϕ′ = 0, w ′ = 0, w ′ (z , r = R) ≈ 0

and u ′r (z , r = R) ≈ 0. The condition ϕ′ = 0 can be easily respected by the way it is defined with respect to the
mean ϕ, such is for example in Equation 49. Choosing for w ′ a top–hat profile such as in Equation 51 gives that the
condition w ′ (z , r = R) ≈ 0 is respected only if the fractional area occupied by the convection in every grid box is
very small. In this case, we recover the assumptions of the mass–flux formulation, but our development is still the
same. However, if one chooses a profile based on measurements and observations in which it can be considered in a
good approximation that w ′ (z , r → ∞) = 0, then one could find that the fractional area occupied by the convection
is not required to be very small in every grid box. Thus, once one chooses the convective radial profiles, one can also
study the resolution limit of the parent numerical model in which the parametrization is implemented. Only as an
exemplification, we discuss here the resolution limit for a profile given by Equation 50. For this profile, for the radial
profile of the radial velocity we obtain:

fu

( r
R

)
=

1

2

r

R
exp

(
− r 2

R 2

)
. (72)

From the graphical representation of fw (r /R ) and fu (r /R ) presented in Figure 3, we can consider that the min-
imum radius R for which the above–discussed conditions are met is R = 2R , which gives a minimum resolution of
Lx1 = Lx2 = 4R , corresponding to a maximum fractional area occupied by the convection σm in a grid box of about
0.2. Therefore, if one considers the radial profile given by Equation 50 the condition of a fractional area occupied by
the convection can be a little bit relaxed. In the next section, we will show how under the present formulation, this
condition can be relaxed even further.
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F IGURE 3 The graphical representation of the radial profiles of the convective vertical velocity and convective
radial velocity, and the corresponding top–hat profile (dash–dotted line) for a fractional area occupied by the plume
of 0.1.

7 | PUSHING THE RESOLUTION LIMIT

Until this point, we only presented the case in which there is a clear scale separation between the convection and the
mean grid–box resolved flow. However, we can extend our formulation for horizontal resolutions similar to the radius
of the convective plumes by only considering a few modifications.

L 

L

R

x

x

1

2

w'/w'
c

c

(0,0)

(1,1)(0,1)(-1,1)

(-1,0) (1,0)

(-1,-1) (0,-1) (1,-1)

F IGURE 4 Schematic view of a plume in a grid for a case in which the diameter of the plume is equal to the
horizontal resolution of the host numerical model (left), and the graphical representation of the radial profile of the
convective vertical velocity, as well as the associated mean grid–box convective vertical velocity w ′c (right).

Let us consider a situation in which Lx1 = Lx2 = 2R , corresponding to a fractional area occupied by the con-
vection of π/4, as illustrated in Figure 4. For such a situation, the convective scale variables w ′ and ϕ′ are no longer
a fluctuation from the mean variables w and ϕ, and thus, the convective scale variables need to be redefined. We
can perform this procedure without changing the plume model if we replace the mean variable ϕ with a large–scale
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Initialize the number of plumes
and their radius at the first

vertical level 

Solve the plume equations

Evaluate the number of
grid cells n    for every plumegz

Obtain the large-scale
variables using Equation 73

Compute the subgrid fluxes 

Integrate in time
the mean variables

Obtain the plume radius at
the next vertical level

Last vertical
level?

Obtain the mean grid-box
convective variables

using Equations 74 and 75

FALSE

TRUE

F IGURE 5 Flowchart of the formulation in the gray–zone.
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variable ϕ (similar for w and ui ) in the plume model, where ( ·) is defined as the average over the grid cells in which
w ′ ̸≈ 0. This procedure needs to be considered for every plume at a given vertical level. Thus, we have:

ϕ =

ngz∑
ι=1

ϕι, (73)

where ngz is the number of grid cells for whichw ′ ̸≈ 0 at a given vertical level associated with a single plume, and ι is
a summation index. For the case illustrated in Figure 4 we have ngz = 9. Therefore, w no longer goes to w +w ′′ far
from the plume, but it rather goes tow +w ′′. As a result, we need to change the convective variable ϕ′ with ϕ′ − ϕ′c

(similar for w ′ and u ′
i
), in which ϕ′c is the mean grid–box value of the convective variable ϕ′, defined as:

ϕ′c =
1

Lx1Lx2

∫ R

0
ϕ′r dr , (74)

for the grid–box in which the center of the plume is present, and

ϕ′c =
1

(ngz − 1)Lx1Lx2

∫ ∞

R

ϕ′r dr , (75)

for the neighbor grid–boxes, and where R is an equivalent radius to the grid–box area (the radius a circular grid
would have such that its area would be equal with the area of the grid–box), defined as R = (Lx1Lx2/π )1/2 . For
the case illustrated in Figure 4, R ≈ 1.13R . The flowchart of the scheme is presented in Figure 5. Note that if there
is a scale separation between convection and grid–box flow, then ngz = 1 and ϕ = ϕ, which further gives that∫ R
0

ϕ′r dr ≈
∫ ∞
0

ϕ′r dr = 0. Therefore, the subgrid flux w ∗ϕ∗ is given by (similar to the other ones):

w ′ϕ′ =
1

Lx1Lx2

∫ R

0
(w ′ − w ′c ) (ϕ′ − ϕ′c )r dr =

1

Lx1Lx2

[∫ R

0
w ′ϕ′r dr − w ′cϕ′c

]
, (76)

for the grid–box in which the center of the plume is present, and

w ′ϕ′ =
1

(ngz − 1)Lx1Lx2

∫ ∞

R

(w ′ − w ′c ) (ϕ′ − ϕ′c )r dr =
1

(ngz − 1)Lx1Lx2

[∫ ∞

R

w ′ϕ′r dr − w ′cϕ′c
]
, (77)

for the neighbor grid–boxes. In the limitR ≫ R wehavew ′c ≈ ϕ′c ≈ 0, and thus, we recover the flux given by Equation
66. On the other hand, in the limit R ≪ R we have (w ′ −w ′c ) ≈ (ϕ′ −ϕ′c ) ≈ 0, and thus, the convective contribution
to the subgrid fluxes vanishes and the convection becomes fully resolved. Note that for a fractional area occupied by
a plume in a given grid box of 1, if one uses a top–hat profile, as in the mass–flux formulation, then the convection
becomes resolved. However, if more realistic radial profiles are considered for the convective variables, then even
at such a resolution the convection is not fully resolved, which could improve the numerical simulations running in
the gray–zone of convection. Moreover, since in the energy–consistent plume model the plumes are allowed to grow
with the height, a plume can be completely parameterized at a given vertical level, partially resolved at the next level,
and become fully resolved at higher levels.
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It should be also noted that Equations 75 and 77 correspond for the simple case where all neighboring grid cells
are treated equally. Of course, depending on the geometry of the parent numerical model, one can consider that not
all neighboring grid cells are equal, and thus, Equations 75 and 77 can be adjusted by simply adding a weight for each
neighboring grid cells.

If there is no scale separation between the convection and the grid–box flow, then the convective components
of the horizontal momentum fluxesw ′u ′

i
are no longer necessarily zero, as obtained above. To obtain the momentum

flux w ′u ′
i
for the case illustrated in Figure 4, we must first obtain u ′

i
in every grid–box displayed in Figure 4. For the

grid–box in which the plume center is present, because u ′
i
is an odd function with respect to the box center, u ′

i

c
= 0.

However, in the neighboring boxes, u ′
i
is no longer necessarily an odd function. In the grid denoted with (1,0) on the

schematic presented in Figure 4, u ′
i

c is given by:

u ′
i

c
=

1

Lx1Lx2

∫ +3Lx1/2

+Lx1/2

∫ +Lx2/2

−Lx2/2
u ′i dx1dx2, (78)

where u ′
i
is given by Equation 60. Note that for the grid–box (1,0), u ′2

c
= 0, as u ′2 is an odd function with respect of

the x2 = 0 axis. For all grid–boxes, we can write u ′
i

c in a more condensed form if we denote with (m ,n) the grid–boxes,
where m, n = −1, 1. Thus, for a grid–box (m ,n), we have:

u ′
i

c
=

1

Lx1Lx2

∫ + Lx1
2 +mLx1

− Lx1
2 +mLx1

∫ + Lx2
2 +nLx2

− Lx2
2 +nLx2

u ′i dx1dx2, (79)

where u ′1
c
= 0 if m = 0, and u ′2

c
= 0 if n = 0. The integrals that do not give zero can be easily performed after the

radial profiles are prescribed. The horizontal subgrid flux w ′u ′
i
is thus given for the grid–box (m ,n) by:

w ′u ′
i
=

1

Lx1Lx2


∫ + Lx1

2 +mLx1

− Lx1
2 +mLx1

∫ + Lx2
2 +nLx2

− Lx2
2 +nLx2

w ′u ′i dx1dx2 − w ′cu ′
i

c
 , (80)

which also givesw ′u ′1 = 0 if m = 0, andw ′u ′2 = 0 if n = 0. The rest of the subgrid fluxes depending on u ′
i
(e.g. ϕ′u ′

i
) are

computed similarly with w ′u ′
i
.

It might seem that when the fractional area occupied by a given plume is equal to 1, the grid–mean property
should be identical to the updraft plume property of the diagnostic plume model. However, this is not necessarily the
case for the following reason: both the grid–mean property and the diagnostic updraft plume property are merely
approximate solutions of a real updraft, and there is no reason to believe that they are identical. For the case when
the fractional area occupied by a given plume is equal to 1, without the subgrid convective term, the grid–mean flow
is just a zero–order approximation of the updraft flow (due to the poor representation of mixing between the updraft
and the environment), while the convective fluxes, modeled by the diagnostic plume model, provide a first–order
correction to the resolved flow. However, even with this correction, we cannot expect the mean–flow to become
identical to the convective flow of the idealized plume model.
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8 | SUMMARY AND CONCLUSIONS

In this work we present a theoretical framework for the parameterization of subgrid–scale convection and turbulence
following the grid–box averaging technique that generalizes the eddy–diffusivity mass–flux formulation. The funda-
mental difference between our development and the mass–flux formulation is that we do not assume the subgrid to
be composed of two distinct fluids, namely, top–hat convective plumewhich occupies a very small fractional area, and
an environment, which is assumed to be described by the mean state. We rather assume that the subgrid components
are represented by convective and turbulent variables, where the convection is described by round plumes that grad-
ually transition into the environmental state, defined at infinity. This treatment provides a more general framework
than the mass–flux formulation since more realistic radial profiles for the convective plumes can be considered, and
the condition of a very small fractional area occupied by convection is relaxed. Therefore, our framework is might
more suitable for the development of stochastic scale–aware parameterizations at the convective gray zone. The
convective and turbulent contributions to the subgrid fluxes are obtained in a unified way, without making additional
assumptions. In order to obtain the subgrid fluxes, the only required assumption is that the convective vertical velocity
will transition to the mean state (in other words: the vertical velocity of the environment, defined at infinity, is ap-
proximately equal to the mean vertical velocity), and this assumption replaces the condition of a very small fractional
area occupied by the convection. However, it is shown that for assumed top–hat profiles our formulation becomes
similar with the mass–flux formulations since a top–hat plume will transition to the mean state only if the fractional
area occupied by the convection is very small. The maximum resolution limit of our formulations depends thus on the
assumed radial profile. This problem is discussed in Section 6. Furthermore, the extension of the present formulation
for high resolutions is presented in Section 7, where it is shown that, if proper radial profiles are assumed, then the
convection can be partially parameterized and partially resolved even for a horizontal grid–spacing similar with the
horizontal dimension of the convective plumes, which has the potential to further improve the numerical simulations
at the convective gray–zone since the LES studies showed that even at such a high resolution the convection cannot
be adequately resolved, as discussed in the Introduction.

We should reiterate the difference between our formulation and the mass–flux formulation regarding the defini-
tion of the environment, in order to avoid any confusion. In the mass–flux formulation the environment is defined
as the whole fluid outside the convective updrafts (or any other convective elements, if considered). In the present
formulation, however, the environment is defined in the asymptotic limit of the convective updraft. Thus, assuming
that the mean vertical velocity is equal to the environmental vertical velocity in the present formulation, it is not the
same in the mass–flux formulation, where this assumption is not even considered.

It is also shown how the classical entraining plume model can be also generalized by the so–called energy–
consistent plume model. In the energy–consistent plume model the convective variables are governed by the con-
servation of mass, momentum, kinetic energy, and buoyancy, which makes the system of equations to be closed.
Furthermore, an equation for the plume radius is obtained, which facilitates the representation of all types of con-
vection in a unified way, since the plume radius, regardless of its type, will be governed by the conservation of the
momentum and kinetic energy, as discussed at the end of Section 4. In addition, the differences between the energy–
consistent plume model and the entraining plume model for the case of top–hat radial profiles are also discussed in
Section 4. Moreover, approximate analytical solutions for the steady–state energy–consistent plume model are ob-
tained in Appendix B. The approximate analytical solutions can be used to model the convective flow between the
vertical grids of the parent numerical model if its resolution is too small. Moreover, if a stochastic closure is assumed,
the analytical solutions can be used to compute the number of plumes that overshoot the transition layer between
the mixed layer and the lifting condensation level, which eliminates the need for additional parameterization for the
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number of dry plumes that transform into convective clouds.

Finally, it should be emphasized that here only a general framework is derived, based purely on theoretical consid-
erations, and not a specific parameterization scheme. A parameterization scheme is obtained by choosing the radial
profiles for the convective plume and introducing a parameterization for the cloud source terms. In addition, bound-
ary conditions for the convective variables at the initial vertical level are required, and a stochastic variability can be
considered. In this work, it is shown how a generalized eddy–diffusivity mass–flux (GEM) formulation can be derived
from scratch while keeping the number of required assumptions to as few as possible. It is shown in this way how the
EDMF formulation is recovered and exactly what assumptions are required to formulate an EDMF and why. In this
sense, the present work also provides a formulation structure of the EDMF parameterization. It should be noted that
under the present formulation, many assumptions required by the EDMF formulation can be relaxed, and this allows
one to further generalize the formulation by relaxing various approximations made during the derivations presented
here. High–resolution large–eddy simulations might provide useful guidelines for such a task.

A | CONVECTIVE PLUME EQUATIONS

Considering a convective plume placed in the center of a cylindrical system of coordinates, the mass continuity, mo-
mentum, and advection–diffusion equations are given by:

∂

∂z
(r ρw ) + ∂

∂r
(r ρur ) = 0, (81)

∂

∂t
(r ρw ) + ∂

∂z
(r ρw 2 ) + ∂

∂r
(r ρurw ) = r ρB − ∂

∂z
(r p∗ ), (82)

∂

∂t
(r ρϕ ) + ∂

∂z
(r ρϕw ) + ∂

∂r
(r ρurϕ ) = r ρFϕ , (83)

wherew = w +w ∗, ur = ur + u∗r , B = B + B∗, ϕ = ϕ +ϕ∗ and Fϕ = Fϕ + F ∗
ϕ . Here, ur represents the radial velocity with

respect to the center of the plume in cylindrical coordinates, p∗ is the redistribution pressure, and Fϕ is the source
term of the scalar ϕ. Substituting ϕ = ϕ +ϕ∗ in Equation 83 and using the continuity Equation 81, we obtain:

∂

∂t
(r ρϕ∗ ) + ∂

∂z
(r ρwϕ∗ ) + ∂

∂r

(
r ρurϕ

∗) = −r ρ
[
w
∂ϕ

∂z
+ ∂ϕ

∂t

]
+ r ρFϕ . (84)

Substituting w = w + w ∗, ur = ur + u∗r , B = B + B∗ and Fϕ = Fϕ + F ∗
ϕ and assuming that at the convective scale

(r ∼ R ) we can consider that w ≈ w ∗ and Fϕ ≈ F ∗
ϕ , and thus, the system of Equations 81–83 becomes:

∂

∂z
(r ρw ∗ ) + ∂

∂r
(r ρu∗r ) +

∂

∂z
(r ρw ) + ∂

∂r
(r ρur ) = 0, (85)
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∂

∂t
(r ρw ∗ ) + ∂

∂z
(r ρw ∗2 ) + ∂

∂r
[r ρ (ur + u∗ )w ∗ ] = r ρB∗ − ∂

∂z
(r p∗ ), (86)

∂

∂t
(r ρϕ∗ ) + ∂

∂z
(r ρw ∗ϕ∗ ) + ∂

∂r

[
r ρ (ur + u∗ )ϕ∗] = −r ρ

[
w ∗ ∂ϕ

∂z
+ ∂ϕ

∂t

]
+ r ρF ∗

ϕ , (87)

where we also assumed that B ≈ B∗. Applying the averaging operator ( ·) on Equation 85 we obtain:

∂

∂z
(r ρw ) + ∂

∂r
(r ρur ) = 0, (88)

and therefore, we also have:

∂

∂z
(r ρw ∗ ) + ∂

∂r
(r ρu∗r ) = 0. (89)

From the continuity equations of themean and convective variables we see that if |w ∗ | ≫ |w | , then |u∗r | ≫ |ur | , which
means that ur + u∗r ≈ u∗r , and substituting w ∗ = w ′ +w ′′, u∗r = u ′r + u ′′r , B∗ = B ′ + B ′′, p∗ = p ′ + p ′′, and ϕ∗ = ϕ′ + ϕ′′,
we obtain:

∂

∂z
(r ρw ′ ) + ∂

∂r
(r ρu ′r ) +

∂

∂z
(r ρw ′′ ) + ∂

∂r
(r ρu ′′r ) = 0, (90)

∂

∂t
[r ρ (w ′ +w ′′ ) ] + ∂

∂z
[r ρ (w ′ +w ′′ )2 ] + ∂

∂r
[r ρ (u ′r + u ′′r ) (w ′ +w ′′ ) ] = r ρ (B ′ + B ′′ ) − ∂

∂z

[
r (p ′ + p ′′ )

]
, (91)

∂

∂t
[r ρ (ϕ′ +ϕ′′ ) ] + ∂

∂z
[r ρ (w ′ +w ′′ ) (ϕ′ +ϕ′′ ) ] + ∂

∂r

[
r ρ (u ′r + u ′′r ) (ϕ′ +ϕ′′ )

]
=

−r ρ
[
(w ′ +w ′′ ) ∂ϕ

∂z
+ ∂ϕ

∂t

]
+ r ρ (F ′

ϕ + F ′′
ϕ ) . (92)

Applying on the system of Equations 90–92 a convective–scale averaging operator ⟨·⟩c , defined in such a way
that ⟨ϕ′ ⟩c = ϕ′, ⟨ϕ⟩c = ϕ and ⟨ϕ′′ ⟩c = 0, after some rearrangements, we get:

∂

∂z
(r ρw ′ ) + ∂

∂r
(r ρu ′r ) = 0, (93)
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∂

∂t
(r ρw ′ ) + ∂

∂z
(r ρw ′2 ) + ∂

∂r
(r ρu ′rw ′ ) = r ρB ′ − ∂

∂z
(r p ′ ) − ∂

∂z
[r ρ⟨w ′′2 ⟩c ] −

∂

∂r
(r ρτw ), (94)

∂

∂t
(r ρϕ′ ) + ∂

∂z
(r ρw ′ϕ′ ) + ∂

∂r

(
r ρu ′rϕ

′) = −r ρw ′ ∂ϕ
∂z

− ∂

∂z
[r ρ⟨w ′′ϕ′′ ⟩c ] −

∂

∂r
(r ρτϕ ) + r ρF ′

ϕ , (95)

where τw = ⟨u ′′r w ′′ ⟩c is the radial turbulent shearing stress and τϕ = ⟨u ′′r ϕ′′ ⟩c is the radial turbulent diffusion term of
the scalarϕ′, andwherewe consider that |w ′ (∂ϕ/∂z ) | ≫ |∂ϕ/∂t |. Also, as it is always assumed in the plumesmodels,
based on dimensional arguments, the terms ∂

∂z (r p
′ ) , ∂

∂z [r ρ⟨w
′′2 ⟩c ] and ∂

∂z [r ρ⟨w
′′ϕ′′ ⟩c ] can be neglected. Since

in this paper we only present a theoretical framework, we consider this approximation only for the simplicity of the
exposure. However, onemay retain these termswhen building a specific parameterization scheme, but then additional
closures are required. One may also consider that the contribution of these terms can be implicitly considered in the
tuning parameters Cmi x and Cmi x ,ϕ (see Section 4.3.2), but this procedure requires further testing and validation.

Finally, an equation for the conservation of the kinetic energy may be obtained from the momentum equation.
Rearranging the momentum Equation 94 as:

∂

∂t
(r ρw ′ ) +w ′ ∂

∂z
(r ρw ′ ) + u ′r

∂

∂r
(r ρw ′ ) = r ρB ′ − ∂

∂r
(r ρτw ), (96)

and multiplying with w ′, after some manipulations, and using the continuity Equation 93, we obtain:

∂

∂t

(
1

2
r ρw ′2

)
+ ∂

∂z

(
1

2
r ρw ′3

)
+ ∂

∂r

(
1

2
r ρu ′rw

′2
)
= r ρw ′B ′ − w ′ ∂

∂r
(r ρτw ) . (97)

B | APPROXIMATE ANALYTICAL SOLUTIONS

Considering that between the vertical grids of the parent numerical model, the slope of the plume radius could be
considered linear with an accurate approximation, we may write:

R (z ) = Rk + αk (z − zk ), (98)

where Rk and αk are the plume radius and the slope of the plume radius at the level zk of the parent numerical model,
as is schematically presented in Figure 6. We also consider that the density can be written as ρ = ρk + γk (z − zk )
between the levels zk and zk+1, where ρk is the density at the k level and γk is the vertical gradient of the density at
the level k .

From Equation 40 we can obtain an approximate value for αk , as:

αk ≈ η5
B ′
c,k

Rk

w ′2
c,k

+ η6 −
Rk γk
2ρk
, (99)
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F IGURE 6 A schematic draw of a convective plume between the vertical grids of the parent numerical model.

where B ′
c,k

andw ′
c,k

are the centerline buoyancy and vertical velocity at the level zk , respectively, and where we used
that d (ln ρ )/dz ≈ γk /ρk . Therefore, the plume radius is updated at every vertical level k following Equations 98 and
99.

' '

' ' ' '

' ' ' '

F IGURE 7 Graphical representation of the analytical solutions (black solid line) for the buoyancy (top row) and
updraft velocity (bottom row) normalized by their initial values for a non–stratified environment (N 2 = 0), and the
corresponding numerical solutions (red dash-dotted line). The initial vertical velocity and initial radius are set to 3 m
s−1 and 200 m for all cases. The initial buoyancy is set to 10−3 m s−2 in the left column and 10−2 m s−2 in the right
column. For simplicity, top–hat profiles are assumed and the Boussinesq approximation is used. The turbulent fluxes
have been set as following: fτ (1) = 0.2 and jB (1) = 0.15.

If we consider that between the vertical grids k and k +1, the plume radius is quasi–constant, thenwe can consider
the approximation:
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' '

' ' ' '

' ' ' '

F IGURE 8 As in Figure 7 but for an unstable environment (N 2 = −10−4 s−2).

' ' '

' ' ' '

' '

'

F IGURE 9 As in Figure 7 but for an stable environment (N 2 = 10−4 s−2).

1

R

dR

dz
≈ αk

Rk
. (100)

and thus, the system of Equations 36, 37 becomes:

dw ′2
c

dz
=

a2
a1

B ′
c − Λ1w

′2
c , (101)
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dϕ′
c

dz
=

1

a6w
′
cR

2
k

J
ϕ
c − a7

a6

∂ϕ

∂z
− Λ2ϕ

′
c , (102)

where the terms Λ1 and Λ2 are given by:

Λ1 =
η1 + 2αk

Rk
+ γk
ρk
, (103)

Λ2 =
η2 + η3αk

Rk
+ η4

γk
ρk
. (104)

Equations 101 and 102 have the following solutions:

w ′2
c (z ) =

[
a2
a1

∫ z

zk

B ′
c (z ′ )eΛ1 (z ′−zk )dz ′ +w ′2

c,k

]
e−Λ1 (z−zk ) , (105)

ϕ′
c (z ) =

[∫ z

zk

[
1

a6w
′
cR

2
k

J
ϕ
c − a7

a6

∂ϕ

∂z

]
eΛ2 (z ′−zk )dz ′ +ϕ′

c,k

]
e−Λ2 (z−zk ) . (106)

Considering that Jϕc and ∂ϕ/∂z remain approximately constant between zk and zk+1, and that 1/w ′
c ≈ 1/w ′

c,k
, we can

obtain an approximate form for ϕ′
c , as:

ϕ′
c (z ) =




1

a6w
′
c,k

R 2
k

J
ϕ
c,k

− a7
a6

∂ϕ

∂z

�����
z=zk


1

Λ2

(
eΛ2 (z−zk ) − 1

)
+ϕ′

c,k

 e−Λ2 (z−zk ) . (107)

where J
ϕ
c,k

is the integral convective source term of the variable ϕ at the level zk . Thus, for a constant N 2, for the
updraft velocity we obtain:

w ′
c (z ) =

[
a2
a1

(
B ′
c,k + N 2

Λ2

)
1

Λ1 − Λ2

[
e (Λ1−Λ2 ) (z−zk ) − 1

]
− a2

a1

N 2

Λ1Λ2

[
eΛ1 (z−zk ) − 1

]
+w ′2

c,k

]1/2
e−

1
2 Λ1 (z−zk ) . (108)

In Figure 7 the analytical solutions for buoyancy (Equation 107) and updraft velocity (Equation 108) are compared
with the numerical solutions for the neutral casewith top–hat profiles. The numerical solutions are obtained by solving
numerically the system of Equations (36), (39) and (40) using the Euler method at a resolution of 500 grid points and
a vertical domain of 500 m. In both numerical and analytical representations the density vertical gradient has been
neglected (δk = 0). In Figures 8 and Figures 9 the same comparison is made for unstable and stable conditions,
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respectively. As one may see, the analytical solutions show a very good agreement with the numerical ones, which
are taken as reference.
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