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Abstract

In this work, we prove a generalized version of Hermite-Hadamard-Mercer type inequalities using the Beta function. Moreover,
we prove some new trapezoidal type inequalities involving Beta functions for differentiable convex functions. The main advantage
of these inequalities is that these can be converted into similar classical integral inequalities, Riemann-Liouville fractional integral
inequalities and $k$-Riemann-Liouville fractional integral inequalities. Finally, we give applications to special means of real

numbers for newly established inequalities.
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ABSTRACT. In this work, we prove a generalized version of Hermite-Hadamard-Mercer type inequal-
ities using the Beta function. Moreover, we prove some new trapezoidal type inequalities involving
Beta functions for differentiable convex functions. The main advantage of these inequalities is that
these can be converted into similar classical integral inequalities, Riemann-Liouville fractional integral
inequalities and k-Riemann-Liouville fractional integral inequalities. Finally, we give applications to
special means of real numbers for newly established inequalities.

1. INTRODUCTION

In both pure and applied mathematics, the concept of convex functions is extremely important.
Convex functions have a wide range of applications in fields such as finance, economics, and engineering.

Definition 1. [19] A function F : [m1, 73] — R is called convex for all »,~v € [w1, 73] and T € [0,1] if
(1.1) FO+rmGe=y)<tF )+ A -7)F (7).

Function F is said to be a strictly convez if the inequality in (1.1) is strict for |, while F is said to be
a concave function if —F is convex.

Many important inequalities hold for convex functions, including Jensen, Jensen-Mercer, Hermite-
Hadamard, and support line inequalities. The traditional Jensen’s inequality is one of the most well-
known inequalities, as stated below:

Theorem 1. [10, 11] For a convex function F : [m1,m3] — R, the following inequality holds:
(1.2) r (Z wi%‘) < ZwiF (>4)
i=1 i=1

o0
where »; € [m1, 2], w; € [0,1] and Zwl =1.
i=1

In 2003, Mercer presented a variant of Jensen’s inequality known as Jensen-Mercer inequality in [14].

Theorem 2. For a convex function F : [r1, 73] — R, the following inequality holds:

(13) F (71'1 +7r2—Zwi%i> SF(’]Tl)-FF(’]Tz)—ZwZF(%l),

i=1
oo

where 3; € [m1, 72|, w; € [0,1] and sz =1.
i=1

Due to its geometrical significance and applications, the Hermite-Hadamard inequality is one of the
most studied inequality in the theory of convex functions. Because of the relevance of the Hermite—-
Hadamard inequality, there has been a significant amount of research committed to its expansions,
generalizations, modifications, and applications. The Hermite-Hadamard inequality is shown in [7].
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For a convex function f : I C R — R and 71,79 € I with w1 < 7o, we have

(1.4) F<m+ﬂ2>§ L /MF(w)deM.

2 T — T 2

1

The inequality (1.4) holds in the reversed way if F is concave.
Recently, Kian and Moslehian [12] presented the following variant of Hermite-Hadamard inequality
(1.4) using the inequality (1.3) and it is known as Hermite-Hadamard-Mercer inequality.

Theorem 3. For a convex function F : [n1, 73] — R, the following inequality holds:

%_'_,y) 1 T1+T2—
1.5 Flm +m9 — ——— < — F (w) dw
(1.5 (m+m-2 [ rw
F(m+m—)+F (11 + 72 — )

- 2

< F(W1)+F(W2)—M
and

N

(1.6) F(W1+7T2—%2_‘_7> SF(7T1)+F(772)—/ F(w)deF(wl)—&—F(ﬂg)—F(%;ﬂy),

where 3,7y € [Ty, 2] .

Fractional integral operators have been used to expand the Hermite-Hadamard inequality. The
Riemann—Liouville fractional operators are defined as:

Definition 2. [15, 18] For an integrable function F on [r1,72], the left and right Riemann-Liouville
fractional integrals are defined as:

BAF = / (e — w)* " F (w) du,
I () = ﬁ / " (w— 3™ F (w) du,

where T represents the Gamma function and defined as T (o) = fooo e T dr.

Definition 3. [16] For an integrable function [ over [m1, 73], the left and right k-Riemann-Liouville
fractional integrals are defined as:

TihE () = ‘kr:@ ) /% (e = w)F 71 F (w) duw,
J,i‘;’iF(%) = m/}( Z(w_%)%*lf(w)dm

+k

where Ty, () is k-Gamma functions and defined as Ty, (o) = [ e™ & 727 dr.

Recently, Sarikaya and Ata presented the generalized variant of Hermite-Hadamard inequality (1.4)
using the notions of Beta functions.

Theorem 4. [22] For a convex functions F : [r1,m2] — R, the following inequality holds:

(1.7) PP < s [T 2@
SACSESALA T

where (m,n) = fol =1 (1 —7)""" is a Beta function and

(11

(w) = (w2 —w)" " (w—m1)" "+ (2 — )" (w— )"
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The fundamental benefit of inequality (1.7) is that it can be turned into classical Hermite-Hadamard
inequality (1.4), fractional Hermite-Hadamard inequality [21] and k-fractional Hermite-Hadamard in-
equality [8] without having to prove each one separately.

Many studies have been conducted in the topic of integral inequality, particularly in Hermite-
Hadamard inequality, using various integral operators. For example, the authors of [6] demonstrated
various Hermite-Hadamard type inequalities for convex functions and applied them to numerical in-
tegration formulas. In [13] Kirmaci established Hermite-Hadamard type inequalities for differentiable
convex functions. The authors of [21] used Riemann-Liouville fractional integrals to prove Hermite-
Hadamard type inequalities for convex functions. The authors of [5] established Hermite-Hadamard
type inequalities for (o, m)-logarithmically convex functions. Riemann-Liouville fractional integrals
were used by Awan et al. [3] to refine fractional Hermite-Hadamard type inequalities for strongly
convex functions. Using the generalized fractional integrals, Hermite-Hadamard type inequalities for
convex functions were found in [20]. Using generalized fractional integrals, the authors showed some
new Hermite-Hadamard type inequalities for harmonically convex functions in [25].

On the other hand, different authors have offered distinct versions of Hermite-Hadamard-Mercer
type inequalities. For example, in [1], fractional Hermite-Hadamard-Mercer type inequalities are
demonstrated using the Jensen-Mercer inequalities. Chu et al. [4] showed some new fractional es-
timates of the Hermite-Hadamard inequality for differentiable convex functions. Using the k-Caputo
fractional derivative, the authors demonstrated Hermite-Hadamard type inequalities for convex func-
tions in [26]. In [9], Iscan demonstrated a weighted variant of the Hermite-Hadamard-Mercer inequality.
In [24], the authors showed Hermite-Hadamard-Mercer inequality for Harmonically convex functions.

Inspired by recent research, we establish a generalized version of Hermite-Hadamard-Mercer inequal-
ities using the Beta function. The fundamental benefit of these inequalities is that these can be turned
into classical Hermite-Hadamard-Mercer inequalities (1.6) and (1.5), fractional Hermite-Hadamard-
Mercer inequalities [17] and k-fractional Hermite-Hadamard-Mercer inequalities [2,23] without having
to prove each one separately.

This article’s structure is as follows: Section 2 proves the Hermite-Hadamard type inequality for
convex functions using the Beta function. We prove some trapezoid formula type inequalities in Section
3. In Section 4, we present various applications to special means based on the recently demonstrated
inequalities. Section 5 finishes with a few suggestions for future research.

2. HERMITE-HADAMARD-MERCER INEQUALITIES

In this section, we prove some new Hermite-Hadamard-Mercer type inequalities involving the Beta
function.

Theorem 5. For a convex function [ : [r1, 73] — R, the following inequality holds:

(2.1) F (m + o — T) B (m,n)
1 Y
< [F(m) +F (7)) B (m,n) — W// Aw) F (w)dw
< I+ B - smor (257)),

where 3 (m,n) is a Beta function,
Aw) = (v =)™ (w=5)"" (= w)" " (w50
and s,y € [m1, 2] .
Proof. From Jensen-Mercer inequality and u,v € [rq, 72|, we have
F(u)+F (v)
—
Now by setting u =73+ (1 —7)y and v = 7y + (1 — 7) 5c in (2.2), we have
Flx+(@-—7)y)+F (y+1—-7))
2

u—+v

(2.2) F <7r1 + g — ) <F(m)+F (m2) -

(2.3) A (m +7r2%;r7> SF(m) +F (m2) —
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Integrating to inequality (2.3) with respect to 7 over [0, 1] after multiplying 7™~ (1 — T)nil , we have

@0 r(mtm- 5 ) < B (o) + 1 (7o)

S s e a -

Thus, we obtain the first inequality in (2.1) by using the change of variables of integration.
We use the convexity of F to prove the second inequality in (2.1) and we obtain

(2.5) F(%;7><F(T%+(1_7)7)‘;F(T7+(1—T)%).

Integrating to inequality (2.5) with respect to 7 over [0, 1] after multiplying 77~ (1 — 7')”_1 , we have
L[t -
(2.6) F (J{;—’y> B(m,n) < B [/ 1 —7)" s (te+ (1 —=1)v)dr
0
1
—l—/ A=) T (ry 4+ (L= 1) %) dr|
0

By using change of variables of integration, we have the following inequality

F(T)B(m’n) <

1 Y
2(y — z)" ! // A (w) £ (w)dw

which implies that

w+y 1 /’Y
2.7 —F | —— m,n) < ———— [ A(w) F (w) dw.
1) (%57) ptmm < e [ A )
As a result, we may get the last inequality of (2.1) by adding F (71) + F (72) on both sides of the
inequality (2.7). The proof is finished. O

Remark 1. In Theorem 5, if we set m = n = 1, then we recapture inequality (1.6).

Remark 2. In Theorem &, if we set m = 1 and n = a or m = « and n = 1, then we recapture
inequality (2.1) in [17, Theorem 2].

Theorem 6. For a convex function F : [r1,72] — R, the following inequality holds:

+ 1 Tfmg—
(2.8) r (771 + e — %2’y> B(m,n) < W /7r1+7r2_7 A (w) F (w) dw
< F(7T1+7T2*’Y);F(W1+7T27%)5(m’n)
< B(m,n) {F(m)+F(7T2)_F(%)'2|'F(7) ’
where B (m,n) is a Beta function and
Aw) = (m+m2—s2—w)" " (w— (71 +m9—7))" "

m—1

+(m + e —x—w)" " (w— (71 + 72— 7))
and 3,7y € [m1,m2].

Proof. From convexity of [ and u,v € [ry, 2], we have

(2.9) F<7T1+7r2u;rv>§F(ﬂ—1+7T2U);FF(7H+7T2U)'
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Now by setting 71 +mo—u =7 (71 + 72 — 2)+(1 — 7) (71 + w2 — v) and w11 +7mo—v =7 (71 + T2 — )+
(1 —7) (w1 + 72 — ») in inequality (2.9), we have

x4y
(210) F <7T1 + T — 2)
< %[F(T(Wﬁr@—%)+(1—T)(W1+7T2—7))+F(T(7T1+7T2—7)+(1—7)(71+7T2—%))]-

Integrating to inequality (2.10) with respect to 7 over [0, 1] after multiplying 7™~ (1 — T)n_l , we have

F(m +7r2—%;v>ﬂ(m’”)
< ;[/0 A=) T (r (e — %) + (1= 1) (11 2 — 7)) dr

+/ A=) T (r(m A=)+ (L= 7) (m 47y — ) dr |
0

Thus, we obtain the first inequality in (2.8) by using the change of variables of integration.
We use the convexity of F to prove the second inequality in (2.8) and we obtain

(2.11) Fr(m+ma—32)+ (1 —7)(m +m2—7))
< 7F(m+ma—x)+ (1 —7)F (m1 + 72— 7)
and
(2.12) Fr(m+ma—7)+ 1 —=7)(m + 72— 3))
< 7F(m+m—v)+ A —7)F (11 + 72— ).
By applying Jensen-Mercer inequality after addition of (2.11) and (2.12), we have
(213) F(r(m+me—2)+ 1A —7)(m+7m2—7)+F (T(m+7m2—7)+ (1 —7) (71 + 72— x))
< F(mitm—7)+F (mi+m2—x)
< 2[F (m)+F (m)] = [F G+ F ()]
Thus, we obtain second and third inequality of (2.8) by integrating to inequality (2.13) with respect

to 7 over [0, 1] after multiplying 7" (1 — 7)" " and using the change of variables of integration. The
proof is completed. O

Remark 3. In Theorem 6, if we set m =n = 1, then we recapture inequality (1.5).

Remark 4. In Theorem 6, if we set m = 1 and n = a or m = « and n = 1, then we recapture
inequality (2.2) in [17, Theorem 2].

Remark 5. In Theorem 6, if we setm =1 andn = £ orm = £ andn = 1, then we obtain [2, Theorem

k k
2.1].
Remark 6. In Theorem 5, if we set » = w1 and v = mwa, then we recapture inequality (1.7).

3. TRAPEZOIDAL TYPE INEQUALITIES

In this section, we prove some trapezoid formula type inequalities involving Beta functions.
Let’s start with the following new Lemma.

Lemma 1. For a differentiable mapping F : [m1,72] — R over (mw1,m2) and F € L[ny, ], then the

following equality holds:

1 F(m+mo—7)+F (11 +m2 — x) 1 Titme =
(3.1) W

/8 (m,n) -

5 T A(w) F (w) dw

1+me—y
- %/ By (m,n) [F' (71 + 72 — (12 + (1= 7)7)) + F' (w1 + 72 — (77 + (1 — 7) )] dr
0

= 5 | Bt =B ] (e = (4 (L= 7))



6 MUHAMMAD AAMIR ALI AND ZHIYUE ZHANG

where .
B tmm) = [ 12 s
0
and s, € |71, T3] .

Proof. From integration by parts, we have

1
62 [ B m w1 1)) dr
0
_ B (mny M=)
v =
1
L 4 (e b0 4 (L) (1 e — ) dr
T=2Jo
_ B (mny =)
4
N S /m—w?_% (M1 + o — 3¢ — w)n71 (w — (m1 + 73 — 7))m*1 F(w) dw
(")/ - %)m+n mTitTe—y
and
1
(3.3) / B (mon) F' (my + 7y = (77 + (1= 7) %)) dr
0
= 5, (m,m T2
v =
ot /m+7r2_% (m1+m2 — 22— w)m_l (w— (w1 + 7 — 7))11—1 F(w) dw.
('y - %)ern T1+Ta =y

Thus, we obtain the required equality by subtracting (3.2) from (3.3) and later multiplying ﬁ The
proof is completed. O

Remark 7. In Lemma 1, if we set m =n =1, then Lemma 1 becomes [17, Corollary 1].

Remark 8. In Lemma 1, if we setm =1 andn = o orm = a and n = 1, then we obtain [17, Lemma
1].

Remark 9. In Lemma 1, if we set m =1 andn = 3 orm = ¢ and n = 1, then we obtain equality
(8.3) in [23, Remark 3.1].

Remark 10. In Lemma 1, if we set » = my and v = 72, then we obtain [22, Lemma 5].

Theorem 7. We assume that the conditions of Lemma 1 hold. If |F'| is a convex function, then we
have the following trapezoid formula type inequality:

F(m+7m2—7)+F (71 4+ 73 — ») 1 mitma T
B(m,n) - ——————

< (7_%) (|F/ (Wl)‘ + |F/(7T2)| . ‘F/ (%)‘ '2|' |F, (7)') /E [5177 (m7'n,) —ﬁT (m,n)} dr.

0

(3.4) A (w) F (w) dw

1+m2—y

Proof. Taking modulus in (3.1) and using Jensen-Mercer inequality, we have

— _ T1+mo—20
Fim+ 7= )+ F (Tt Ty = ) e [ AW e

B (m7n) - L, iman—-1
2 2(77%) et 1+m2—y

< 157 (118, tmem) = 8o (o)) [P (a4 ma = (e + (1= ) )

< % l/o2 B1_r (myn) = B, (m,n)| [ ()| + |F' (m2)| =7 |F ()| = (L=7)|[F" ()] dr
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+A 1B, (m,n) = By, (m,n)] [/ (w1)| + |F' (m2)| =7 |F ()| = (L=7) [ ()] dr
= (y-x) (|F/(7r1)|+F'(772)|— 'F/(””;FF'(W”)/: By (m,n) — B, (m,n)] dr

and the proof is completed. O

Remark 11. In Theorem 7, if we set m =n = 1, then Theorem 7 becomes [23, Corollary3.5].

Remark 12. In Theorem 7, if we set m =1 and n = « or m = « and n = 1, then we obtain [17,
Theorem 4.

Remark 13. In Theorem 7, if we set m = 1 and n = ¢ orm = ¢ and n = 1, then we recapture
inequality (3.11) in [28, Remark 3.7].

Remark 14. In Theorem 7, if we set »x = w1 and v = 73, then we obtain [22, Theorem 6].

Theorem 8. We assume that the conditions of Lemma 1 hold. If |F'|*, q > 1 is convex functions,
then we have the following trapezoidal type inequality:

F(m+7m2—7)+F (w1 4+ 73 — ») 1 Tt
) ﬂ(mvn) - m—4n—1

A (w) F (w) dw

1+mT2—y

— 1 » » , ‘ , v " (50)]4 ’ an %
< 72< ) |[B, (m,n) — B,_, (m,n)]| dT> (|F (m)|? + |F (m2)| () ;LIF ()| > |

1,1 _
where;—ka—l.

Proof. Taking modulus in equality (3.1) and applying Holder’s inequality, we have

Fm+me—9)+F (11 +m2— %) B 1 Tt
' Blmen) — g | AW @)
_ 1 5
< ([ 16 oo =5 ) ar)
1 7
X (/ |[F' (m +ma — (72 + (1 —T)'y))qd7'>
0
From Jensen-Mercer inequality, we have
F(m+m—7)+F (11 + 72 — x) 1 T
> B(m,n) — 2(7_%),,1%1/”##2“Y A(w) F (w) dw
_ 1 5
< 251 oo =5 ) ar )
! B
< ([ 0P @l 1 )l =1 G = @ = ) ) ar )
. 1 % / q / q %
= 2 ([ 105t -1 ] P ar) (1 1 - O
0
and the proof is completed. O

Remark 15. In Theorem 8, if we set m =n = 1, then Theorem 8 becomes [23, Corollary 3.8].

Remark 16. In Theorem 8, if we set m = 1 and n = a or m = « and n = 1, then we obtain [23,

Corollary 3.9].

Remark 17. In Theorem 8, if we set m = 1 andn = 3 orm = ¢ and n = 1, then we recapture
inequality (3.11) in [23, Corollary 3.10].

Remark 18. In Theorem 8, if we set » = w1 and v = 7, then we obtain [22, Theorem 7].
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4. APPLICATION TO SPECIAL MEANS

In this section, we give applications of newly established inequalities in the context of special means
of real numbers. For arbitrary positive real numbers 71 and 7o (71 # m2), we consider the means as

follows:

(1) The arithmetic mean
+
A= A(ry,m) = 2 y T2
(2) The harmonic mean
27T17T2
H="H(m,m3) = .
(w1, 72) T+ o

(3) The geometric mean

Proposition 1. For0 < m; < me andp € N, p > 2, the following inequality holds for all 3¢, € |71, 72):

G =G (m,m2) = /T2,

(2A(m1,m2) — AGe))’ B(mom) < 2A(xh 70 B (mym) — — - /WA<w>wpdw

wP, w > 0.

IN

9 (’Y . %)m+n—1

x

(2“4 (7‘-11)7 7712)) — AP (%7 '7)) 6 (m’ n) :
Proof. The needed inequality can be obtained by applying Theorem 5 to the convex function F (w)

Proposition 2. For 0 < 71 < g, the following inequality holds for all »,~ € w1, m3a]:

— 7 “18(m,n L, m,n) — 1 TA W)
(2A(m1,m2) — A (7)) B (mom) < 2H (my,ma) B (m,m) 2(7_%),,L+,L1/% .

%,w;«éo.

IN

(27’[_1 (71'177'(2) - A_l (7T1,7T2)) ﬂ (m,n) .
Proof. The needed inequality can be obtained by applying Theorem 5 to the convex function F (w)

Proposition 3. For 0 < 71 < g, the following inequality holds for all »,~ € [my,ma]:

In (2./4 (71'1

Inw.

,m2) = A(,7)) B(m,n) < 2In(G (m1,7m2)) B (m,n) —

< (2In(G (m1,m2)) —In(A(5,7))) B (m,n).
Proof. The needed inequality can be obtained by applying Theorem 5 to the convex function F (w)

A

1
2(y =)

dw

O

O

gl
/ A (w) In wdw

O

Proposition 4. For0 < m; < w9 andp € N, p > 2, the following inequality holds for all 3¢, € |71, ma):

(2A (m1,72) = A(3¢,7))" B (m,n)

Proof. The needed inequality can be obtained by applying Theorem 6 to the convex function F (w)

wP, w > 0.

IA

<
<

1 /7T1+Tr2—%
2(y =) . T1+T2 =y

A((m1+ 72 = 3)7, (m1 + 72 —7)F) B (m,n)
(2A (77, ) — A (5P, 97)) B (m, ).

Proposition 5. For 0 < 71 < g, the following inequality holds for all »,~ € w1, m2]:

Proof. The needed inequality can be obtained by applying Theorem 6 to the convex function F (w)

i,w;«éO.

(24 (w1, m3) = A(56,9)) " B (m,n)

IN N

1 AT A (w)
)ernfl / dw

2(’7_% 1+m2—y w
H (71 + 7o — 30,1 + 72 — ) B(m,n)
(2H—1 (7T1,7T2) - H_l (%7 ’Y)) 6 (m? ’}’l) .

O

O
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Proposition 6. For 0 < w1 < mq, the following inequality holds for all ¢,y € [mq,wa):

1 T+ —2
In (2A (w1, m3) — A(e,y)) B (myn) < 2(’y—%)m+n_1/+ ) A (w) In wdw
< 1n(g(7‘f'1+772—%771'14'772_7))6(7”7”)
< (2 (G (m1,7m2)) —In(G (5,7))) B (m,7n) .

Proof. The needed inequality can be obtained by applying Theorem 6 to the convex function f (w) =
Inw. O

Proposition 7. For0 < m < my andp € N, p > 2, the following inequality holds for all »¢,~ € [y, ma]:

1 T+ —1
A((ﬂ'l+712—%)p,(7r1—|—772—7)p)ﬁ(m,n)—W/ A (w) wPdw
2(’)’_ %) T T —y

< p= (24 (= m ) G ) [ ¥ o () = 8, ()] dr

Proof. The needed inequality can be obtained by applying Theorem 7 to the convex function F (w) =
wP, w > 0. O

Proposition 8. For 0 < 71 < e, the following inequality holds for all s, € [ry,m2]:

1 T+ A(w)
H71(71'1+7T27%,7T1+7T2*V)B(m,n)*ﬁ/ ——dw
| 2(y =) ot mytme—y w

[N

< (=) @ (o) = (20) [ (B (mm) = 8, (mm)]

Proof. The needed inequality can be obtained by applying Theorem 7 to the convex function F (w)

L w#o. O
Proposition 9. For 0 < m; < mq, the following inequality holds for all ¢,y € [my,wa):
1 T +7To—1
1n(g(7r1—|—ﬂ'2—%77r1+772—7))6(m,n)—W/ A (w) In wdw
2(7_%) T+ —y

< (7 - %) (27_{71 (71’ 772) - H71 (%7 ’7)) / [6177 (mvn) - 57— (m’n)] dr.
0
Proof. The needed inequality can be obtained by applying Theorem 7 to the convex function F (w) =
Inw. O

5. CONCLUSIONS

We used the Beta function in this paper to prove several new generalizations of Hermite-Hadamard-
Mercer type inequalities. We also proved some new trapezoidal type inequalities involving the Beta
function for differentiable convex functions. Finally, we demonstrated the application of special means
of real numbers for newly established inequalities. Researchers can obtain comparable inequalities for
different types of convexity and special functions in their future work, which is a new and interesting
problem.
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