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1 Introduction

An important tool in the study of discrepancy between two quantum density matrices is the
class of Quantum divergences. This class of divergences has many applications in quantum
information theory [32, 35, 6, 17, 19, 13, 26]. A famous and important quantum divergence

is the von Numaann entropy.

Definition 1 The quantum version of the Shannon entropy for the density matriz p is called

von Neumann entropy and is given by [33, 32]

S(p) =Tr[=plogp]. (1)
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This quantum divergence which plays an important role in quantifying and discrimination

of entanglement, is the quantum version of the classical Kullback-Leibler divergence [12].

Definition 2 For two density matrices p and 0, von Neumann relative entropy (or quantum

relative entropy) of p with respect to § is given by [31, 27, 32]

_ [ Tr[p(logp —logd)] if supp p < supp o
S(pl0) = { +00 otherwise, (2)

Remark 3 The quantum relative entropy (2) is a quantum version of Kullback and Leibler

divergence [12].

Similar to its classical version, the von Numaann relative entropy isn’t symmetric and
does not obey the triangle inequality [28, 32]. The symmetric version of the von Numaann
entropy is the quantum Jensen-Shannon divergence. This symmetric quantum divergence

has been studied in may physical systems [13, 20, 14, 7, 26].

Definition 4 The quantum Jensen-Shannon divergence of p with respect to ¢ is given by

1 p+0

J(pld) = 3 S(P\T

p+0

p+0 1
2

)+ 561250 = S0 ~ 350 — 55(6).

Here S(p|d) is the von Neumann relative entropy (2) and S(p) is the von Neumann entropy

(1).

A well-known generalization of Shannon entropy, is Tsallis entropy [29], which is a useful
to for the study of statistical systems with long range interaction [30, 10].

In 2003, Abe [1] introduced a quantum version of Tsallis relative entropy.

Definition 5 For two density matrices p and 6, one-parametric Tsallis quantum relative
entropy of p with respect to § is given by

D, (pld) = L= Tr([xpl_a‘;a] =—In, [(Tr [plfaéa])i] , 0 <<, (3)
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which

I, (5) = 2 =1

is the Tsallis logarithm [29, 8].
More details on Tsallis entropy can be found in [30, 10, 2, 3].

Definition 6 /5] For two density matrices p and 9,

(I) the Tsallis-Lin quantum relative entropy of p to § is given by

p+ 5) _L=Tr27p 7 (p+ 0)°]

DE™(pl6) = Daul(p)| 5 -

(11) the quantum Tsallis-Jensen-Shannon divergence of p to 0 is given by

p+0 p+0

Ja(p18) = 5 | DalplZ52) + Da(o22

)

1 . .
=5 [Da"(p19) + D™ (lp)]

forany 0 < a < 1.

Theorem 7 [5] For two density matrices p and 0, we have

LDa(pl6) < Da(pld) < RDa(pld),

where, X
LD(0) = (1—a) (211)
and
RDa(pl8) = (1 - an) B

Here ag = (Tr [,01*0‘(50‘])é ,0<a< 1.

, 0<a< 1.

Notice that as an extension of one-parametric Tsallis quantum relative entropy D, (p|d)

in Definition 5, two-parametric Tsallis quantum relative entropy are introduced as follows

1= (1 [ 07))

Do s(p10) = .

= —In, [(Tr [plfﬁéﬁ})ﬂ ,

(7)



for any a, g € (0, 1]. Clearly, if « = 3, then D, 5(p|d) = Da(p|9).

Some basic mathematical concepts, despite their simplicity, still surprise us with new
applications. One of the beauties of mathematics on convex function is Hermit-Hadamard’s
inequality [9, 23, 24]. This inequality was first introduced by Ch. Hermit. Then J. Hadamard
proved and completed it again ten years later in 1883 [22, 23]. This inequality states that if

f is a convex function on [ag, a1], then

ap + a; 1 “ flao) + f(a)
(™5 )sal_%/ao ez < L0l EI@)

The concept of log-convexity is a stronger property of convexity. A positive function on
lag, a1] is log-convex if log f(z) is a convex function of z. If f is a log-convex function on

lag, a1], then [24]

1 a1 1 @
f (‘“‘2““) < exp (al L / 0 1ogf<z>dz) <1 / " fepa:

where

r—s
logr—log s r # S,

MA{r, s} = (9)

which is called the logarithmic mean.
The paper is organized as follows. In next section, some properties of two parametric
Tsallis quantum relative entropy D, g(p|d), two parametric Tsallis-Lin quantum relative

entropy DZ%(p|d) and two parametric quantum Jensen-Shannon divergence Jo5(p|0) are

discussed. Finally, some conclusions are given.

2 Main results

Theorem 8 For two density matrices p and 9, we have

l—«

Rt

% (1= an + aglogan)} < Dasleld) < (1= aa) M {a 1},
— o
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where ag = (Tr [/)1_565])é for any a, 5 € (0,1] and D, g(p|d) and M {-,-} are defined in
(7), (9), respectively.

Proof. If we suppose f(2) =21, 0<a <1and 0 < z < 1, then

2
0° (log f (2)) _ 11—« >0
022 22 ’

for any 0 < o < 1. So, the function f (z) is log-convex on (0,1]. Clearly, for two density

matrices p and 6, Hoélder’s inequality [4, 18] implies that
T [0087) < (Te (o) (Te ) = 1.

So,
0<ap= (Tr[p#5°])7 <1,

for any 0 < 8 < 1. Now, by Hermite-Hadamard’s inequality for log-convex function (8), we

(1—ao) f (%;1) —(1- ap) (ao+ 1>a—1

2
<(-aer (= [ g 1(2)d: )
\

have

1
1 -«
=(1—ag)exp 1_a0(1—a0+a010ga0)
1
1_0(
< [ J(z)dz=—"2
a

(10)

This completes the proof. [J
In special case, if a = 8, then we have new bounds which are better than the bounds of

Theorem 8 obtained by Asgharzadeh Jelodar et al. [5] in 2021.



Corollary 9 For two density matrices p and 6, we have
LDq(pl8) < LDa(pl6) < Dul(pld) < RDu(pl6) < RDu(pl0)

where

1—
LD, (p|0)=(1—ap) exp{1 5 (1—a0+a010ga0)},
— Qg

RD,(pl) = (1~ ag) M {ag~",1}.

ap = (Tr [/)1_0“50‘])é 0 < a <1, and LDy(p|6), RD4(p|0), Da(pld) and M {-,-} are defined
in (5), (6), (3) and (9), respectively.

Example 10 Let 0(q) = 5 %1ixq + q|®)(PF| be bipartite mized Werner state [34], where
0<q<1, and |D") = \/Lé|00) + [11) is the mazximally entangled Bell state. By using the
basis |00), |01), |10), and |11), this density matriz can be written as follows [21]

14+q O 0 2q
1 0 1—q O 0
2¢ 0 0 1+¢g

It is easy to show that o(q) is an entangled density matriz for % < q <1 and is separable
density for 0 < q < 3 [21].

Let us to fix p = o(q = 0.1) and § = o(q = 0.9) here. Figure 1 presents the plots of
D, 5(p|d) for any 0 < ae < 1 with different values of B. Figure 2 presents the plot of Da(pld)
with its upper bound RD,(p|0) and its lower bound LD,(p|d), which are given in Corollary
9 . Here }?Da(p|§) and f/Da(p|5) are respectively the proposed upper and lower bounds of
D.(pld) in Theorem 8 obtained by Asgharzadeh Jelodar et al. [5]

Definition 11 For two density matrices p and o,

(1) two parametric Tsallis-Lin quantum relative entropy of p to & is given by

_ 3 (2x0)P]) 7
DES (o) = Dap(pl ) = (o ['Ola )
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Figure 1: Plots of D, g(p|d) for any 0 < a < 1 with some different 5. Here two density
matrices p and ¢ are given in Example 10.
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Figure 2: Plots of D,(p|d) and their bounds proposed in Corollary 9 . Here two density
matrices p and § are given in Example 10.



for any o, B € (0,1].

(11) two parametric quantum Tsallis-Jensen-Shannon divergence of p to § is given by

25

-] o

Example 12 Using p = o(q = 0.1) and § = o(q = 0.9), where o(q) is given by Example

1 p+o

o 910) = 5 | Daslol®52) + Dol

1 . )
=5 (D25 (pl0) + D5 (dlp)]

2
1 5\”
= |2—[Tx|p* P+o
2a 2

for any o, B € (0,1].

=)
™[R

518 p+a\°
2

10, we plotted Tsallis-Jensen-Shannon divergence Jo g(pld) for any 0 < a < 1 with some
different 8 in Figure 3.
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Figure 3: Plots of two parametric quantum Tsallis-Jensen-Shannon divergence J, 5(p|d) for

any 0 < o < 1 with some different . Two density matrices p and § are given in Example
10.



Corollary 13 For two density matrices p and 6, the lower and upper bounds of quantum

Tsallis-Lin relative entropy Délg(p|5) are given by

a—1 .
(1 o) exp { (= (1 tulog () — ) | < DEG(I0) < (1= o) M {8571},
0 —

™|

where by = (Tr [p (#)BD and o, B € (0,1].

Corollary 14 The lower and upper bounds of two parametric quantum Tsallis-Jensen-Shannon

divergence J,, 53(p|d) are given by

LJayg(p|5) = % [(1 _ bo)eb ,1(1+bolog(bo) ) (1 b ) 2= L (1+b1 log(b1)—b1)
< Jas(pld)

1

5 [(1—bo) M {b§~", 1} + (1 —by) M {b{7",1}] = RJap(pld),

™[

where by = (Tr [p (%5)&}) and by = (Tr [51_5 (#)ﬂ)é for a, g € (0,1].

Example 15 Using p = o(q = 0.1) and § = o(q = 0.9), where o(q) is given by Example
10, we plotted the differences of quantum Tsallis-Jensen-Shannon divergence and its upper
bound RJy o (p|0) — Jaa(pld) (dotted curve), and its difference with its proposed lower bound
Jaa(pl0) = Ldna(pld) , a € (0,1] (dashed curve) in Figure 4.

3 Conclusion

In this paper, we have discussed the nonadditive extensions of quantum divergences, i.e.,
a two parametric version of the non-extensive a quantum Tsallis-von Neumann entropy,
Tsallis-Lin quantum relative entropy and quantum Tsallis-Jensen-Shannon divergence of two
density matrices. Some properties of them have been proposed. Using the Holder’s inequality
and Hermite-Hadamard’s inequality for the class of log-convex functions, we proposed some
bounds for the two parametric version Tsallis quantum relative entropy D, g(p|d) in Theorem

8. The proposed bounds are stronger than the former bounds in the special case of a = (3 (see
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Figure 4: Plots of RJ,a(p|d) — Ja.a(pld), and Jua(p|0) — LJa.a(pld) as functions of to the
a € (0,1]. p and § are same as the given density matrices in Example 15.

Corollary 9). We also propose a two parametric Tsallis-Lin quantum relative entropy and

of p and 6, D%(p|d) and find some strong bounds for it in Corollary 13. We also introduce

a generalized two parametric quantum Jensen-Shannon divergence .J, 3(p|d) and find some

new bounds for it in Corollary 14. Our results can be applicable in quantum information

theory of systems with long-range interactions.

References

[1] Abe, S. Monotonic decrease of the quantum non-additive divergence by projective mea-

surements, Phys. Lett. A., 312 (2003), 336-338.

[2] S. Abe, A. K. Rajagopal, Validity of the second law in nonextensive quantum thermo-

dynamics, Physical review letters, 91 (2003) 120601.

[3] F. Adli, H. Mohammadzadeh, M.N. Najafi, Z. Ebadi, Condensation of nonextensive ideal

Bose gas and critical exponents. Physica A: Statistical Mechanics and its Applications,

521 (2019) 773-780.

[4] T. Ando, Matrix young inequalities, Oper. Theory Adv. Appl 75 (1995), 33-38.

10



[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]
[17]

R. Asgharzadeh Jelodar, H. Mehri-Dehnavi, H. Agahi, Some properties of Tsallis and
Tsallis-Lin quantum relative entropies. Physica A: Statistical Mechanics and its Appli-
cations, 567 (2021) 125719.

S. L. Braunstein, C. M. Caves, Statistical distance and the geometry of quantum states,
Phys. Rev. Lett., 72 (1994) 3439-3443.

J. Briét, P. Harremoés, Properties of classical and quantum Jensen-Shannon divergence.
Physical review A 79 (2009) 052311.

F. Caruso, C. Tsallis, Nonadditive entropy reconciles the area law in quantum systems
with classical thermodynamics. Physical Review E, 78(2008), 021102

S. Dragomir, M. Jleli, B. Samet, Generalized convexity and integral inequalities. Math-
ematical Methods in the Applied Sciences (2020) 1-15.

M. Gell-Mann, C. Tsallis, Nonextensive entropy-interdisciplinary applications; Oxford
University Press, New York, 2004.

E. Heinz, Beitrage zur Striingstheorie der Spektrallegung, Math. Ann. 123 (1951), 415-
438.

S. Kullback, R. Leibler, On information and sufficiency, Ann. Math. Stat. 22 (1951)
79-86

P. W. Lamberti, A. P. Majtey, A. Borras, M. Casas, A. Plastino, On the metric character
of the quantum Jensen-Shannon divergence, Phys. Rev. A, 77 (2008) 052311.

P. W. Lamberti, M. Portesi, J. Sparacino, A natural metric for quantum information
theory, International Journal of Quantum Information 7 (2009) 1009-1019

J. Lin, Divergence measures based on the Shannon entropy, IEEE Transactions on
Information theory 37(1) (1991) 145-151.

C. Lowner, Uber monotone Matrixfunktionen, Math. Z. 38 (1934), 177-216.

J. Lee, M. S. Kim, and C. Brukner, Operationally invariant measure of the distance
between quantum states by complementary measurements, Phys. Rev. Lett., 91 (2003)

087902.

11



[18]

[19]

[20]

[22]

[23]

[25]

[26]

[27]

28]

S. M. Manjegani, Holder and Young inequalities for the trace of operators. Positivity,
11 (2007), 239.

A. P. Majtey, P. W. Lamberti, M. T. Martin, A. Plastino, Wootters’ distance revisited:
a new distinguishability criterium, Eur. Phys. J. D, 32 (2005) 413-419.

A. P. Majtey, P. W. Lamberti, D. P. Prato, Jensen- Shannon divergence as a measure
of distinguishability between mixedquantum states, Phys. Rev. A, 72 (2005) 052310.
H. Mehri-Dehnavi, R. Rahimi, H. Mohammadzadeh, Z. Ebadi, and B. Mirza, Quantum
teleportation with nonclassical correlated states in noninertial frames, Quantum Inf.
Process. 14 (2015) 1025-1034 .

D.S. Mitrinovi¢, I.B. Lackovi¢, Hermite and convexity, Aequationes Math. 28 (1985)
229-232.

C.P. Niculescu, L.-E. Persson, Convex Functions and their Applications. A Contempo-
rary Approach, in: CMS Books in Mathematics, vol. 23, SpringerVerlag, New York,
2006.

C. P. Niculescu, The Hermite-Hadamard inequality for log-convex functions. Nonlinear
Analysis: Theory, Methods & Applications, 75(2) (2012) 662-669.

G. K. Pedersen, Some operator monotone functions, Proc. Amer. Math. Soc., 36 (1972),
309-310.

L. Rossi, A. Torsello, E. R. Hancock, Measuring graph similarity through continuous-
time quantum walks and the quantum Jensen-Shannon divergence, Physical Review E
91 (2015) 022815.

L. Rossi, A. Torsello, E.R. Hancock, Measuring graph similarity through continuous-
time quantum walks and the quantum Jensen-Shannon divergence, Physical Review E
91 (2015) 022815.

B. Schumacher, M. D. Westmoreland, Relative entropy in quantum information the-
ory. In S. Lomonaco, editor, Quantum Computation and Quantum Information: A

Millenium Volume. American Mathematical Society Contemporary Mathematics series,

12



2001.

[29] C. Tsallis, Possible generalization of Boltzmann-Gibbs statistics, J. Stat. Phys. 52 (1988)
479.

[30] C. Tsallis, Introduction to nonextensive statistical mechanics: approaching a complex
world. Springer Science & Business Media, 2009.

[31] H. Umegaki, Conditional expectation in an operator algebra, IV (entropy and informa-
tion), Kodai Math. Semin. Rep. 14 (1962) 59-85.

[32] V. Vedral, The role of relative entropy in quantum information theory, Reviews of
Modern Physics, 74 (2002) 197.

[33] J. von Neumann, Mathematical Foundations of Quantum Mechanics, Princeton Univer-
sity Press, Princeton, NJ, 1955 (Originally appeared in German in 1932).

[34] R. F. Werner, Quantum states with Einstein-Podolsky-Rosen correlations admitting a
hidden-variable model, Physical Review A 40 (1989) 4277-428]1.

[35] W. K. Wootters, Statistical distance and Hilbert space, Phys. Rev. D, 23 (1981) 357-362.

13



