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The explicit formula for solution of wave differential equation
with fractional derivatives in the multi-dimensional space

'Durdiev D.K., 2Shishkina E.L., 2Rahmonov A.A.

Abstract. This paper devoted to the obtaining the explicit solution of n-dimensional wave equation
with Gerasimov—Caputo fractional derivative in the infinite domain with non-zero initial condition and
vanishing condition at infinity. It is shown that this equation can be derived from the classical homogeneous
hyperbolic integro-differential equation with memory in which the kernel is t! = Fy_, oo (—t*7%), a €
(1,2), where E, g is the Mittag-Liffler function. Based on Laplace and Fourier transforms the properties of
the Fox H-function and convolution theorem, explicit solution for the solution of the considered problem
is obtained.

Keywords: fractional wave equation; Gerasimov—Caputo fractional derivative; Laplace transform;
Fourier transform; convolution theorem; explicit solution.

1 Introduction to the problem and its setting

The rapid development of fractional differential equations with various fractional derivatives was largely
due to the discovered practical applications of fractional calculus, primarily in the physics of complex
inhomogeneous media. Fractional differential equations are ideally suited for modeling anomalous processes
occurring in systems with a fractal structure or having a power-law memory.

The study of dynamical systems that have fractal properties or power memory have important
theoretical and practical value. The presence of memory in a dynamic system indicates the dependence of
its the current state from a finite number of its previous states. It leads to nonlocal properties of dynamical
systems, for example, in mechanics when describing the effect of aftereffect is known in viscoelastic media
[1, 2], in materials science - fatigue of materials, characterized by the gradual accumulation of defects
under the action of stresses, which leads to the destruction of the material [3], in the economy - the effects
of dynamic memory in economic theory [4] and even in medicine [5].

Hereditary processes or processes with memory are dedicated to hereditary mechanics in the description
of viscoelastic media and materials These processes characterize a state of a mechanical system that
depends on its previous conditions. The mathematical apparatus for describing hereditary mechanics is
the apparatus of integro-differential equations with a convolution integral terms, in which kernels are
called functions of memory [6]. In papers [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] (see also the
list of references in them), a wide class of inverse problems of determining these kernels from hyperbolic
integro-differential equations was studied on the basis of an additional condition on the solution of the
direct problem.

If the memory functions are given and are power-law, then we can go to other types of equations that
are based on derivatives of fractional orders, properties of which are considered in books on fractional
calculus [5, 20, 21]. The solvability of Cauchy problems and initial-boundary value problems for various
types of linear fractional differential equations were investigated in the works [20, 22, 23, 24, 25, 26, 27].
To construct a solution of linear fractional differential equations of diffusion type, various methods and
algorithms based on the Green’s function, Fourier, Laplace, and Mellin integral transforms, a generalization
of the method of separation of variables, reduction to Volterra-type integral equations, and several others
were proposed. At the same time, there are practically no methods for obtaining analytical solutions of
fractional wave differential equations with fractional derivatives.

In this paper, we consider the following n—dimensional integro-differential equation of the (modified)
fractional wave equation

wg(x,t) + §DYu — Au(x,t) = f(x,t), (1.1)
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which satisfies the initial and boundary conditions

u(z,0) = p(x), ur(x,0) = Y(x), lim (u,Vu)(z,t)=0, t>0,z=(r1,22,..,2,) €ER",  (1.2)

|z]| =00

where the Gerasimov—Caputo fractional differential operator §'D§* of order o € (1,2) is defined by [28]

t
1 Urr (T, T)
C Nna TT 9
D t) = d
0 t ’U/(fL’, ) F(2 _ Of) / (t _ T)a—l Ts
0
A is the n-dimensional Laplace operator with respect to  and V = (0%1, e %) .

The main goal of this article is to obtain an analytical formula that gives a solution to problem (1.1)
- (1.2).

Remark 1. In Section 4, it will be shown that, under certain conditions, all the equations considered
in the works [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] are reduced to the equation of the form (1.1)
with f(x,t) = 0.

2 Preliminaries

In this section, we present well known definitions, lemmas and theorems that will be used for proof of
main results.

Definition 1. The Fox H—function is a generalized hypergeometric function, defined by means of the
Mellin-Barnes type contour integral [29]

Hm n (aj»Aj)ll) - 1 Hmv”( ) _Sd (2 1)
pa | 0BT | 2mi Jo P E e -

where . .

H F(b] + Bj.S) F(l — Q; — AZS)

j=1 i=1

Hi ()= — :
H F(l — bj — BjS) H F(al + AZS)
j=m+1 i=n+1

with complex variable z # 0 and a contour Q in the complex domain; the orders (m,n,p,q) are non-
negative integers so that 0 < m < ¢, 0 < n < p, the parameters A; > 0, B; > 0 are positive and
a;, bj, i =1,....,p; 7 =1,...,q are arbitrary complex such that

Ai(bj +1) # Bja; = 1'=1), 1,I'=0,1,2,...,i=1,..,n,j=1,...,m. (2.2)

The details on the properties of the Fox’s H—function and types of contour {2 can be found in [37],
where its behavior is described in terms of the following parameter:

ﬁ::ZBj _ZAZ"

j=1 i=1

Theorem 1. Let k is given and let the condition (2.2) be satisfied. If k < 0, then the H—function
has the asymptotic expansion at infinity given by [29]

m,n _ d
HWM(z) = O(27),  |z] = oo,

where

d := min
1<j<n

[%(aj) - 1]

J



NA(a;)—denote the real part of the complex number a;.
The Mittag-Leffler functions E,(2) and E, g(z) are defined by the following series:

2" > 2"

Eal2)i= 3 fransyy = Faals) and Fup(s) =3 po,

n=0 n=0

respectively, where a, 2,8 € C, R(a) > 0. These functions are natural extensions of the exponential,
hyperbolic and trigonometric functions, since
e —1 sinh z

Ey(2) =¢€*, Ea(2?) =coshz, Ey(—2%) =cosz, Fia(z)= pot Eyo(2%) = ;

The three-parameter Mittag-Leffler function or Prabhakar function is [30]:

e (e
B 4 _;}ma7 (2.3)

where a, 8,7,z € C, B(a) > 0 and (7),, denotes the Pochammer symbol or the shifted factorial defined
by
Mo=1 (W=7 +1.ly+n-1), 770
Also we can write (v), = I'(y +n)/I'(7), where I'(y) is the Gamma function. We have following special
cases: B} 5(2) = Ea,p(2) and E} | = Ea(2).
Recall that the function (2. 3) can be rewritten in terms of the Fox H-function as [29, 30]:

1 1—my,1
EY 4(z) = mH}j [—z EOJ;(Q_M] . %R(y) > 0. (2.4)

We define the integral operator £

o By as follows [29, 31]:

t

(gg,ﬁ,w;a+§0) (t) = (tﬁflEg)B(wto‘D *p(t) = /(t - T)ﬁflEg’ﬁ(w(t —7)*)o(7)dT. (2.5)

a

Note the integral operator (2.5) is nowadays known in literature as Prabhakar fractional integral.
Lemma 1. The following Laplace transform of a three-parameter Mittag-Leffler function is true
[29, 32]:

L [tﬂ_lE;”ﬁ(iwta)} (s) = /e_Sttﬁ_lE;B(iwto‘)dt =
0

s —8
(s Fw)?’

where |w/s*| < 1.
Lemma 2. The Laplace transform of G’AttﬁflEg ﬂ(:twta) is given by the following formula [32]:

B _ + )\)04’7—5
L[ MpB-1EY (4 ta} _ (s B
R R (PR VR
where A > 0, lw/(s+ )| < 1.
In the case A = 0, Lemma 2 coincides with Lemma 1.
Lemma 3. For arbitrary o > 0, 8 is an arbitrary complex number, > 0 and a € R, the following
formula is valid [33]:

[ B gy = (2 a2 / MBS (ale) Ty 1 el e dle]

R

Here Jn _1(:) is a Bessel function and E( B)( ) denotes m-th derivatives of the Mittag-Leffler function.
m-th demvatwes of the Mittag-Leffler functzon can be expressed in terms of the Fox H-function as

(m) 1,1 (=m,1)
Ea,ﬁ (Z) Hl 2 [_ (0,1),(1—(am+p), a)i|



For solvability of an integral equation of the Volterra type with difference kernel it is true the following
assertion [34]:

Lemma 4. If {k(t),r(t)} € L1[0,T] for a fited T > 0 and k(t),r(t) are connected by the integral
equation

r(t) = k(t) + /k(t — 7)r(1)dr, t € [0,T], (2.6)

o0 = [kt + 10, 50) € L0, T] (27)
0
is expressed by formula
(1) = / Pt — ) f(r)dr + f(2). (2.8)
0

Now, we present definitions of multidimensional Fourier, one-dimensional Laplace transforms and
Riemann-Lebesgue lemma.
Definition 2. The n—dimensional Fourier transform of a function f(x,-) of x € R™ is defined by

20]
FW%N@:ﬂ&%:/ﬂ%%”MM,few

where

r eR", £ eR™ 5'1‘22&'1‘1‘, dx = dz1dxs...dx,
j=1

while the corresponding inverse Fourier transform is given by the formula

1 = 1

FRE ) = 5o i) = o [ H(E )5 d, e
R

n

Definition 3. The Laplace transform of a function u(-,t) with respect to the variable t € R := (0, 00)
is defined by [20]

Liu(-,)](s) = (-, 8) = /e—stu(-,t)dt, seC.

The inverse Laplace transform is given for t € Ry by the formula
1 y+ioo
L7 u(+, 9)](t) == =— e*u(-,8)ds, v =R(s) > o =: inf|s|.
270 Jy—ioo

where d§ = d&d&s...dE,,.
Lemma 5. If f is Ly integrable on R™, then the Fourier transform of f satisfies [20]

fe) = [ fape e 50, as Jg oo

R™

We will use these above notations everywhere in this paper.



3 Explicit solution of the problem (1.1) and (1.2)

The unknown function u(x,t) is required to be sufficiently well behaved to be treated with its derivatives
wup(x, ), use (2, ), Ug,z, (x,t),7 = 1,...,n by technique of Laplace (in ¢) and Fourier (in «) transforms. The
given functions ¢(z), ¥(x) and f(x,t) are also assumed to have such properties, in addition, they are
such that the integrals and the series in (3.1) converge.

Theorem 2. The explicit solution of the problem (1.1) and (1.2) can be expressed by formula

j+1 iE-x
5; (2—a)j+2, —[€?; 0+f) (& t)e ¢ dé+

R —O

/Go (x— &,1) df+/al (x — &, 0 (€)dE,, (3.1)

where the Green functions Gi(x,t), k = 0,1, are given by

1 (=1 aans T
Gote) = 5o 32 (s
j=0

(1+(2-a)j,1) ]
(n/2,1/2),(1+j,1/2)

4!

L2 a)(y+1)H20 [| z|

1+2—-a)(j+1),1) }
(n/2,1/2),(1+ 4, 1/2) | )

24 (2—-a)j,1) ]

1 > (—1)j —a)j , |.’t|
Cr(at) = > (t” T {215 (1/2,1/2), (1 +,1/2)

4!

|
2t

-G 20 [

2+@2-a)(j+1),1) }
(n/2,1/2),(1+4,1/2) | )
where x € R™, £ € R™.

Proof. Let Flu(z,t)] := (£, t) be the Fourier transform of u(z,t) with respect to variable x, and
Llu(z,t)] := 4(z, s) be the Laplace transform of u(z,t) with respect to variable ¢. In sequence, applying
to the equation (1.1) the Laplace transform with respect to the time variable ¢ and the Fourier transform
with respect to the spatial variable x, we obtain the following equation:

(€, 8) — 0(E,0)s — w(E,0) + 577 [$4(E,0) — A€, 0)s — (&, 0)]

C[€Pa(E, s) + f(€, 5), € € R™

Taking into account the initial conditions from (1.2), this equation yields

s 1 2 s+s27 145472 -
u(g, s) 52+5a+|£‘2f(f73)+w90(5)+w¢(f)
— F(E,s) 4+ B(E,s) + U(E, ). (3.2)

We calculate the inverse Laplace and Fourier transforms of the function (¢, s) defined by (3.2). First,
these operations we carry out for F(€,s). It may be performed by using the equality

1 s« 1
_ . 3.3)
21 2 2w [€2s—= (
$2 4 s>+ [¢] s +1 1+S272+1

and expanding the second factor on the right side of this expression into an infinitely decreasing geometric

series:

oo 70”,7(

‘5\2 - Z 7|£‘ 52— a+1)

1+ s2— at] n=0




for L%lfirl‘ < 1. On bases of (3.3) from last equality we have
1 0 9 S—oc(n—i—l)
= —  — 3.4
82 + s + |€‘2 ngo( |§‘ ) (82_0‘ + 1)n+1 ( )
Then, according to Lemma 1, we note
S—a(n+1) =T t2n+1En+1 t2—a d
(Fa L ) [ B sy (F7]am
1 oo
— L _ nt2n+1En+1 t2—o¢ )
52 + 5o+ |€|2 7;)( |£| ) 2— a2n+1( )
Taking these formulae into account, eventually F'(, s) can be expressed as
F(g,s) =L | Y (—le)r 2 mg Ly (- tH)] L{f&)]. (3.5)
n=0

We now transform the functions ®(&,s) and ¥(&,s). For this we note that the fractions at these
functions as seen from (3.2) differ from (3.3) only by numerators. Because of this

5+ % 1 e S—a(n+1)+1 S—(xn—l
2 o 2 :Z(_K'Q) 2—a n+1 + 2—a n+1 |’
T e & GRS TR ey

1 +5a72 el N Sfa(n+1) g—an—2
2 «@ 2 = Z(_|§|2) 2—« n+1 + 2—a n+1| "
s+ + €7 = (s*7* +1) (s*7*+1)

In view of the last relations, applying Lemma 1 to the functions ®(&, s) and ¥(&, s), we obtain

(¢, 5) = L [Z(—ISI )" By g ana (= tza)] (s)(6)+

n=0
+L Z(—|€|2)"t2("+1)_“E§+i,zn+3a(—tQ_a)] (s)2(8); (3.6)
n=0
U(E,s) = L | S (g2 em B, (- t?%] (s)D(6)+
n=0
FL| S (fepyrntammmappit (- tM)] ()5(9). (3.7)
n=0

Further, in accordance with the Mittag-Leffler function definition (2.3), from equation (3.4) we get

) ) + 1) (_t2foz)j
t2n+1En+1 t2 a t2n+1 n
2; ) 2 a2(n+1 nz::O &%) Z N(2—-a)j+2(n+1)) J!

— ii(—l)jt@—a)j—kl (J+ Dn (=[lP?)" i 172t g+l (—[e22).

—a)i 2,(2—a)j+2
== I((2—a)j+2(n+1)) n! = )i
By virtue of this fact we continue converting of the function F(¢, s) as

o0

F(&s) =L |y (-1t HEIT L (-1EPe)

=0



(o)

L[fEn] =L [[ o1t gli L (—1ePR) | « flet

=0

Taking into consideration the convolution property of the Laplace transform and the definition of integral
operator £ 5 ... ¢ by (2.4), the inverse Laplace transform of the function F(¢, s) from last relations can
be obtained as follows:

LR - Z ( ng(; oz)j+2,—\§\2;o+f) (&1). (3.8)

Jj=0

Analogically, the inverse Laplace transform of functions ®(,s) and ¥(¢,s) by virtue of (3.6) and
(3.7) can be expressed as
e s) (1) =

—a 1 !
- Sy (IO + S R0

j=0

LTH[P(E,5)] (1) =

(2—a 17+1 2 (2—a) 1)+1 pg+1 2,2\ 7
Z W o (- IE*E?) +Z D TEE (o a2 (FIEPER(E).
Jj=

Considering the relationship between the generahzed Mittag-Leffler function and the Fox-H function
(2.4), the last equalities can be rewritten in the form [29]

oo

L7 (e 9] = (1P (K0 e 113 (16263 e

Jj=0

(2— a)(1+1)7 2 |(=34,1) -
+ G Uﬂ 0).¢ (2—a>(j+1),2>D9"<f)

e (51 oy it [rei2se (D) (2=a)(+1) 7711 [121242 |(—3:1)
*ZO 7 (=3 [1gPe ‘(071),(7(2704)1'-,2)} + U L [t ‘<0,1),(,<2,a)(j+1),2)})
=
. o~ (1 (amayia (2-0)(+1)-1§ 5
x(©) = 3 (10 + o B3;(6.1)) B(6): (35)
j=0 )

Hl ,1 |:‘£|2t2 (=3,1)

F(]+1) (0,1),(— (27a)j71,2):|

. 1 J
e-a)g++1__ L g 2|(=3.1)
+t F(j+1) {|€| 10,10, ( (2—a)(j+1)—1>2)})w<£)

35

j=0

( (2— aj+1H11 [|§|2t2 (=3,1)

2—a)(j+1)+1
G (27(1)%1’2)} 42D

4!

1,1 (—j,1) -
< Hy [|§|2t2 ’(07]1),(7(27a)(j+1)71,2)})¢(§) —

i - ( (2— a)g+1q,1 (€, t)+t(2 )G+ +L, (f,t)) 1[,(5) (3.9)
§=0

n (3.8), (3.9) we introduced the following notations:

= —j,1 S —j,1
b6 t) = I3 [I€P2 01 o arsin | 26 ) = HIB [I€P2 01 i (310)



X s T 1,1 —-7,1
Ui(60) = HL3 (169210 wyv ] > B2a(68) = HE [P 00 6 mpiiny 1] - 1)

We also denote

:i (—jl')j (1=, (E.1) + 12Dy (E.1)) (3.12)

Jj=0
o'}
Jj=

Now we compute the inverse Fourier transform of relations (3.8) and (3.9). For this applying the
inverse transform F~! to equalities (3.10) and (3.11), we have

(t(2 o 7+1\I,1 (&,1) + 3 a)(]+1)+1\p2 (€, t)) (3.13)

1 (—3:1) it
(I)lj(x,t)—(zﬂ_)n/ [|§|2t2’ DIy | €7 (3.14)
R"L
I p—— 7 [ Y | e (3.15)
ARYT gy | 2 (0.1), (—(2-a)(+1),2) ; :
RTL
1 ,1) i&-x
\I’lj(xat): (271_)"/ [|£|2t2’ )( (2—a)j—1, 2)} ¢ dg, (3~16)
Rn
1 11 (—4,1) i€
Waj(x,t) = (2m)n /H1,2 [|§|2t2 (0]1)( (2—e)(G+1)—1 2)} Sdg. (3.17)
Rn

Using Lemma 3, we obtain the following results from formulae (3.14)-(3.17)

_n —j1
®y;(2,t) = 2 / "/ZH” 1/ “t? EO,J1)727(2704)]’,2)}J%*1(|$|y)dy’

( n/2

o0

1 1-2 n/2 L1 | 2,2 ((—5,1)
Poj(x,t) = Wlxl 2 /y / Hyl [Z/t ‘(011) (=(2=a)(5+1), 2)} Jz—1(zly)dy;
0

o0

- n 1,1 —7,1
|$|1 2 /y /2H1,2 [y2t2 E07J1)7)(_(2_a)j_1,2)} % (|x|y)dy,
0

1
\Illj (J?, t) = (271')”/2

o0

1 1-2 n/2 L1 | 2,2 ((=5,1)
(2, t) = WW 2 /y /2Hy [?J t ‘(oj),(—(2—a)(j+1)—1,2)} Jz—1(|zly)dy
0

Taking into account a Hankel transform [29](p. 57) and the properties Fox-H function [29](pp. 11-13),
the first function of the last ones can be written as

1 on [z (1L,1),01+2-a)j2) | _
Py;(z,t) = 7ﬂn/2|x‘nH2,3 [4,52 (n/2,1)7(1+j,1),(jl,1) } -
__ 1 o[l t+2-a)i2) ] _
S er i s
1 oflzl|  (+(2-a)j1)
27rn/2|x|nH 2[ (n/2,1/2),(1+5,1/2) } (3.18)

By same arguments for ®;, ¥1; and ¥y, we have



_ 1 20 [12] | A+ 2—-a)(j+1),1) ]
Ooj(,0) = g e | 5 (/2 1/2). (11 ,1/2) | (3.19)
1 2.0 [ %] 2+ (2-wj,1)
\I’lj($,t) = 7271'”/2‘x|”H1’§ _g (n/27 1/2)7 (1 +jj, 1/2> ] , (3.20)
1 so[lzl] @+ 2-a)(+1),1) ]
Wy, t) = zwn/szlvg 2t | (n/2, 1/2)7(1j+j, 1/2) | (3.21)

Now, applying the inverse Fourier transform to both sides of (3.12) and (3.13), and substituting into
resulting equalities formulae (3.18)-(3.21), we get

1 > ( 1) 2—a)j 2 |$|

2 1l
27/ |;1c|”j=O J!

(1+(2—a)j,1) }Jr

2—a)(j+1 |$| (1+(2_a)(+1)71)

-G 2 [ e s (IJ+ i D (3.22)
1 . (_1)j 2—a)j+1 72 (2+(27O[) ’1)
Cr(@) = S 2 ( i [ ot |

a) (g |{IJ| (2+(2—Oé)(+1),1)

42=a)( +1)+1H20 [ /0. 1/2) (0 J+ i) }) (3.23)
Continuing to convert the equalities (3.6) and (3.7) we can write formally

L (6 0) + (60 = L7 (F G (03 + PG ] ©3©)). (320

In view of (3.8) and (3.24), applying an inverse Laplace transform to equation (3.2) we finally obtain

(&) =D (=17 (815 ysiajepos] ) (€8 + FGo(, 0] (©)p(6) + F[Ga(w, 0] (u(€).  (3.25)

Jj=0

To equation (3.25) can be further applied inverse Fourier transform and Fourier convolution property in
sequence. Accordingly, the Theorem 2 is proven.

Asymptotic of the function (3.1) at infinity. From the Theorem 1 and Lemma 5 implies following
asymptotic expansion at infinity for the solution of the (1.1)-(1.2) Cauchy problem:

|270<

w(ae, t) ~ |z e e (3.26)

where n € N, o € (1,2), ¢ > 0.

4 The integro-differential wave equation with the Mittag-Leftler
function in the kernel
In this section we show the equivalence of one integro-differential wave equation with the Mittag-Leffler

function in the kernel to the fractional wave equation.
Theorem 2. The integro-differential wave equation

¢
ugy — Au+ /k‘(t —71)Au(z,7)dr =0, z€R", t >0 (4.1)
0



with memory k(t) = t'"%FEay_o 24 (—tzf‘l) , a € (1,2), is equivalent to the time-fractional wave equation

up + § D — Au(x,t) = 0. (4.2)

Proof. Considering equation (4.1) as the Volterra integral equation of the second kind with respect
to Awu for fixed x and applying Lemma 4, we have

¢
Au = uy + /r(t — T)urr(z, T)dT, (4.3)
0

where 7(t) is resolvent of k(t) and it satisfies the integral equation (2.6)

We apply to both sides of (2.5) the Laplace and denoting by K(s) and R(s) the imagines of origins
k(t) and r(t), respectively, obtain

R(s) = K(s) + K(s)R(s).

From this relation we get
_ _R(s) 1
1+ R(s) s2a41]
Applying the inverse Laplace transformation to last equality (see [28])

K(s) R(s) > 1.

1

k(t)= L' [K(s)] = L7} [sz—aﬂ

] =t'"Ey_q, 20 (—1779). (4.4)
Thus, if we choose k(t) by formula (4.4) then, (4.3) yields (4.2).

Remark 2. Thus, the equation (4.1) with memory kernel k(t) = t'=*Es_o oo (—t*~*) describes
the homogeneous time-fractional wave equation (1.1).

From this remark it follows that the solution of equation (4.1) with conditions (1.2) can be given by
formula (3.1) for f(z,t) = 0.

5 Conclusions

In practices, using the different types of a memory kernel k(t) in equation (4.1) it can be described a
wide variety of physical phenomena with memory effects. In this work, it is shown that n-dimensional
wave equation with Gerasimov—Caputo fractional derivative (1.1) with f(x,t) = 0 can be derived from
the hyperbolic integro-differential equation (4.1) with memory kernel t'=*FE5_, 2, (—tg_o‘) . Based on
the Laplace transform method to the time variable and Fourier transform to the spatial variable, the
analytical explicit solution of initiallIlboundary problem for the equation (1.1) is obtained. This solution
includes the Prabhakar fractional integral and Fox H-functions.
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