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Abstract

A coupled model of piezoelectric beams with magnetic effect and nonlinear damping is considered. Assuming adequate hy-

potheses on nonlinear damping, uniform decay rates for the solution is established.
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1. INTRODUCTION

Piezoelectric materials are known to have the valuable property of converting
mechanical energy into electromagnetic energy and vice versa (see [6] for details). In
this direction, piezoelectric actuators are generally scalable, smaller, economically
cheaper and more efficient than traditional actuators and therefore a competitive
choice for many tasks, particularly the control of flexible structures. They are used
in civil engineering, industrial, automotive, aeronautical and space structures.

Taking into account these important applications in 2013, Morris and Ozer [8],
used a variational approach to construct a coupled model of piezoelectric beams
with magnetic effect given by

PO — QVgz + VBPzz = 0, in (0,L) x (0,00),
(1)
,ufptt - ﬁpzz + Vﬂvzz = 07 iIl (0’ L) X (07 OO)

To the above system they added boundary conditions

{ v(0,t) = p(0,t) = aw,(L,t) — vBp.(L,t) = 0, vt > 0,

2
Po(L,t) — v, (L, t) = — Y18, Yt >0 2)

and initial conditions

v(z,0) = vo(x), ve(z,0) = v1(x), p(x,0) = po(x), pi(x,0) =p1(z) in (O,L),( |

3

where the functions v and p are used to denote the transverse displacement of the

beam and the total load of the electric displacement along the transverse direction

at each point = respectively. Here p, «a, v, B, u, L, h and V denote mass density

per unit volume, elastic stiffness, piezoelectric coefficient, magnetic permeability,

impermittivity, length, thickness and the prescribed voltage on electrodes of beam
respectively. In addition, the following relationship was considered

) (4)
1
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Remark 1.1. It is important to note that since

plo.t) = / " D€ty

where D(x,t) represents the electric displacement in the direction z, then p(0,t) =0
and still p(L,t) = fOL D(&,t)dE may not be zero, because the boundary condition
p(L,t) = 0 does not represent the fization of the beam on both sides. In fact, the
fization is due to the boundary condition v(0,t) = v(L,t) = 0, where v is the
transverse displacement of the beam.

In [9] Morris and Ozer, taking V (¢) = p;(L,t) in , proved that the magnetic
effect, despite being relatively small, has a strong interference in stabilizing and
controlling the obtained system. Despite being strongly stable, it is not exponen-
tially stable for almost all system parameters, unlike the classical model, consisting
of a single wave equation as studied in [4 [l [10].

As shown in [9], the model with the magnetic effects proved not to be exactly
observable/stabilizable exponentially in the energy space for almost all material
parameter choices. In addition, even strong stability is not achievable for many
material parameter values.

It is well known that a single piezoelectric beam model without the magnetic
effects is known to be exactly observable and exponentially stabilized in the energy
space. Thus, taking into account this fact, in [2] Ramos et. al. considered V(t) =0
and a damping term v; and proved that the system is exponentially stable in the
energy space.

In this paper, we consider the following piezoelectric beams with magnetic effect
and nonlinear damping

PVt — Uz + ’Yﬁpxm +ah (vt) = 07 in (07 L) X (07 OO)»
()
MPtt — ﬁpwi + 761}112 = 07 Zn (Oa L) X (07 00)7
where a > 0. The system , we consider the initial conditions given by
’U(:L.JO) :’U()(CE>7 ’Ut(:l;ao) :U1($)7 p($70) :p0($)7 pt(x70) :pl(x) in (07L)a
(6)
and boundary conditions given by

v(0,t) = av, (L, t) — vBp.(L,t) = 0, vt > 0, 7
p(0,8) = pu(L,t) — yvu (L, 1) = 0, vt > 0. (™)

On the nonlinear term h, we assume, as in Lasiecka and Tataru ([I0]), that it
satisfies the following hypotheses:

(A1) h: R — R is a non-decreasing C°-function such that there exist positive
constants cy, ¢z, €, and a strictly increasing function H € C* ([0, +00)), with H (0) =
0, and H is linear or strictly convex C2-function on (0, €] such that

Yy +h*(y) <H ' (yh(y)); for all [y <e,
cilyl < |k (y)| < calyl; for all [y| > e.

Remark 1.2 Due to the relation , the boundary condition @ 18 equivalent to

’U(O,t) = Ux(L;t) =0, YVt > 0, g
{ p(0,t) = p(L,t) =0,  Vt>0. (8)

Hypothesis (Al) implies that y h(y) > 0, for all y # 0.
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With motivations coming from various physical applications, our goal in this
paper is to prove a general stability result for the system —@ with boundary
conditions (8)). This result is new and generalizes the result obtained in [2]. The
corresponding Lyapunov functional in this paper is easier than the one constructed
with the linear damping. In Section 2, using the energy method we prove the
general decay.

2. GENERAL STABILITY RESULT

In this section, we state and prove a general stability result for with the
initial and boundary conditions given by @ and , respectively.
We state without proof a global existence result. Throughout this paper, C' is
used to denote a generic positive constant, ||-|| and (-,-) denote the L?(0, L) norm
and inner product. Our objective is to prove the general decay using the energy
method. The well-posedness of is stated in the following proposition.
Proposition 2.1 Assume that (A1) is satisfied, then for all initial data ((vo,v1), (po,p1)) €
((H?(0,L)nH}(0,L)) x H! (O,L))Z, the system (@) has a unique solution (v,p)
that verifies

(v,p) (t) € C (R+; (H2 (0, L) N HZ (0, L))2) nct (R+; (H2 (0, L))2) ,

where
H} (0,L) = {we H"(0,L) : w(0) =0}.

Proof. This proposition can be proved using the nonlinear semigroup method as in
[3]. O

The first-order energy associated with is given by:
1 2 2 2 2
E@) =5 (pllvel”™ +alloall” + ullpell” + Blpa]”) =78 Re (va, pz) . (1)

Theorem 2.2 Let ((vo,v1), (po,p1)) € ((H2(0,L) N HL(0,L)) x HL(0,L))* be
given and assume that (A1) is satisfied. Then, there exist three positive constants
a1, as,a3 and €y such that

E(t) < alH?fl (agt +a3); t >0, (2)

where

Hy (1) = /t Hzl(y)dy and Hy (1) = ¢t H' (cot).

Here Hs is a strictly decreasing and convex function on (0,1], with th_r)r(l)HL; (t) =
+0o0.
The proof of this Theorem will be established through several lemmas.
Lemma 2.3 Let (v,p) be the solution of (@), then the energy functional FE,
defined by satisfies

E'(t) = —a (h(ve) ,ve) < 0. 3)

Proof. Multiplying the first equation of by v , the second by p:, integrating
by parts over (0, L) and using the boundary conditions , then summing up, we
obtain the result. (]
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Lemma 2.4 Let (v,p) be the solution of (3). Then the functional

L
5L (t) - <Uavt> + % <Uﬂ?a/z bt (y) dy> ’ (4)

satisfies, for all €1 > 0, the following estimate

L

[0

1) < —7; lve | + &1 [lpe |1 + C/ (vZ + B2 (vy)) da. (5)
0

Proof. sing ()1, 2, integrating by parts over (0; L) and using the boundary
conditions (8)), we obtain

I (1)

L L
|mW+m%Hﬂf@m/m@@>+f<%/m@m0<®

0] a
|mW—jw%W—;mhm»—%H%m»

By using Young’s, Cauchy—Schwarz and Poincaré’s inequalities, we have

Qa aq 2 2
— h < C ||k
P (v, h(ve))| < %[plcp ||U2 +C (’Ut)!
<Y 2+ Clh :
=% lvz]I” + C || (ve)]] (7)
T
r (v, )| < 1 [lpell® + C luel|”

by (6) and (7) and assume that (A1) is satisfied then we deduce the result. O
Lemma 2.5 Let (v, p) be the solution of (8). Then the functional

@w=%wm—%@%m (8)

satisfies the following estimate

L
Y 7B
I (t) < 1 Ipell? — 1 Ipz)l* + C lva||® + C/O (v7 + B* (v)) dz. (9)

Proof. Using ()1, (5)2,integrating by parts over (0; L) and using the boundary
conditions , we obtain
TH 2 YK
Lt = - — - = - = 10
5 (t) (it p) — (ve, pt) 20 ([P 2 (D, Ptt) (10)

_ kg2 B e latan]
= 2pllptll 2pllmllJr % (Va, Dar)

+3hm»m7mmm
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By using Young’s, Cauchy—Schwarz and Poincaré’s inequalities, we have

[a+ ] ~vB 9 9
R < L
2% (v, pa)| < 8 [Pz lI” + C vz

TH 2 2
\<vt7pt>lsgllpt\\ +Clvel”

%|(h( i)\ >|f8 ||p|| +C IR (0]

ngpllpmH +C ()l

by and and assume that (A1) is satisfied then we deduce the result.

O

To complete the proof of Theorem 2.2, we introduce the following Lyapunov

functional £
L(t)=NE({t)+ NI (t)+ 12 (¢),

where N and Njare positive constants to be fixed later.

(12)

Lemma 2.6 For N large enough, there exist two positive constants ¢; and Jq

such that

IE () <L(t)<6E().
Proof. Let’s define the following functional

L1(t) =N (t)+ LI (¢).

Using Cauchy—Schwarz,Young’s and Poincaré’s inequalities, we obtain

L

%Nl <vx,/pt(y)dy> < %J\G v)? +T§ L eell?
Nl < A0 g2 B
wandl < g el + el
Llowdl < 2wl + 2522 Inal

NG,
] < (Pems ) ol + 22 (220 Il

1 C
+ﬂ@+MmmW+;<H»)HA
Then by and 7 we get
L1 <cE().
Consequently
|L(t)— NE(@t)] <cE(t),
which implies that
(N=o)E()) <L) < (N—-c)E(t).
Choosing N large enough, then we have (|13)).

(13)
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Proof of theorem 2.2.
Differentiating , exploiting , and @, we obtain the following estimates

L L
! 2 2 2 — Na veh (v4)) dx
L't < ( N > loa|” + (N10+C)/0 (vt + h ('Ut)) dx — N /o (veh (vy)) d

Y 2 B 2
- —-N — —|lpz 1l
(4p 161) || 4p llpz |l

Now, we will choose carefully the constants, first we choose
= S,Z]liﬁ then we obtain <Zﬁ — N151> = 83‘7%17
) then we obtain %Nl -C ) =1,

then, for some k > 0, we have
L't) < -k (||vm|| + lpell” + l|pe|l ) C’/OL (vt2 + h? (v¢)) dz—Na /OL veh (vy) de,
and by using the energy functional defined by 7 then we obtain, for some k > 0
(14)

L
L (t) < —kE(t) +C/ (v + h* (vy)) da, vt >0

0

Case I: H is linear. In this case, from (A1), we have
all<lh@l<ell;  VyeR, (15)
then, we deduce
hQ()S'zh() y;  VyER,
< h@)y  WeE 19
S

then, by (@), , (@ and @
t); vVt >0,

L
£ () < —kE (1) +0/ h(0) vy dx = —kE (£) — CE' (1)
0

which gives
[L(t)+CE@®)] < —kE(t).
E (t), then we easily obtain

By using (13), we have L (t) + CE (t)
E(t) < Cye 1t vt >0,

H is nonlinear on [0,¢]. Following the same approach as in ([1]), in this

(17)

Case II: i i
case, as in ([I0]), we choose 0 < €1 < ¢ such that
h(y) ySmin{E,H(s)}, V|y\ < €.

we deduce from the hypothesis (A1) that
{ v +h*(y) < H  (yh(y)); for all [y| < e, (18)
cilyl < lh(y)l < ealyl; for all Jy| > er.
To estimate the last term of (74), as in ([7]), we consider the following

partition of (0, L):
log] < e} Qo={z€(0,L):|v] >e1}.

Ql :{LEG (O,L)
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Now, we apply Jensen’s inequality to the following term

£ = ﬁ/vt h(vy) da, (19)
(951

as H™! is concave, we infer that

H™ (I () > C/H—1 (v h (vy)) da. (20)

Using (@), @ and (@)7 then the right-hand side of becomes

L
02 2 (v, T = vf 2 (v, T vf 2 (v, T
| ety de = [ i) o [+ 02 ) d

(21)

[oR Q2
< [H Y (vih(vy)) de+C [vih(vy) de < CH (I (t)) —CE'(t).
/ /

Consequently, the estimate gives
Fy(t) < —kE@#)+CH (I (t); vt >0, (22)

where Fy (t) = L (t) + CE (t). On the one hand for ¢y < &, §o > 0, using
(29), H > 0 and H"” > 0 over (0,e] and E’ < 0, the functional

£1(0) = 1" (e ) Fa(t)+ 80 1),

is equivalent to F (t).
c1F1 (t) <F (t) <cF (t) ; c1,c9 > 0. (23)

E' (1)
E(0)

On the other hand, using the fact that ¢q
(@ we conclude that

H"( (L)fo()«)and

L0 = ag i (agg ) R+ 1 (0 ) 5O +0E 0 (20
(

—kE (t)H' (605((?)) +CH’< E((O))> H™ (I (t) + 60 (t).

IN

In order to estimate the second term in the right-hand side of , we
introduce the convex conjugate H* of H defined by

H () =y (1) ()~ H [(H) )] <y (H) @) fory € (0,1 (2)], (25)
and H* satisfies the following Young inequality:

AB < H*(A)+ H(B); for Ae (0,H' ()], B e (0,e]. (26)
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Now, taking A = H’ (eo E(( )) and B = H~'(I (t)) and using H' > 0 over

el, (@, (@, and (29]), we obtain

4 — " e E@) (g (t /
'ty < —-kE({t)H <0E(O)>+CH (H ( >+CH LI (1)) + 0o E (t)
. E() E(t) . t) E(t / /
< 7/€E(t)H <60E(0)>+C OE<O)H < 0)> CH( E(O)CE (t)+§0E (t)
([ E(@) E@) 4 (t) /
< —kE(t)H <GQE(O))+C€0E(O) ( (0)> ((50—0)E (t)
With a suitable choice of ¢y and &g, we deduce from the last inequality that
/ E@) .. ( E@{) E(t)
Fi(t) <= (kE(0)—-Ce) WO)H <EOE(0)> < —ar1Hs (E(O)) ) (27)

where a1 = (kE(0) —Ce) > 0 and Hs (t) = t H' (eot). Since E (t) ~

Fi (t) by , we set now Fa (t) = CIE%—(IO(;)’

E(t)~ Fa(t). (28)

We use the fact that Hj (), Ha (t) > 0 over (0,1] (this is due to the fact
that H is strictly convex on (0,¢]) and we deduce from and that

Fy (t) < —azHy (%) —azHy (F2 (t)); Vt >0, (29)

with ag > 0. Inequality (@implies that [Hs (F» (t))]" > az, where

t)Z/tlHj(y)y

Thus, by integrating over [0, t], using the properties of Hoand the fact that
Hj is strictly decreasing on (0, 1] we obtain, for some ag > 0,

It is clear that

Fo (t) < Hy ' (agt +az); ¥t >0, (30)
by using @ and @) we obtain the result @) |
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