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1 Introduction and preliminaries

There are many results on the existence of one- or two-dimensional dimensional nonlinear integral equa-
tions through measures of noncompactness (for instance, see some of them in the references). The mo-
tivation of this article is to unify and expand them in a single and simple way. We will use a general
scheme that shows that many results can be embedded in it and can be useful and practical for re-
searchers interested in this subject. Throughout this paper, assume (B, || - ||) be a Banach space. Denote
B, = {x € B : ||z|| < p} for a closed ball of radius p > 0 centered at 0, B, for the boundary of B,,
By(E) = {a € B |[z]|, < p}, and

B,(F) ={¥:B,(F)— E,V is a continuous functional}.

Suppose £ = C(I) = C(I,R) be a Banach algebra of continuous functions f : I — R with ordinary

point-wise summation and multiplication and the uniform norm ||z||, = sup{|z(s)|,s € I}, I := [a1,b1] X
- X [ar,by] C R" with the Euclidean metric | - | (as a particular case I := [a,b] C R), and Q set of

continuous and non-decreasing functions ¢ : Rt — RT such that ¢(0) = 0,Vt > 0,0 < ¢(t) < t,

In this article, we intend to investigate the fixed point existence solution of functional equation Tz =

2,z € By(F) in general, T : B,(F) — E is defined as

Tz(s) =C(s,U1(2)(5)y .-, Un(2)(5), P1(2)(8), ..., Pim(2)(s)), sel,ze B,(E). (1)

where (,V;,®; € B,(E),i=1,...,n,5 =1,...,m are completely defined in Theorem 2.1.
The functional equation Tz = z is general in the sense that it includes many forms of well-known integral
equations considered in the articles, see Section 2.1.
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The quantity

w(z,0) =sup{|z(s) — 2(8)| : s,5€ I,|s — 5| < o}.
is called the modulus of continuity of z € E. Also, for all bounded sets S C E the quantity

X(8) = lim wap(5,0), @)
defines a measure of noncompactness (briefly, MN) on E [6], where

Wsup (S, 0) = sup{w(z,0),z € S}.

An MN;, in general, can be defined on a Banach space (98, || - ||). Properties about it may be found in the
books of fixed point theory, for instance, some good books on the subject include [2, 6, 7, 10, 30, 32]. It
is well known that if « is an MN in a Banach space 8 then

(i) a(B) =0 iff B is a precompact set in B,
(ii) a(AB) = |Aa(B), where AB = {\z: z € B},
(iii) a(A+ B) < o(A) +a(B),A, B CB.

Definition 1.1 ([2, 30]). 1. Let T': B — B be a map, and a be an MN on B. Then T is called a
completely continuous compact map if 7' is continuous and 7" maps bounded sets to precompact
sets. Let p > 0. Denote

BS(E) = {T € B,(E),(T(S)) = 0,VS C B,(E)}.
2. T € B,(F) is called a condensing map if
a(TS) < a(S), VS C B, a(S)>0.

3. T € B,(E) is called a k-set contraction (0 < k) if
a(TS) < ka(S), VS C B, a(S)>0.

From properties (i)-(ii), every & € ’BS(E) is a completely continuous compact map. Let us denote
£,(F) € B,(E) for the set of 1-set contraction. Every functional ¥ € 98 ,(E) such that

do > 0,Vz € B,(E),w(¥(z),0) <w(z,0),

as well as every non-expansive or Lipschitz functional with Lipschitz constant 1 are in £,(E) (see [29,
Example 2.2.14] and [16]), also, examples of ¥ € £,(F) are in Subsection 2.1.

In this paper, the tool for investigating the existence solution of implicit functional equation (1) is a
variant of Darbo and Schauder fixed point theorem from Petryshyn [28].

Theorem 1.2 (see also [29, 30]). Let T': B, — B be a continuous and condensing map such that
if T(z)=kz, forsome z¢€ 0B, thenk <1,

or
T(dB,) C B,.

Then T' has at least one fixed point in B,,.



2 Main results

Theorem 2.1. (I) Let T be defined by Eq. (1), where ¥;, ®; € %E(E),j =1,....myi=1,....,n,p>
0, then T is a continuous functional.

(IT) Let p > 0 be a real number such that ®; € ‘Bg(E),j =1,....mV¥; € £,(F),i =1,...,n and
¢ € C(I x [[7ey [=Mi, My] x [[iZ4[=Nis NiJ, R), where

M; = sup{|V;(2)(s)| : s € I,z € B,(E)}, Nj = sup{|®;(2)(s)| : s € [,z € B,(E)},
and there exist non-negative constants k;,j = 1,---,m and, ¢; € Q,i = 1,...,n such that ¢ =

n m
1G5, 01, oty 01,y V) = G, T T, Dy )| S il — )+ Y Ealvi — 3], (3)
i=1 =1

forall s € I,uy,u1,€ [—My, Mil, ..., up, Uy € [—My, My], 01,01, € [=N1, Ni|, ..., 0m, Um € [— N, N

Then T is a condensing map.
(ITII) Furthermore, if ¢ satisfies
sup{|C(s, w1, ..., Un,V1,...,0m)| 1 s € [,u; € [—M;, M;],v; € [-Nj, N;]} < p, (4)
then T" has at least one fixed point in B,(E).

Proof. We prove the theorem only for n = m = 1, assertion for any n,m € N holds by induction (or
a similar way). It is clear that the functional T" is a combination of continuous functionals ¥;, ®; from
B,(FE) into C(I), so it is well defined.

(I) Choose € > 0 then by continuity of Wy, ®; and since ¢ is non-decreasing and continuous function
there exists 6 > 0 such that for any ||y — z||, < & we get ¢(||¥1(z) — V1(y)||.) < § and ||®1(z) —
®1(y)||u < 37, thus from (3) we have

[(Tz)(s) = (Ty)(s)] = |¢ (s, Wi (x)(s), P1(x)(s)) — ¢ (s, Wi (y)(s), Pr(y)(s))| (5)
< (11 (2)(5) = W1 () (5)]) + k1 [91(@)(s) — D1(y)(5)],

and
[Tz — Tyllu < ¢([|¥1(2) = C1(y)|]u) + k1[[@1(2) — P1(y)[|u < e
This shows that T is a continuous functional.

(IT) Let 0 > 0, z € S, where S is a bounded subset of B,(E), x(S) > 0 and s1, s2 € I with |sy —s1| < 0.
Case 1: If there exists term ¥y € £,(F) in Eq. (1) such that (3) holds then we have

[(T2)(s2) — (T'z)(s1)] = [ (s2, V1 (2)(s2), P1(2)(s2)) — C (51, ¥1(2)(51), P1(2)(s1))]
< [¢ (82, W1(2)(s2), P1(2)(52)) — C (52, ¥1(2)(s2), P1(2)(s51))]
+ 1€ (52, V1 (2)(52), @1(2)(s1)) — ¢ (82, ¥1(2)(51), P1(2)(51))]
+ ¢ (52, U1 (2)(s1), @1(2)(s1)) — ¢ (51, ¥1(2)(s1), P1(2)(51))]
< o(|W1(2)(s2) = W1(2)(s1)]) + ka|@1(2)(s2) — @1(2)(s1)] + ' (¢, 0)
(

|
< (w(P1(2),9)) + krw(@1(2), 0) + w' (¢, 0),



where
w(¢, o) = sup{[¢(s,ur,v1) — C(5,uy,v1)| : |s — 5] < 0,8,5 € I,uy € [~My, M],v1 € [-N1, N1]}.
Thus, we get
wWsup(T'(9),0) < Pwsup(W1(S), 7)) + krwsup (1(S5), ) +w' (¢, 0). (6)

From the above relations and assumptions ¥y € £,(F), ®; € %S(E) and continuity of ¢ and ¢,
taking limit as o — 0, we get

X(T'(9)) < ¢(x(S5)) < x(5). (7)
Thus, T is a condensing map.

Case 2: If there exist no terms ¥ € £,(F) in Eq. (1) then by a similar method as above instead of
inequality (6) we have

Wsup(T(S)7 J) < klwsup(q)l(s), J) + w1(<7 U)'

Taking limit as o — 0, we get x(7'(S)) = 0, thus, x(T'(S)) < ¢(x(S)) holds and T is a condensing
map.

(IIT) Let z € 0B,(F) and Tz = kz then we have ||Tz||, = k||z||u = kp and by assumptions (III) we get

T2l = sup [T'2(s)] = sup|C (s, W1.(=)(s), 2(2)(s) | < p,

hence, ||Tz||, < p, thus, k||z||, = kp = ||T2||u < p,i.e. k <1, thus, the result follows from Theorem
1.2.

O]

Remark 2.2. 1. If condition (IIT) does not hold then Eq. (1) may not have a solution, for instance,
consider the following Fredholm integral equation which has no solution in E (see [26, Subsection
11.2])

T(z)(s) = 2(s) = s + 2(2)(s),
m2t(1 — s),

@(Z)(S):/O k(s,t)z(t)dt,k:(s,t)Z{ 25(1 — 1),

TS s <t,

where s € [0,1], z € E. Here for all p > 0 we have ® € ’BS(E) (see Example 2.3-(1) below) and in
Eq. (1) we have ((s,v) = s+ v.

2. Assume that there exist non-negative constants k;,j = 1,---,m, ¢; € Q,% = 1,...,n such that
¢p=>1"1¢; € Qand for all s € I then ¢ € C(I x R" x R™,R) defined as

n m
C(saula <o Un, U1, e e ,Um) = Z¢Z(u1) + Zk]’l)],
=1 j=1

can be an example in condition (II) of Theorem 2.1. Also, let [;,i = 1,--- ,n be non-negative
constants such that Y " | l; < 1 then ¢;(¢t) = [;t satisfies condition (II) of Theorem 2.1.
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3. With the same assumptions in Theorem 2.1, let M, = sup{|((s,0,...,0)| : s € I'} and assume that
there exists p > 0 such that

n m
Z ¢i(M;) + Z kiNi + M¢ < p, (8)
i=1 i=1
then conditions (II) and (8) imply condition (III), since
Sup{’C(S,Uh <oy Un, Uy e e ,'Um)‘ HERS Iaui € [_Mlv Mi],’l)j € [_N]7 N]]}
< sup{|C(s, ut,. .\ Un, V1, ..., Um) —((s,0,...,0)| : s € I,u; € [—M;, M;],v; € [-Nj, Nj]}
+ sup{[¢(s,0,...,0)| : s € I}
n m
< Z ¢i(M;) + Z kiNi + M¢ < p.
i=1 i=1
4. From Theorem 1.2, it is clear condition (III) can be replaced by
Elp > O;Sup{|<(87ula'--7unvvla" : a’Um)’ HEJS Iaui € [_MZP’MZP]’U] € [_ijaij]} < P
where
M? = sup{|W;(2)(s)|: s €I,z € 8BP(E)},N]‘3 =sup{|®;(2)(s)| : s € I,z € 0B,(F)}.
5. Note that condition (III) implies that T'(B,(E)) C B,(E) and if there is no term ¢ € ’Bg(E) in (1)
and ¥; € £,(F),i=1,...,n are Lipschitz functional with Lipschitz constant 1 then the conclusion

of Theorem 2.1 follows from Boyd and Wond’s theorem [9] too, this situation is considered in [8,
Theorem 2] for product of two maps.

Example 2.3. Let I = [a,b], rg > 0, 0 € C(I),D = sup{l(s),s € I},n € C([0,D]),n([0,D]) C I and
K € C(I x[0,D] x [0,79],R).

(1) Let ® € B,,(FE) be defined as follows

0(s)
B(2)(s) = / K (5,6, 2(1(€)))dE, = € By (E).

Assume that sy — s1| < o then we have

0(s2) 0(s1)
2(2)(s2) — @) s0)] = | [ Klsa&ztu@de— [ K(sr. 200

<

0(s2) 0(s2)
[ K tonde— [ Ksrg snie)ag

0(s2) 6(s1)
+/ K(sl,g,z(n(g)))dg—/ K(s1,&, 2(n(§)))d¢

< DWH(K,0) + Mw(8,0),
where M = sup{|K(s,&,z)| : s € I,§ € [0,D], z € [—ro,70]}} and
WK, o) =sup{|K(s,&,2) — K(5,6,2)|: |s—5| <o,s,5€ 1,6 €[0,D],z € [-ro,70]}.
Thus, we have lim,_,o w(®(z),0) =0, so ® € B (E) (see also Example 3 of [32, Section 2]).
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(2) With the same assumptions in part (1), let ® € B,,(E) be defined as follows

[P K (s,€,2(n(€)))
O R

Without loss of generality assume that |so — s1| < o and 6(s1) > 0(s2), then we have

0(s2) s (s1) S
|@1(z)(32)_q>1<z><31)|:/0 fi;(;g 77)5 s / K( 1,5, <§)<1§>T>> 5‘

08 K s52,6 2(0(6)) (s2) sl,s, ), |
g/ d§ — / €

0o (0(s2) - > -9

0(s2) K<sl,§, (52 51,5, M), |
_|_/ 5 / 1—-7 5

0 (0(s2) — —¢)

0(s2) K(Sl,f, § 0(s1) 81,57 ( €))

After some calculations we get
B1(2)(52) —~ B1(2)(s0)] < D (K, 0) + o [0(51) — Bs2)” + (B(51) — (52)"].

The above inequality shows that ® € B (E).

(3) With the same assumptions in part (1), let & € B,,(E) be defined as follows

0(s)
_ /0 K(s,€, 2(5(€)))dB(€)

where the integral “ [” stand for stochastic integral and B is a Brownian motion, see [24] for definition
and further results, also, in this paper we assume that Brownian motion is standard, i.e., B(0) = 0. Very
similar to case (1) one can prove that ® € %% (E).

The following case shows that one can create new functional equations in practice and check the existence
of solutions.

Corollary 2.4. With the same assumptions in Examples 2.3-(1)-(3), assume that there exist rg > 0, non-
negative constants kj;, j = 1, 2,3, and ¢ € Q such that ¢ € C(Ix[—7rg, o)X [-DK, DK]x[— (2-151)’ F([T)fl)] X
[-K D, DK],R) satisfies

IC(s,u,v1,v2,v3) — ((s, U, v1,02,03)| < P(|lu—1ul) Zk\vz— il 9)

for all s € I,u,u, € [—rg,r0],v1,01,v3,03 € [—-DK, DK],,v2,02 € [— (Prfl) F(D )], where K1, K9, K3 €

C(I x [0,D] x [0,79],R) and

K = sup{|K1($,y,u)\, |K2(x,y,u)|, |K3(t’87u)| ‘U € [—TO,TO],x,y € I}



Moreover, let

¢(ro) + DK <2 + + M¢ < o, (10)

1
I'(r+1)
where M = sup{|((s,0,0,0,0)| : s € I} and

_ " L[ K. 2©) ;[
TZ<3> - C <S7Z(8)7/0 K1(87§7Z(77(€)))d§7 F(T) /0 (9(8) — 5)1 p= dfv K?)(Safvz(n(g)))dB(f)) )
(11)

for all s € I,z € By,(E). Then T has a fixed point in B, (E).

Proof. 1t is clear that the functionals Wy, @1, &3, 3 are continuous from C(I) into itself,

Uy(2)(s) = 2(s),s € 1,
y(2)(s) = [ o€ 2(0(E)))de s € 1.
1 s K2(Sa€’2(77(§)))
By(2)(s) = /0 it s e,
d3(2)(s) =

fo( gK’a(s & 2(n(¢)))dB(E),s € I.

We have ¥; € £,(F) and Examples 2.3-(1)-(3) show that ®; € %E(E),j = 1,2, 3. Thus, the functional
Tz(s) = C (s, W1(2)(s), 1(2)(s), P2(2)(s), ®3(2)(s)), s € 1,2 € Bry(E),

is of the form (1) for n = 1,m = 3. It is easy to check that M; = ro, Ny = N3 = KD, Ny = F(Tfl)

condition (II) holds. Let S := I x [~rg, 7] x [~DK, DK] x |~ {34y, F(ﬁ’fl)] x [-DK, DK]. Then from
(10) and similar to Remark 2.2-(3) we have

and

sup{|¢ (s, u,v1,v2,v3)| : (s,u,v1,v2,v3) € S}
< sup{|{(s, u,v1,v2,v3) — ((s,0,0,0,0)| : (s,u,v1,v2,v3) €S}
+ sup{|¢(s,0,0,0,0)| : s € I}
< sup{o(u) + ki|vi| + ka|va| + k3lvs| : (s,u,v1,v2,03) € S} + M

< ¢(ro) + DK <2+ >+M<§7’0-

I'(r+1)
Thus, condition (IIT) holds too. O

2.1 Case study

In this section, we see that some main theorems in the literature can be obtained or improved from
Theorem 2.1 as a corollary.

Example 2.5. Let us consider functional equation considered in [27] (see also [7, Subsection 2.6.2])

2(s) = g (s, 2 (s), 0 </T o f/(;()t))l_Th(s,t, z(t))dt)) (12)

where 7 € (0,1),7>a>0,v :R—->R,q: [a,T]xRxR —-R,g:[a,T] - Rand h: [a,T]|x[a, T] xR - R
are continuous. The function g : [a,T] — R is nondecreasing and with the continuous first derivative.
The existence of a solution to Eq. (12) was studied in [27] under the following assumptions:




(A1) 34, Cy 2 03 [85(t) — (s)] < Cylt — o], t,5 € R;

(A2) 3C,; > 0,]q(s,u,v) — q(s,u,v")| < Pp(Ju — u'|) + Cylv — V|, (s,u,v), (s,v/,v") € [a,T] x R x R, where
¢ : [0,00) = [0,00) is a nondecreasing continuous function such that V¢ > 0, lim,_,~ ¢ (t) = 0, where
On(t) = dn—1(¢(t)) (Note that this condition yields ¢(t) < t (see [1]));

(A3) There exists 9 > 0 such that
H\" y
600+ oo () (o) = )™ + M, + Cy0(0)] < o
where H := sup{|h(t, s, 2(s))| : t,s € [a,T],z € C([a,T];R)} < 400, and M, := max{|q(t,0,0)| : t €
[a,T1}.
Proof. 1t is clear that the functionals W, ® are continuous from C(I) into itself.
{ U(z)(s) =z(s),s el

B(2)(s) = o (faT (s t, z(t))dt)  sel

Thus, the functional
Tz(s) = q(s,¥(2)(s), ®(2)(s)), s € I,z € By, (E),
is of the form (1). We have ¥ € £,(E), ® € B (F) and

s WE) = sw ()] < o,

s€l,z€Br s€l,z€Br
B T g'(t)

o BEE= o (/ o g(t))1_7h<s,t,z<t>>dt) |
T

o ([ o Bmntent (0] —w0)| + o)

T /
/a (9(3) i ;tzt))l—r h(s,t,2(t))dt

2
) (9(T) — g(@))™ + (0)].

< sup
s€l,z2€By

Ly

<Cy + [4(0)]

H

T

SQp(

Then for M = rg, N = Cy, (g)zd’ (9(T) — g(a))™ + |¢(0)], from (A2)-(A3) and similar to Remark 2.2-(3)
we have
Sup{|Q(Sauav)| ts€ Iau € [_M7M]7U1 € [_NaN]}
< SUP{|Q(5,U7U) - q(83070)| HERS I,U € [_M> M]7U € [_Nv N]}
+sup{lq(s,0,0)[ : s € I}
<sup{¢(u) +Cqv:sel,ue[-M,M],ve[-N,N|}+ M,

¢
< bro)+ C, |y (H> " (o) — gla))™ + (O] + M,

T

H

T

g
— or) + CyC ( ) (9(T) — g(@))™ + M, + Cyl(0)] < ro.

Thus, (I)-(III) hold and equation (12) has a solution in By, (E). O
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Note that in [27], this conclusion was obtained from another fixed point theorem, and integral equation
(12) includes Hadamard-type fractional integral equation [7, Subsection 2.6.2].

Example 2.6. Kazemi et al. [18] used the following conditions to check the fixed point existence solution
of fractional integral equation z = T'z, where

Tz(s) =( (s, ¥1(2)(5), ¥a(2)(s5), P1(2)(s)), s€l,ze By(E),secl:=|[0,0], (13)
0<7<1and

1 (2)(s) = f(5, 2(0(s)).s € I,
Ba(2)(5) = uls, 23(5). 5 <

1 %9 (s, €, 2((6)))
G / (6(s) e “PEh

(K1) fiue C(IxR,R), pe C(Ix[0,D]xR,R), (€ C(IxRxRxR,R),and 0:1 —RF, ~:[0,D] — I,
a, B : I — I, are continuous functions such that 6(s) < D, Vs e I.

(K2) dk; >0, i =1,...,5, with k1kg + koks < 1 such that

IC(s, w1, uz, u3) — (s, w1, Uz, uz)| < kilup — w1 | + ko|ug — wa| + kslus — usl;
|f(s,2) = f(s,2)] < kalz — Z|;
|U(S,Z) - U(S,2)| < k5|Z - 2|'

(K3) 3 p > 0 such that

MD™ MD"
N(r+1)' T(t+1)

sup{|C(s,u1,uQ,U3)\ HERS [7 Uy, Uz € [_pa p],'LL3 € [_ ]} < P (14)

where M = sup{|p(s, &, 2)| : Vz € [=p, p], £ € [0, D], s € [}.

Proof. Tt is clear that the functionals Wy, Wy, @1 are continuous from C([I) into itself and T is of the
form (1) for n = 2;m = 1. From (K1)-(K2), { satisfies in condition (II), where ¢;(t) = kit, ¢p2(t) = kot
and we have ¥i,¥y € £,(F). From Example 2.3-(2) we have ®; € %S(E). Thus, (II)-(III) hold
and equation (13) has a fixed point solution in B,(F). Also, from (II) it is needed to add condi-

tions w1 = supgeriei—pp [f(8:8)] < p and ug = supserierpp luls;t)] < p in (K3), since we have
SUPser e, V1(2)(8)] = subser.ep, | (s, 2(a(s)))| < pand supyey .ep, [W2(2)(s)| = subser ., [uls, 2(8(s)))| <
p (see [18] and compare with (4)). O

Example 2.7. Kazemi et al. [20] used the following conditions to check the existence solution of two-
dimensional integral equation

z(s,t) =q <s,t,z(s,t),/os h(s,t,¢, z(¢,t))d¢, /Os /Otk(s,t,a:,y,z(a:,y))dydx> , (15)

where z € C(I), (s,t) € I =[0,a] x [0,b] and
(1) ze C(I,R),ge CUXxRxRxR,R), ke C(I xR,R),h e C(I xIxR,R);



(2) There exists a nonnegative constant 0 < ¢ < 1 such that
‘Q(S7t7 u, v, w) - Q(S,t, u,v, TIJ)| < C(’U - a’ + |U - 77’ + ’U) - QIJ‘),

(3) There exists 19 > 0 such that ¢ satisfies the following bounded condition
sup{|q(s,t,u,v,w)|: (s,t) € I, —rg <u < rog,—aM; <v < aMy,—abMs < w < abMs} <19, (16)

where
Ml = Sup{’h(‘g?tv C,U)’,V(S,t) €l and C € [Oab]vu € [—7’0,7“0]},
M2 = Sup{|k(s,t,x,y,u)\;V(S,t), (I,y) €l and wu€ [_TOaTO]}'

Proof. Tt is clear that the functionals Wy, ®1, ®5 are continuous from C(I) into itself,

\Ill(z)( S, ):Z(Sat)v( )GI
<I>1z t) =[5 h(s,t, ¢, 2(¢,1))dC, (s,t) €1,
Dy (2)(s,t) = [ fgkstxy, (x,y))dydz, (s,t) € I.

Thus, the functional

Tz(s,t) = q(s,t, ¥1(2)(s,t), P1(2)(s,1), P2(2)(s,1)), (s,t) € [,z € B,(E),

is of the form (1). From (2), we have ¥; € £,(E). Also similar to Example 2.3-(1) (note that these
examples hold for the multidimensional case) it is easy to check that ®1,®s € BE (E). Thus, (I)-(III)
hold and equation (15) has a solution in By, (E). O

Example 2.8. Deep et al. [11] used the following conditions to check fixed point existence solution of
implicit functional of stochastic integral equation z = Tz in product type, where

T(z)(s) =T1(2)(s)Ta2(2)(s), s € I :==10,a],z € C(I), (17)
Ti(2)(s) = F <s, (0u(5), /O p1(s £, 2(02(8)dB(D), /0 pasit, 2(93(t))dB(t)>

Ty(2)(s) = G (s,zm(s)), /0 g1t 2 (ua(0)dB(2), /0 ) q2<s,t,z<u3(t>>>dB<t>> ,

and the above integrals ” [” stand for stochastic integral and B is a Brownian motion. Assume that

01,069,605, 11, p2, 3 : I — I are continuous and F,G € C(I x R x R x R;R) and Jg > 0 so that
|F(t,0,0,0)| < g; |G(£,0,0,0)| < g;

(C

‘F t ul,vl,wl) — F(t,UQ,vg,w2)| < hl(t)]ul — UQ‘ + hg(t)"vl — 1)2| + hg(t)|w1 — ’u)g’;
|G t ul,vl,wl) — G(t,’LLQ,’UQ,’LUQ)| < h4(t)|u1 — U2| + h5(t)|’U1 — U2| + h6(t)|w1 — w2|;
for all t € I and uq,us, v1,v2, w1, ws € R;

1)
(t,
(C2) hj: 1 —1,j=1,2,...,6 are continuous functions and
(t,
(t,

(CS) DP1,P2,41,92 € Cl(I X [0,(1] X R),
(C4) K =max{h;(t)|teI},j=1,2,..,6;

(C5> 377?1/ > 0 such that ‘pl(xayvr)|7 |pg($,ya7“)’a \Q1($,y7T)\alQ2(UC,y7A7")\ < n+ V|7a‘7 for all T,y € [O,CL} and
r € R. Further, 4y§ < 1,7 = K + 2K (v, where § = g + 2K(n and (=sup{|B(t)| : t € [0, a]}.
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Then equation (17) has a solution in F.
Proof. 1t is clear that the functionals ¥y, U}, &1, ), o, P, are continuous from C(I) into itself:

up = Wi(2)(s) = z(b1(s))

v1:=®1(2)(s) = [5pi(s,t,2(02(1))dB(t), s € I,vg := ®a(2)(s) = [ pa(s.t, 2(03(t)))dB(t),s € 1,
ug ==V (2)(s) = z(pi(s)),s €1,

v3 =1 (2)(s) =[5 au(s,t,z(pa(t)))dB(t), s € I, vy := Ph(2)(s) = [, q2(s,t, 2(us(t)))dB(t), s € I.

Let (1 = F, (2 = G, p > 0. Thus, the functional (17) is of the form
T2(s) = ¢ (5, U1(2)(5), U1 (2)(s), P1(2)(5), P2(2)(5), P1(2)(s), ®3(2)(s)), s €I,z € By(E) (18)

where
C(Saulau27vlana 57)3’7)4) = Cl(svulv”lv”?)g2(87u23/v3av4)'

We have U1, W) € £,(E), @1, P, ), ) € BF(E) and from (C5) we have
N1 = sup{|®1(z)(s)

=sup{ /0 pa(t, s, 2(61(s)))dB(s) :seLzeBp<E>}s<n+u\|z|\>ci

Similar calculation shows that Na, N3, Ny < (n+v||2|)C. Let ||z]| < p and N := (n+wvp)¢. Then we have

:sel,ze B,(E)}

Ll(p): sup HTl(Z)HSsupﬂCl(S,Ul,’Ul,’Uz)’,SGI,—pSUlS,O,NSUl,UQSN}
2€B,(E)

< sup{[¢1(s, u1,v1,v2)| = (1(5,0,0,0)| 4+ [¢1(5,0,0,0),s € [, —p < u1 < p, N < wy,v3 < N}
< K(Ju] + oi] + |va]) + f < K||z]| + 2K ((n + v||2]))¢ + g
= (K 4+ 2KvQ)||z|| + 2Kn¢ + g = 7|[2|| + 0 < vp + 0.

By a similar way we have

Ly(p) = sup |[|Ta(2)]| <llzl[ +6 <vp+6.

2€B,(E
Thus, we get
IC(s,u1,us,v1,v2,v3,v4) — (8, U, Uz, V1, V2, ,03, V4]
= |C1(s, u1,v1,v2)Ca (s, u2, v3,v4) — Ci (s, U1, V1, V2)C2(8, Uz, U3, Va)|
< [Ci(s, ur, v1,v2)Ca(s, u2, v3,v4) — Ci(s, Ur, V1, V2)C2(8, Uz, v3, V4)|
+ [C1 (s, U1, U1, U2)C2(8, uz, v3,v4) — C1(8, U1, V1, V2)Ca(s, Uz, U3, Va)|
< La(p)[Gi (s, ur, v1,v2) — Ci((s, 1, 01, 02)| + Li(p)|Ca(s, u2, v, v4) — Ca(s, U2, U3, Ua)|
in < Lo(p) K (|ur — tn] + vy — 01| + vz = B2]) + La(p) K (Jug — ti2| + [vs — D3] + |va — V4]).
Inequality after [11, Relation (17)], i.e.,
K(yp+96)+K(yp+46) <1,

where p = 12200 vI=490  ghows that we have KLy(p) + KLi(p) < 1, thus, the inequality (19) shows

29
that ¢ € O(I x [T2_,[—M;, My] x T[i_, [~ Ni, Ni], R) satisfies condition (IT). Also it is easy to check that
Li(p)La(p) = (7p + 6)% < p (see [11]), thus condition (IIT) holds too. O
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Deep et al. [11] obtained this result from another fixed point theorem.

Example 2.9. Kazemi and Yaghoobnia [23] used conditions (H1)-(H3) to check the fixed point existence
solution of

T(z)(s) =Ti(2)(s)Ta(z)(s), s € I:=10,a],z € C(I), (20)

Ti(2)(s) = (s, 2(a(s)))

i F (s7z<f<s>>, | mts.esomas. [ am(s,t,z(%(t)))dB(t)) ,
Ty(2)(s) = g5, 2(8(5))

#6 (52000, [ a0 )aBO). [ st m)as).

(21)

As previous example the above integrals stand for stochastic integral and B is a Brownian motion, see
[23] for more details about (H1)-(H3) and continues functions in (21).

Proof. Kazemi and Yaghoobnia [23] generalized previous example by Petryshyn’s fixed point theorem
(see [23, Corollary 3.2]). It is clear that the functionals Uy, ¥, Uy, W, &y, @), Py, ), are continuous from
C(I) into itself:

Uy =\P1(z)(s)=z( (8)),uj = Wa(2)(s) = 2(7(s)),s € 1,

s) = jgpl(s,t,z( 1(t))dB(t), s € I, vy := ®a(2)(s) = [1 p1(s, t, 2(61(t)))dB(t),s € I,
(s) = 2(B(s)), uy := Wh(2)(s) = 2(v(s)), seI,

(z)(s) = [y ai(s.t, z(m(t)))dB( ),v4 = Dh(2)(s) = [ q2(s,t, 2(p2(t)))dB(s),s € I.

Put Cl(sv Uy, ully U1, ’UQ) - f(sv U1)+F(S, ully U1, UQ), C2(87 u2, ul27 U3, 7}4) = 9(57 UIQ)+G(S7 uz, U,2, U3, U4)' ThUS,
the functional (20) is of the form (1) where ¢ = (12 and

C(s,ur, ul, ug, uh, v1,v2,v3,v4) = 18, ur, ul, v1,v2)Ca(s, ug, ub, vs, v4).

There is a mistake in their proof. They showed that if T} and T, are densifying maps, then T" = 1175
is a densifying map too, more precisely, it has been shown that x(71(4)) < (¢ + k)x(A4), x(T2(A)) <
(' + K')x(A), for all bounded sets A C E, and then it is concluded that T is a densifying map, which
is not correct (see [7, Sec 2.5.7], [11, Theorem 2.2] and [4, 5, 8] and previous example). If one adds
assumption “there exist g > 0 such that (¢ + k)(As + Ba) + (¢ + k')(A1 + B1) < 17 to conditions (H1)-
(H3) in [23], then similar to previous example it can be proved that ( € C(I x H?Zl[—p, ol x [T, [— A1 —
B1, Ay + By] % H?zl[—Ag — By, Az + Bs),R) satisfies in condition (II) where p = r¢ and condition (H3)
yields (III), thus, the main result in [23] follows from Theorem 2.1 under some corrections. O

In [22], Kazemi et al. used conditions (H1)-(H3) to check the fixed point existence solution of functional
equation as z = T'(z) = T1(2)T2(z),z € C(I), where T} and T3 are of the form (13). As in the previous
two examples, the result of existence can be concluded.
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3 Conclusion

The above examples show that many results in the existence of fixed points of implicit integral functional
equations have a similar structure in the proofs. Also, one can combine functional lists (as in Corollary
2.4) to form an integral equation under appropriate conditions that satisfy conditions (II)-(III) and obtain
a fixed-point existence result about (integral) functional equations in C(I). Since Theorem 2.1 works for
every bounded cube I C R", one can obtain a multidimensional version of the above examples, for instance,
Example 2.7 is a two-dimensional case of [21] with a few changes (see also [14]). Many other results, such
as Hadamard-type fractional integral equations, fractional stochastic integral equations (even in product
type) and so on, can be obtained in this way, for instance, some of them are [11-15, 17-21, 23, 25, 31]. The
interested researchers can think about Eq. (1) on different Banach function spaces, e.g., Orlicz spaces,
Lebesgue spaces, bounded variation spaces, Sobolev spaces, etc., by using the concept of superposition
operators (see [3]).
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