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Abstract

In this paper, we consider the non-fragile containment control problem of nonlinear multi-agent systems (MASs) with exogenous
disturbance where the communication links among agents under consideration is directed. Firstly, based on relative output
measurements between the agent and its neighbors, a disturbance observer-based control protocol is proposed to solve the
containment control problem of MASs with inherent nonlinear dynamics and exogenous disturbances. Secondly, because of
the additional tuning of parameters in the real control systems, uncertainties in the designing of observer and controller gains
always occur, and as a result, an output feedback controller with disturbance rejection is conceived and the containment control
problem of nonlinear MASs with non-fragility is thoroughly investigated. Then, depending on matrix transformation and
inequality technique, sufficient conditions of the designed controller gains exist, which is derived from the asymptotic stability
analysis problem of some containment error dynamics of MASs. Finally, two simulation examples are exploited to illustrate the

effectiveness of the proposed techniques.
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SUMMARY

In this paper, we consider the non-fragile containment control problem of nonlinear multi-agent systems
(MASs) with exogenous disturbance where the communication links among agents under consideration is
directed. Firstly, based on relative output measurements between the agent and its neighbors, a disturbance
observer-based control protocol is proposed to solve the containment control problem of MASs with inherent
nonlinear dynamics and exogenous disturbances. Secondly, because of the additional tuning of parameters
in the real control systems, uncertainties in the designing of observer and controller gains always occur,
and as a result, an output feedback controller with disturbance rejection is conceived and the containment
control problem of nonlinear MASs with non-fragility is thoroughly investigated. Then, depending on matrix
transformation and inequality technique, sufficient conditions of the designed controller gains exist, which
is derived from the asymptotic stability analysis problem of some containment error dynamics of MASs.
Finally, two simulation examples are exploited to illustrate the effectiveness of the proposed techniques.
Copyright © 2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION

During the last decade, cooperation control of MASs has found substantial success in a variety of

applications, such as consensus [1-3], tracking control [4-6], formation control [7, 8], containment
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2 NON-FRAGILE CONTAINMENT CONTROL

control [9], cooperative output regulation [10] and optimization [11]. Consensus problem, as
a fundamental and non-negligible research topic of MASs, requires that all agents achieve an
agreement on a common state, depending on the designed consensus protocols using only relative
measurements among neighboring agents. In general, due to the number of leaders in the control
system, consensus problem is then called consensus tracking problem (one leader) or containment
control problem (multiple leaders). As a matter of fact, it is much more attracting and challenging
to investigate the containment control problem in practical application, especially in military areas
such as sea hunting.

The fact of containment, generally speaking, is that the states of all followers eventually enter
into a given geometric space spanned by those of the leaders. Motivated by the pioneer works on
consensus problems of MASs, a number of fruits on containment control problems have already
sprung up. By using Z-transformation and Routh Criterion, [12] studies the containment control
problem of discrete-time first-order MASs and shows that different step-sizes have a specific effect
on the stability of MASs. Utilizing Lasalle’s Invariance Principle of hybrid stability theory, [13]
researches the containment control problem of continuous-time first-order MASs and the obtained
result holds for arbitrary state dimensions. Further, depending on non-smooth analysis and adaptive
control method, [14] investigates the robust containment control problem of linear MASs where
the time-varying uncertainties exist. Different form the static control schemes in which internal
information might be difficult to detect [12—14], the containment control problem of liner MASs is
solved in [15—17] via an output feedback approach depending on relative output measurements of
the neighboring agents. Note that the aforementioned works [14—17] focus on the linear dynamics,
however, the nonlinearity always exists in various engineering applications. Thus, it is of great
significance to handle the cooperation control problems of MASs with nonlinear dynamics [18, 19].

As is well known, external disturbances are ubiquitous in practical control systems, especially
in large-scale networked systems. Therefore, many fruitful results have been placed on the
disturbances of the MASs. For example, by using a state feedback controller, [20] considers the
H.. consensus problem of general liner MASs with bounded disturbances. Different form the state
feedback method proposed in [20], based on a truncated predictor output-feedback strategy, [21]
studies the H.. scales consensus problem of MASs, in which both Lipschitz nonlinearity and external
disturbances are involved. Note that the H., control [20,21] can not directly compensate the influence
of disturbances of the system depending on the disturbance estimate. Thus, a disturbance observer-
based control scheme is adopted to handle those defects and a great number of achievements
have been reported in the literature [22-27]. Specifically, by designing a disturbance observer-
based control scheme based on only the relative state information, [22] discusses the consensus
disturbance rejection of linear MASs and [23-25] address the consensus tracking problem for
nonlinear MASs with disturbance rejection, respectively. For further consideration, by using an
observer-based output feedback control scheme, consensus tracking problem of nonlinear dynamics
is investigated in [26], in which the disturbances considered are nonlinear. In addition, [27] deals
with the containment control problem of MASs with disturbance rejection.

Other than the external disturbances, non-fragility plays an important role in the study of
consensus problems of MASs, as well. In particular, by employing a non-fragile state feedback

consensus protocol, [28] researches the finite-time consensus of MASs with time-varying input
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delay over switching topologies. In [29], the non-fragile guaranteed-performance H.. consensus
tracking problem of MASs is discussed, in which Lipschitz nonlinearities and exogenous
disturbances are taken into account. Compared to the state feedback control method proposed in
[28-30], by adopting an output feedback control method, [31] deals with the non-fragile consensus
problem of nonlinear MASs with randomly occurring deception attacks. Further, via a non-fragile
output feedback controller, [32] handles the non-fragile cooperative containment control problem
of MASs with time delay. Moreover, in order to reduce communication burden, [33] proposed
a non-fragile memory sampled-data control scheme to address the consensus problem of MASs.
However, to the best of our knowledge, there are few reports concerning the issue of the non-fragile
containment control problems of MASs with disturbance rejection. In this paper, via a disturbance
observer-based approach, we investigate the non-fragile containment control problem of nonlinear
MASSs over directed communication topology.

The contributions include the following aspects. Firstly, two kinds of disturbance observer-based
control schemes of MASs are developed. The former is used to investigate the containment control
problem with disturbance rejection, and the other is used to address that problem with non-fragility.
Secondly, by taking advantage of matrix transformation and inequality technique, the feedback
controller gain, as well as the corresponding observer gain, is obtained. Finally, only external
disturbance or non-fragility is handled in references [17,22-24,27,29-32], however, there exist
few works to deal with consensus problems considering both external disturbance and non-fragility.
In this paper, to fill the research gaps on consensus problems, we solve the non-fragile containment
control problems of MASs with disturbance rejection under directed communication topology, in
which all these two factors are involved.

The organizational structure of the paper is as follows. In Section 2, problem formulation
is presented. Section 3 respectively discusses the containment control problem and the non-
fragile containment control problem of nonlinear MASs with external disturbance. Two simulation
examples are given to validate the effectiveness of the developed algorithes in Section 4. Finally,
Section 5 summarizes the paper.

Notations: The notations used in this paper are fairly standard. ® stands for the Kronecker
product, * denotes a symmetric term and /, represents an identity matrix with dimension 7. In
addition, an n dimension column vector with all the elements being 1(0) is denoted as 1,(0,)
and diag{e;, &, -+, &} is used to represent a block diagonal matrix with diagonal blocks being
€1, &, -+, &. Given real symmetric matrix A and B, A > B(A > B) denotes that A — B is positive

definite (positive semi-definite).

2. PRELIMINARIES AND PROBLEM FORMULATION

In this section, the basic knowledge of graph theory is introduced and the considered problem is

shown, respectively.

2.1. Preliminaries

Generally, ¢ = {¥, &} is used to represent a directed communication topology, where ¥ =
{1,2,...,N}and & C ¥ x ¥ are the set of nodes and that of edges, respectively. (j, i) € & denotes
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4 NON-FRAGILE CONTAINMENT CONTROL

that the ith agent can receive the information from the jth agent in the directed communication
topology ¢, but not vice-versa. &7 = [a;;] € RNV s use to stand for the adjacency matrix connected
with the directed topology ¢ by a;; =0, a;; = 1 if (j, i) € &, and a;; = 0 otherwise. In addition, the
Laplacian matrix L = (1;;), y is defined as [;; = —a;; with i # j and [; = levzhjﬁa,j with i = j.

The above-mentioned content of graph theory is introduced in [34].

2.2. Problem Formulation

We consider a multi-agent system (MAS) consisting of N + M agents with N followers and M

leaders, where the dynamics of the ith agent is described by

Xi(t) = Ax;(t) + Bui(t) + Dd;(t) + Ef(t, xi(t)),
y,-(t) :Cxi(t), (1)

fori=1, ---, N+ M, where x;(t) € R", u;(t) € R" and y;(r) € R respectively denote the state,
control input and output of agent i, and f: R x R* — R" denotes inherent nonlinear dynamics.
AERY Be RV CeR™, DeRY and E € R™" are constant matrices, and d;(¢) € R* is a

disturbance that is generated by an exosystem
di(t) =Sdi(t),i=1, -, N, 2)

with § € R*** being a known constant matrix.

In the paper, the agents indexed by 1, 2, ... , N are followers and those indexed by N+ 1, N +
2, ..., N+ M are leaders. We let % ={1,2, ... , N)andZ={N+1,N+2,..., N+ M}
denote the set of the followers and that of the leaders, respectively. Suppose that the leaders have

no parents in the directed communication topology, then the corresponding Laplacian matrix is

L L
divided into L = ! 2|, where L; € RVN and L, € RV*M | Furthermore, the convex
Omxn  Omxm
hull constructed by the states of the set of multiple leaders x4 (7) = {xn+1(2), -+, xnim(2)} is

denoted as co(x (1)) = { XMW1, auxi(1)] XL o =1, o >0},

Definition 1 ([15])
The containment control problem of MAS (1) is achieved if each follower asymptotically enters into

the convex hull co(x4(r)) formed by the states of the leaders set as time goes to the infinity.

Assumption 1
The directed topology ¥ is connected. And for each follower, there exists at least one leader that
has a directed path to it.

Assumption 2

The control input matrix B € R is of full-column rank, namely, rank(B) = m.

Assumption 3

The disturbance is matched, namely, there exists a matrix V € R”** such that D = BV,

Assumption 4
Given Ny+1, Mv+2, -+, Mvem With YV ;= 1,and 1, >0, i=N+1, N+2, ..., N+ M. There
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exists a non-negative constant ¢ such that the nonlinear function f satisfies

Hf(t7x ZfVN.antyt H <OtHx ZivN_an)hH
Vx,vieR'", i=N+1,N+2,..., N+ M, Vit > 0.

Remark 1

Assumption 1 is commonly used in the containment control problems of MASs, see [12—17]. It is
worth noting that it is of great importance to study the consensus containment problems of MASs
under directed topology than undirected topology in [27]and [29]. The character of B specified
in Assumption 2 is in order to make matrix transformation [35] for subsequent containment error
analysis. From Assumption 3, the disturbance d;(t) is the non-vanishing harmonic disturbance and
D = BV is the matching condition of MAS (1) with external disturbance, and Assumption 3 is
commonly used in the consensus problems [22-24,26,27]. All linear and some nonlinear functions
such as ccost +vsins and xe™ " satisfy the condition above in Assumption 4. When only one leader
exists, the condition converts to the form of Lipschitz condition, namely, ||f(z, x) — f(z, y)|| <
o ||x — ||, and the containment control problem is transformed into the consensus tracking problem
[18,19,23-26,29].

Lemma 1 ([14])
If Assumption 1 holds. The real parts of all the eigenvalues of L; are positive, each entry of —L; 'L,

is nonnegative and the sum of each row of the matrix —L; 'L, is equal to one.

Lemma 2 ( [35])

From Assumption 2, it is seen that B = TBW = [ rTr }TBW = { or o }T with the
existence of matrices T € R"™" and W € R™*" where T} € R™*" and T» € R(n=m)xn_ and 0=
diag{q1, q2, ..., qm} is a diagonal matrix, ¢; (i =1, 2, ..., m) are nonzero singular value of the

matrix B. Assume that the equality P| = TITPl 17+ TZTP22 T holds, there exists a nonsingular matrix
P € R™*™ such that BP = PB, where P;; € R™" > 0 and Py, € R("—)*(n=m) > (),

Remark 2

Finding a solution to Lemma 2’s problem of BP = P;B for P is intended to help us build the LMI
approach to the controller design. Since we can always perform congruence transformation on B,
the assumption that B is a full-column rank is purely for presentation convenience and does not lose
any generality. If P = T\ P, Ty + T,) P T is true, P exists, but it might not be unique unless B is

square and nonsingular.

Lemma 3 ( [33])

Given matrix Y = Y7, H and E with compatible dimensions, if ¥ +HG(t)E + ETG" (1)HT < 0
holds for all G(t) satisfying G (1)G(t) < 1. Then, Y +{HHT + {~'ETE < 0 holds with any scalar
{>o.

Lemma 4 ( [32])
For any two real vectors a and b with the same dimension, then 2a” b < a’ Ua+ b" U~'b holds with
U>0.

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
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6 NON-FRAGILE CONTAINMENT CONTROL

3. MAIN RESULTS

In this section, both the distributed cooperation containment control problem and that with non-

fragility of nonlinear MASs over directed topology are investigated, respectively.

3.1. Containment Control Problem

In this subsection, the containment control problem is transformed to the stability analysis of a
containment error system and the existing conditions on gains of observer and controller of MAS
(1) is shown. Motivated by [22,23,27,29,31,32], a distributed disturbance observer-based controller

is given as:
ui(t) :07 i€%,
ui(Z)I*K Z a,-j(ﬁi(t)—)?j(t))—VdAi(t), iEﬁ, 3)
JERVTF
with
£i(t) = A%i(t) — G1(yi(t) = 5i(2)), i € Z,
(1) =0, i€, (&)
and

£i(t) = A%i(t) + Bui(t) + Ddi(t) — G1 (yi(t) — i(1)), i € Z,

di(t) =Sdi(t)— G2 Y, ay (i) —y;(8) — (3ile) = ;1)) i € F, 5)
JERUVTF

where §;(r) = C#;(), %(t) denotes a state observer, d;(r) denotes the estimate of the disturbance.
The feedback gain K, state observer gain G and disturbance observer gain G, are constant matrices
to be designed. Then, from (3), the system (1) can be rewritten as

X,’(t) :Axi(t) +Ef(t7 xi(t))> i€ %7

X,‘(t) =Axi(t) — BK Z aij()ﬁi(t) —)?j(l‘)) —BVCZ;'(I) +Ddi(t) +Ef(l, xi(t)), ie#, (6)
JERVF

According to (1)-(6), one gets
6i(t) = Axi(t) + Ef (1, xi(1)), i € Z,
£i(t) = A%i(t) — GIC(xi(t) — %:(2)), i € Z,
and

%i(t) = Ax;(t) — BK Z a,-j()ei(t) —)Ej(t)) —BVdAj(t) +Dd;(t) +Ef(t, xi(t)), i € F,
JERUVTF

Xi(1) = A%i(1) — BK ' ; maij(ﬁi(t) —2j(t)) = Gi1C(xi(t) — %:(1)), i € Z,

which are rewritten in compact forms
xr(1) = (Iy @A)xr(t) + (Iy @ E)F (t, xg),
Yr(t) = (In @ C)xg(1),
AR(Z) = (IM & (A + G1C)>)2R(l) - (IM & G1C)xR(t),

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
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A DEMONSTRATION OF THE INT. J. ROBUST. NONLINEAR CONTROL CLASS FILE 7

and
Xp (l‘) =(Iy ®A)xp( )— (Ll ®BK))?F(Z‘) — (L2 ®BK))?R(I‘) +(In®@D)e(t)+ (INQE)F(t, xp),
yr(t) = (In@C)xp (1),
£ ) =(IN®(A+G|C)— L @BK)ip(t) — (Iy®G1C)xp(t) — (Lp ® BK)%g(1),
where e(r) = [ef (1), -+, e()]" with () = di(t) = di(t), xp (1) = [x[ (1), -+, <[ (D))", xg(1) =
PRy (0)s - s (2 )] yr(t) =i (t), -, (O] and yr(t) = [y, (), -+, Yhop(1)]" More-

over, F(t) = (L1 ®E)[F(t, xF)+( L L)F(t, xg)), F(t, xp) = [fT(t, x1), ..., fT(t, xy)]" and

F(t, xg) = [fT(t, xn11), -+, fT(t, xy )] . Then, one has
¢(t)=d(t) —j(t) =(In®S)e(t) + (L1 ® G2C)(xp(t) —xF (1)) + (L2 ® G2C) (xg (1) — X (1)).
Let n;(t) = Z a,/(x,(t) —x;j(t)) and 7);(1) = g; ) a;j(%i(t) —%;(t)) denote the containment

error vectors. 1 = 1, 2. Vvt 100 = (1] 0, 0 and 900 = (00, A0
Denote j;(¢ ) ni(t) — ( ), i=1,2,---, N,with(t) = [7T (¢), ---, 75 (¢)]T. Thus, we have

~
m
C
9

n(t) = (Li @ In)xr(t) — (L2 @ In)xg (1),
N(t) = (L1 @ In)Zp(t) — (Lo ® Iy ) Xr(2),
) =n)—A@) = (L1 @1Iv)(xr(t) = %r (1)) + (Lo @ Iv) (xr (1) — Xr(1)).

Further, it yields

é(t) = (In®S)e(t) + (Iy @ G2O)7 (1),
N(t) = (L1 @ Iv)3F (1) + (Lo @ Iv)3R (1) = (Iv ©A — Li @ BK)7 (1) — (Iv @ GI1C)7 (1),
() =10() =) = (L @ Iv) (ke (1) = £ (1)) + (L2 @ Iv) (- (1) — £& (7))
=(Iv®(A+GiO)N(t)+ (Ly @D)e(t) + F(1). (7

Based on (7), the error system is expressed in a compact form

&(t) = Ae(t) + F (1), (8)
where
e(t) Iv®S 0 Iy ®G,C 0
er)=1| A@) |, A= 0 INQA—L ®BK —Iy®G,C ,EF(t)= 0
() Li®D 0 Iv® (A+G,C) F(r)

Now, we are in the position to present our result as follows.

Theorem 1

Suppose that the directed topology satisfies Assumption 1, the feedback gain, state observer gain and
disturbance observer gain are designed by K = wo P lowWTX, G, = P Y, and G, = P 'y,
such that MAS (1) with external disturbance system (2) under the control protocol (3) solves the

containment disturbance rejection problem if there exist matrices P;; > 0, P»; > 0 and matrices X,

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
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8 NON-FRAGILE CONTAINMENT CONTROL

Y] and Y, such that the following LMI holds:

[0, 0 65 IyoP 0 0 0 o ]
x On Iy@VC 0 IyOP 0 o(ly®ET) 0
* * 033 0 0 Iy ® P 0 OC(IN(X)ET)
* * * —In 0 0 0 0 <0, ©)
* * * * —Ln 0 0 0
* * * * * —ILN 0 0
* * * * * * —I,N 0
* * * * * * * —ILy

where

011 =Iv@(PIS+STP), 60 =Iy® (PLA+ATP)) — L @ BX — (L @ BX)T,
013 = (Li@PD) +Iy@1hC, 633 =Iy® (PLA+ATP) +IyY,C+ (Iy @ Y,C)".

Proof

Select the following Lyapunov functional for system (8)

Vi(t) = " (1) Pe(r), (10)
where
Iy ® P 0 0
P= 0 Iy ® P, 0 s
0 0 Iv® P

and P is positive definite and symmetric. Calculating the time derivative of V) (¢) along the trajectory
of (8) yields

Vi(t) = e (t)(AT P+ PA)e(r) +2¢" (1)PE(¢).

By Lemma 4 and Assumption 4, it has 2¢” (t)PF (t) < €T (t)PPT &(t)+FT (t)F (t) < e’ (t)PPT e(t) +
e? (t)Qe(t), where

0 0 0
Q=|0 a*(Iy®EE) 0 :
0 0 a*(Iy®ETE)
Obviously, it gives
Vi(e) < &” (1)Te(0), (1
Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
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A DEMONSTRATION OF THE INT. J. ROBUST. NONLINEAR CONTROL CLASS FILE 9

where
[ 611 O 013 Iy® P 0 0 0 0 |

x  ¢n IN®PGC 0 Iv®P 0 a(ly®ET) 0

* ok 033 0 0 IvoP 0 a(ly@ET)

n=1 * * —Iin 0 0 0 0 7

* * * * —ILy 0 0 0

* * * * * LN 0 0

* * * * * * —IN 0

* * * * * * * —LN

011 =Iv® (PIS+STP), oo =Iy® (PLA+ATP) — L ® PLBK — (L1 ® PBK)"
¢13=(Li@PD) +Iy@ PiGoC, ¢33 = Iy® (PLA+ATP)) + Iy @ PLGIC+ (Iy® PG C)".

If there exist matrices P;; and Py satisfying Lemma 2, by using PTT[QT 0" WT =
TT[QT 0)]"WT P in Lemma 2, then a nonsingular matrix P = (W7)~'Q~1P;; QW7 is obtained which
satisfies BP = P|B. Furthermore, by K = WQ'P;;"'QW'X, G, = P{''Y; and G, = P['Y» in
Theorem 1, it is obtained that X = PK,Y; = PG| and Y, = P, G».

Therefore, it is obvious to see that IT < 0 in (11) is equivalent to (9), implying that V; (t) <0
holds. Further, it follows from the closed-loop systems (8) that 7}(z) — 0, () — 0 and e(¢) — 0 as
t — oo, then it has n(t) — 0 as t — oo, which means (L) ® I, )xp (t) + (L, @ I,)xg () — 0. Hence, by
Lemma 1, it can be derived that xz(t) — —(L; 'L, ® I,)xg(t) as t — co. That is to say, all followers
asymptotically converge to the convex spanned by all leaders as t — oo which complies with the
character in Definition 1, meaning that the distributed containment control problem for MASs with

inherent nonlinear dynamics and disturbance rejection has been solved. The proof is complete. [

Remark 3

In [27], an output feedback observer is presented to solve the containment control problem with
disturbance rejection, and the topology considered here is undirected. And in [17], the containment
control problem is addressed under directed topology, in which no exogenous disturbance is
considered. Compared with the linear dynamics of [27] and [17], however, the nonlinear dynamics
considered in [23-25] are more practical and challenging. In view of these facts, the protocol (3)
is conceived based on the output feedback strategy to handle the containment control problem
where exogenous disturbances and inherent nonlinear dynamics are involved simultaneously, and
the communication topology considered here is directed. Moreover, it is easy to find that no matter
how many agents are involved, processing the LMI (9) yields the gain matrices K, G| and G; in
Theorem 1. Even though the form of followers N becomes more complex and the calculation of LMI

(9) increases, the Theorem 1’s scalability and reasonableness for many followers is still guaranteed.

3.2. Non-fragile Containment Control Problem

In the last subsection, the distributed containment control problem for MASs is discussed, in which
no controller or observer gain variations are considered. In order to handle the problem with gains

variations in the controller and observer designs, a novel non-fragile disturbance observer-based

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
Prepared using rncauth.cls DOI: 10.1002/rnc



10 NON-FRAGILE CONTAINMENT CONTROL

control protocol is proposed as follows:

ui(t)=0,i € %,
ui(t)=—(K+AK) Y aij(£i(1) —£;(1)) = Vdi(t), i € Z, (12)
JERJVTF
with
xi(1) = A%i(r) — (G1 +AG1) (vi(t) = 5i(t)), i € Z,
di(1)=0, i€ %, (13)
and

£(t) = A%i(t) + Bui(t) + Ddi(t) — (G1 + AG1) (vi(t) = $i(1)), i € F,

Ii(1) = $dj(t) — (G2 + AGy) Z?au((yi(t)—yj(f))—(ﬁi(t)—ﬁj(t))%iEa‘”‘? (14)
JERUT

where £(), $i(¢), di(t), K, G; and G, are the same as those defined in the last subsection. Note
that the uncertainties matrices AK, AG; and AG, denote the possible controller and observer gain
variation. Furthermore, the gain perturbations AK, AG| and AG; are represented in the following

form:
AG| = E\H; (l‘)Fl, AG, = Esz(t)Fz, AK = E3H3([)F3, (15)

where Ey, Fi, E, F>, E3 and F3 are known matrices with appropriate dimensions, and the
unknown matrices Hj(¢), Ha(t) and Hj(t) are described by Hy ()T H,(t) <1, Hy(t)T Hy(¢t) < I and
H;(t)THs(t) < I.

Then, based on (12), the system (1) is rewritten as

Xi(t) =Axi(t) +Ef(t, xi(t)), i € Z,

X%i(1) =Axi(r) = B(K+AK) ) a;j(%:(t) — £j(t)) — BVdi(t) + Ddi(t) + E£f(t, x:(t)), i € Z,
JERUTF

(16)
According to (1) and (12)-(16), one gets
Ax(t) +Ef(t, xi(t)), i € Z#,
)?,-(t) :A)?i(t) — (G1 +AG1)C(X,'<Z) *)ei(l)), i€EX,

Rl
—
-~
-
I

and
%i(t) = Ax;(t) — B(K + AK) Z aij()?,‘(l‘) —fj(t)) —BFa?,'(l‘) +Dd;(t)+ Ef(t, xi(t)), i € F,
JERUVTF

5i(1) =A%)~ BK+AK) ), a(filt) (1)) = (G1 + AGCr) = 4i(r), i € 7,

which are rewritten in compact forms
ir(t) = (I @A)xg(t) + (Iy ®E)F (¢, xg),
yr(t) = (In ® C)xg(1),
£r(t) = (In ® (A+ (G1 +AG)C))%r(t) — (I ® (G1 +AG)C)xg(t),

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
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and

Xp(t) =(In®@A)xp (1) — (L1 @ B(K + AK))2p () — (L2 ® B(K + AK))fz (1)
+ (Iv®D)e(t)+ (InRE)F(t, xr),

yr(t) =(In @ C)xp (1),

xp(1) =(Iv® (A+(G1 +AG1)C) — L1 @ B(K +AK))3r (1) — (Iv © (G1 +AG1)C)x (1)
(L, ® B(K +AK))$x (1),

Then, one has
é(1) = (Iy @ S)e(t) + (L1 ® (G2 +AG2)C) (xr (1) — 7 (1)) + (L2 © (G2 + AG2)C) (xr (1) — £R(1))-
Further, according to the same procedures in the last subsection, it yields

é(t) = (In®S)e(t) + (Iy ® (G2 + AG2)C)N) (1),
(1) = (In®A—Li ®B(K+AK))A (1) — (Iy® (G1 + AG1)C)7i (1),
N(t) = (Iv® (A+(G1 +AG)C))7 (1) + (L1 @ D)e(t) + F(r). (17)

Based on (17), the error system is expressed in a compact form

e(r)=Ae(t)+F(1), (18)
where
Iv®S 0 IN® (G2 +AGy)C
A= 0 Iv®A—L ®BK+AK) —Iy®(Gi+AG)C
Li®D 0 IN®(A+(G1+AG1)C)

Thus, the responding results about non-fragile containment control with external disturbance is

presented as follows.

Theorem 2

Suppose that the directed topology satisfies Assumption 1, the feedback gain, state observer gain and
disturbance observer gain are designed by K = wo P lowTx, G, = P Y, and G, = Py ly,
such that MAS (1) with external disturbance system (2) under the control protocol (12) solves the
distributed non-fragile containment control problem with external disturbance if there exist matrices
P1 > 0, P > 0 and matrices X, Y] and Y, such that the following LMI holds:

*

mom <0 (19)
-N ’

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
Prepared using rncauth.cls DOI: 10.1002/rnc



12 NON-FRAGILE CONTAINMENT CONTROL

where
I 011 0 03 Iy ® P 0 0 0 0 ]
x 0n Iy@VIC 0  Iyv®P 0 a(ly®ET) 0
* * 033 0 0 Iv® P 0 OC(IN®ET)
i * * * —ILy 0 0 0 0
* * * * —Ln 0 0 0
* * * * * —In 0 0
* * * * * * —IN 0
* * * * * * * —InN
M = [My, My, M3, My, kiN{ , koN3 , ksN3 , kuNJ |, N = diag{ky, ka, ks, ka, k1, ko, k3, ka},
MT =[(Ily® PLE;)T, 0,0,0,0,0,0,0], M =0, —(Li ® PBE3)", 0, 0, 0, 0, 0, 0],

N =
N; =

07 07 IN®F2C7 07 07 07 07 0]’ Ny = [07 IN®F3’ 07 Oa 07 Oa 07 0]7
0,0, y@FC, 0,0,0,0,0], Ns=[0, 0, ly® FiC, 0, 0, 0, 0, 0].

and 01, 612, 013 and 633 are defined in Theorem 1.

Proof

Construct the following Lyapunov functional for system (18)
Va(1) = € (1) Pe(r),
According to the same method of calculating the time derivative of V; (¢), one has
Va(r) < €' (1) (T + AIDe(7),
where IT is given in the proof of Theorem 1, and

0 0 Iy ® PLE,H, (1) F,C
All= | x Allp ]N®P1E1H1(I)F1C s
* * Allz;3

Ally, = —Ly @ PLBE3H;(t)Fs — (L1 ® PLBEsH3(t)F3)T
Alls3 = Iy @ PLE 1 Hy (t)F,C + (Iy @ PLE H, (t)F1C)T .

By using matrix transformation, it yields that IT+ AIT < 0 is equivalent to

T+ N{ H] ()M +MHy (t)Ny + N3 Hi (1)M3 +MaHs(t)N>

+NTHT (1)MT + M3H, (t)Ns + NI HT (1)MI + MyH, (t)Ny < 0,

applying Lemma 3 to (22), it is derived that

I+ ki NT Ny + k' MM+ koNT No+is Mo M2

+k3NT N3 + k3 ' MsMY + kaNJ Na + k' MM} < 0,

Copyright © 2010 John Wiley & Sons, Ltd.
Prepared using rncauth.cls
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according to Schur complement, then (23) is equivalent to

n M
- 1 <0. (24)

* —N

Thus, it is obvious to see that the inequality (24) is equivalent to the inequality (19), implying that
V5 (t) < 0 holds. Then, by using the same method made in the proof of Theorem 1, it follows from
the closed-loop systems (18) that () — 0, fj(#) — 0 and e(z) — 0 as t — oo, then it has () — 0
as t — oo, which means (L; ®I,)xr (t) + (L ® I,)xg(t) — 0. Hence, by Lemma 1, it can be derived
that xp(t) — —(L1~'Ly ® I,)xg(t) as t — oo. Namely, all followers asymptotically converge to the
convex spanned by the leaders as t — oo, meaning that the non-fragile containment control problem
for MASs with inherent nonlinear dynamics and external disturbance has been solved. The proof is

complete. O

Remark 4

Compared with [27] where a distributed disturbance observer-type protocol with output feedback
control strategy is proposed for undirected communication topology, a non-fragile observer-type
containment protocol (12) is conceived to solve the containment disturbance rejection problem, in
which both the controller gain variations and directed communication topology are considered.
Furthermore, in the works of [17,22-24, 27, 29-32] where only part factors of non-fragility,
exogenous disturbances and nonlinearity are considered. In light of these, the containment control

problem involved with all these three factors for nonlinear MASs in this paper is addressed.

Remark 5

Note that the relevant system parameters should be chose reasonably during the simulation to
guarantee the solvability of the LMIs (9) and (19). Furthermore, it is shown that the control input
matrix B is full-column rank. Besides, the nonlinear function f(z, x;(¢)) considered here is locally

Lipschitz continuous and satisfies Assumption 4.

4. SIMULATION EXAMPLE

In this section, two examples are given to demonstrate the theoretical results. The communication
topology considered here is a directed communication topology in Fig. 1, where the agents indexed
by 7—9 are leaders and the others are followers. The initial states of x;; and x;» are randomly chosen
within [—15 15] x [-15 15].

Example 1: The parameters of (1) and (2) are selected as follows:
Xi1 0o 2 1 1
Xi = ’ A= ’ B= 3 C= ’
Xi2 -1 0 2 1
0.1 O 0 2
) S= ) V=
0 0.1 -2 =2

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
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10 20 30
Time (s) Time (s)

(@) xi1 (1) (b) xpp(t)

Figure 2. State trajectories of the leaders and followers of Theorem 1.

and suppose a = 0.5 and f(¢, x;(¢)) = 0.5 x sin(¢) x x;(z). By solving the LMI (9) in Theorem 1,

feasible results are derived that:
P =11.61, Py =19.08, X = [57.67 96.57],
17.58 2.99 —62.87 —0.03
P = , N = o= ’

2.99 13.10 —94.78 —37.03
and the controller and observer gain matrices are obtained as:
—2.44 0.50

, Gy = .

—6.68 —2.94

Fig. 2 depicts that the state trajectories of the followers stay inside the region spanned by those of the

K =1[4.97 8.32], G, =

leaders whose curves are denoted by solid lines. Furthermore, Fig. 3 and Fig. 4 show the disturbance
observer errors and containment errors of the close-loop system asymptotically converge to zero as

t — oo. Then, the containment control problem of MASs with external disturbance is solved.

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
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€, Timels

Figure 3. Disturbance observer errors of each states of followers of Theorem 1.

20 .
™ Timels

Figure 4. Containment errors of each states of followers of Theorem 1.

Example 2: In this example, the effectiveness of Theorem 2 is illustrated. The parameters of

system (1) with (2) and control protocol (12) with (13) are selected as follows:
Xi1 0 2.5 1 1 01 0
Xi = ) A= ) B= ) C= ’ E= )
X —1.5 0 2 1 0 0.1
T
0 1 0 05 0 05 0
= b V = b El = b) E2 = b)
-1 =2 1 0 05 0 05

E;=[0.50], FF =05, F,=0.5, F; = [0.5 0],

and suppose o = 0.5 and f (¢, x;(¢)) = 0.5 x sin(¢) X x;(¢). By solving the LMI (19) in Theorem 2,
feasible results are derived that:

P11 =348, Py =5.98, k; =18.23, kp = 13.58, k3 = 18.10, k4 = 17.65,

548 1.00 —24.16 0.01
X =[30.06 51.04], P, = Y= Y= ,
1.00 3.98 —38.02 —9.73

and the controller and observer gain matrices are obtained as:
—2.79 0.47

, Gy = .
—8.85 —2.56

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
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\
0 10 20 30 0 10 20 30
Time (s) Time ()

(@) x; (1) (b) xpa(t)

Figure 5. State trajectories of the leaders and followers of Theorem 2.

2 a1 2 G
15 u “u
o a6 s
- 1
0.5
0
0 5 10 15 20 10 15 20
Time (s) Time (s)
(@) xi1 (1) (b) xi2(1)
Figure 6. Disturbance observer errors of each states of followers of Theorem 2.
2 < 2 <
1.5 :ca :ca
eq 1 Ces
1 % -
) N
= =
05
\ ol
0 bw‘f ﬁ
-0.5 -1
0 5 10 15 20 0 5 10 15 20
Time () Time (s)
(a) x (1) (b) xin(t)

Figure 7. Containment errors of each states of followers of Theorem 2.

Fig. 5 depicts that the state trajectories of the followers stay inside the region spanned by those of the
leaders whose curves are denoted by solid lines. Furthermore, Fig. 6 and Fig. 7 show the disturbance
observer errors and containment errors of the close-loop system asymptotically converge to zero as
t — oo, which illustrates that the theoretical results are effective.
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Prepared using rncauth.cls DOI: 10.1002/rnc



A DEMONSTRATION OF THE INT. J. ROBUST. NONLINEAR CONTROL CLASS FILE 17

5. CONCLUSION

In the paper, the non-fragile containment control problems of MASs over directed communication
network with external disturbances have been studied. The disturbances generated by an exogenous
system, as well as the uncertainties in the designing of the observer and controller gains, are
allowed to take place in the practical control systems. A class of distributed disturbance observer-
based controller depending on output feedback strategy is developed. Furthermore, by transforming
such problem into the asymptotic stability analysis problem of some containment error dynamics
of MASs, the corresponding designed observer and controller gains are obtained if the derived
LMI is solvable. Thus, the containment disturbance rejection problem involved with non-fragility
is solved by using the disturbance observer-based method. Finally, simulation results are presented
to verify the effectiveness of the proposed control schemes. One of the future research topics would
be the non-fragile formation-containment control problems of heterogeneous MASs with external

disturbances.

REFERENCES

1. X. Wu, Y. Tang, J. Cao, and W. Zhang, “Distributed consensus of stochastic delayed multi-agent systems under
asynchronous switching,” IEEE transactions on cybernetics, vol. 46, no. 8, pp. 1817-1827, 2015.

2. Y. Xu, M. Fang, P. Shi, and Z.-G. Wu, “Event-based secure consensus of mutiagent systems against dos attacks,”
IEEE transactions on cybernetics, vol. 50, no. 8, pp. 3468-3476, 2019.

3. T. Han and W. X. Zheng, “Bipartite output consensus for heterogeneous multi-agent systems via output regulation
approach,” IEEE Transactions on Circuits and Systems I1: Express Briefs, vol. 68, no. 1, pp. 281-285, 2021.

4. C. P. Chen, C.-E. Ren, and T. Du, “Fuzzy observed-based adaptive consensus tracking control for second-order
multiagent systems with heterogeneous nonlinear dynamics,” IEEE Transactions on Fuzzy Systems, vol. 24, no. 4,
pp- 906-915, 2015.

5. X. Jiang, G. Xia, and Z. Feng, “Guaranteed-performance consensus tracking of singular multiagent systems with
lipschitz nonlinear dynamics and switching topologies,” International Journal of Robust and Nonlinear Control,
vol. 29, no. 15, pp. 5227-5250, 2019.

6. T. Han, Z.-H. Guan, B. Xiao, and H. Yan, “Bipartite average tracking for multi-agent systems with disturbances:
Finite-time and fixed-time convergence,” IEEE Transactions on Circuits and Systems I: Regular Papers, vol. 68,
no. 10, pp. 43934402, 2021.

7. X. Dong, Z. Shi, G. Lu, and Y. Zhong, “Formation-containment analysis and design for high-order linear time-
invariant swarm systems,” International Journal of Robust and Nonlinear Control, vol. 25, no. 17, pp. 3439-3456,
2015.

8. X. Ge, Q.-L. Han, and X.-M. Zhang, “Achieving cluster formation of multi-agent systems under aperiodic sampling
and communication delays,” IEEE Transactions on Industrial Electronics, vol. 65, no. 4, pp. 3417-3426, 2017.

9. T.Han, B. Xiao, X.-S. Zhan, and H. Yan, “Bipartite containment of descriptor multi-agent systems via an observer-
based approach,” IET Control Theory & Applications, vol. 14, no. 19, pp. 3047-3051, 2020.

10. Y. Suand J. Huang, “Cooperative output regulation of linear multi-agent systems,” I[EEE Transactions on Automatic
Control, vol. 57, no. 4, pp. 1062-1066, 2011.

11. Z. Wang, D. Wang, and D. Gu, “Distributed optimal state consensus for multiple circuit systems with disturbance
rejection,” IEEE Transactions on Network Science and Engineering, vol. 7, no. 4, pp. 2926-2939, 2020.

12. D. Wang, D. Wang, and W. Wang, “Necessary and sufficient conditions for containment control of multi-agent
systems with time delay,” Automatica, vol. 103, pp. 418-423, 2019.

13. G. Notarstefano, M. Egerstedt, and M. Haque, “Containment in leader-follower networks with switching
communication topologies,” Automatica, vol. 47, no. 5, pp. 1035-1040, 2011.

14. G. Wen, G. Hu, Z. Zuo, Y. Zhao, and J. Cao, “Robust containment of uncertain linear multi-agent systems under
adaptive protocols,” International Journal of Robust and Nonlinear Control, vol. 27, no. 12, pp. 2053-2069, 2017.

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
Prepared using rncauth.cls DOI: 10.1002/rnc



18

15

16.

18.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.
35.

NON-FRAGILE CONTAINMENT CONTROL

G. Wen, Y. Zhao, Z. Duan, W. Yu, and G. Chen, “Containment of higher-order multi-leader multi-agent systems: A
dynamic output approach,” IEEE Transactions on Automatic Control, vol. 61, no. 4, pp. 1135-1140, 2015.

Z. Li, W. Ren, X. Liu, and M. Fu, “Distributed containment control of multi-agent systems with general linear
dynamics in the presence of multiple leaders,” International Journal of Robust and Nonlinear Control, vol. 23,
no. 5, pp. 534-547, 2013.

. D. Wang, N. Zhang, J. Wang, and W. Wang, “Cooperative containment control of multiagent systems based on

follower observers with time delay,” IEEE Transactions on Systems, Man, and Cybernetics: Systems, vol. 47, no. 1,
pp. 13-23,2017.

G. Wen, Z. Duan, G. Chen, and W. Yu, “Consensus tracking of multi-agent systems with lipschitz-type node
dynamics and switching topologies,” IEEE Transactions on Circuits and Systems I: Regular Papers, vol. 61, no. 2,
pp- 499-511, 2013.

. G. Wen, W. Yu, Y. Xia, X. Yu, and J. Hu, “Distributed tracking of nonlinear multiagent systems under directed

switching topology: An observer-based protocol,” IEEE Transactions on Systems, Man, and Cybernetics: Systems,
vol. 47, no. 5, pp. 869-881, 2016.

I. Saboori and K. Khorasani, “H. consensus achievement of multi-agent systems with directed and switching
topology networks,” IEEE Transactions on Automatic Control, vol. 59, no. 11, pp. 3104-3109, 2014.

S. Chen, Z. Zhang, and Y. Zheng, “H.. scaled consensus for mass with mixed time delays and disturbances via
observer-based output feedback,” IEEE Transactions on Cybernetics, vol. 52, no. 2, pp. 1321-1334, 2022.

Z. Ding, “Consensus disturbance rejection with disturbance observers,” IEEE Transactions on Industrial
Electronics, vol. 62, no. 9, pp. 5829-5837, 2015.

C. Wang, Z. Zuo, J. Sun, J. Yang, and Z. Ding, “Consensus disturbance rejection for lipschitz nonlinear multi-agent
systems with input delay: a dobc approach,” Journal of the Franklin Institute, vol. 354, no. 1, pp. 298-315, 2017.
X. Ai, J. Yu, Z. Jia, D. Yang, X. Xu, and Y. Shen, “Disturbance observer-based consensus tracking for nonlinear
multiagent systems with switching topologies,” International Journal of Robust and Nonlinear Control, vol. 28,
no. 6, pp. 2144-2160, 2018.

H. Wang, W. Yu, Z. Ding, and X. Yu, “Tracking consensus of general nonlinear multiagent systems with external
disturbances under directed networks,” IEEE Transactions on Automatic Control, vol. 64, no. 11, pp. 4772-4779,
2019.

C. Wang, Z. Zuo, Z. Qi, and Z. Ding, “Predictor-based extended-state-observer design for consensus of mass with
delays and disturbances,” IEEE Transactions on Cybernetics, vol. 49, no. 4, pp. 1259-1269, 2019.

T. Han, J. Li, Z.-H. Guan, C.-X. Cai, D.-X. Zhang, and D.-X. He, “Containment control of multi-agent systems via
a disturbance observer-based approach,” Journal of the Franklin Institute, vol. 356, no. 5, pp. 2919-2933, 2019.

R. Sakthivel, S. Kanakalakshmi, B. Kaviarasan, Y.-K. Ma, and A. Leelamani, “Finite-time consensus of input
delayed multi-agent systems via non-fragile controller subject to switching topology,” Neurocomputing, vol. 325,
pp- 225-233, 2019.

X. Jiang, G. Xia, Z. Feng, and Z. Jiang, “Non-fragile guaranteed-performance H.. leader-following consensus of
lipschitz nonlinear multi-agent systems with switching topologies,” Nonlinear Analysis: Hybrid Systems, vol. 38,
p. 100913, 2020.

X. Jiang, G. Xia, and Z. Feng, “Non-fragile consensus control for singular multi-agent systems with lipschitz
nonlinear dynamics,” Neurocomputing, vol. 351, pp. 123-133, 2019.

T. Wu, J. Hu, and D. Chen, “Non-fragile consensus control for nonlinear multi-agent systems with uniform
quantizations and deception attacks via output feedback approach,” Nonlinear Dynamics, vol. 96, no. 1, pp. 243—
255, 2019.

T. Zhou, Q. Liu, D. Wang, and W. Wang, “Distributed non-fragile containment control of nonlinear multi-agent
systems with time-varying delays,” International Journal of Systems Science, vol. 52, no. 5, pp. 889-904, 2021.

C. Ge, J. H. Park, C. Hua, and X. Guan, “Nonfragile consensus of multiagent systems based on memory sampled-
data control,” IEEE Transactions on Systems, Man, and Cybernetics: Systems, vol. 51, no. 1, pp. 391-399, 2021.
M. Mesbahi and M. Egerstedt, Graph theoretic methods in multiagent networks. Princeton University Press, 2010.
Z. Wang, F. Yang, D. W. Ho, and X. Liu, “Robust H. control for networked systems with random packet losses,”
IEEE Transactions on Systems, Man, and Cybernetics, Part B (Cybernetics), vol. 37, no. 4, pp. 916-924, 2007.

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2010)
Prepared using rncauth.cls DOI: 10.1002/rnc



	1 Introduction
	2 Preliminaries and Problem formulation
	2.1 Preliminaries
	2.2 Problem Formulation

	3 Main Results
	3.1 Containment Control Problem
	3.2 Non-fragile Containment Control Problem

	4 Simulation Example
	5 Conclusion

