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Abstract

The interval G=(-1 ,1) turns into a Lie group under the group operation x *y: = (x+y)(1l+xy)-1,x,y[? G.
This enables definition of the invariant measure d G (x ): = (1-x2) - 1 d x and the Fourier transformation F ¢ on the
interval G and, as a consequence, we can consider Fourier convolution operators W G ;a0: = F G-1a F G on G. This
class of convolutions includes celebrated Prandtl, Tricomi and Lavrentjev-Bitsadze equations and, also, differential equations
of arbitrary order with the natural weighted derivative Gu (x)=(1-x2)u’(x), z[?] G. Equations are solved in the
scale of Bessel potential Hps (G ,d G (x) ), 1?7 p?[?], and Holder-Zygmound Z v ( G ) , 0 [?] spaces, adapted to the group
G. Boundedness of convolution operators (the problem of multipliers) is discussed. The symbol a( ), [?]|R, of a convolution
equation W G , a 0 u = f defines solvability: the equation is uniquely solvable if and only if the symbol a is elliptic. The
solution is written explicitly with the help of the inverse symbol. We touch shortly the multidimensional analogue-the Lie group
Gn.
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Introduction

The present investigation is inspired by papers of V.E. Petrov [Pe06a, Pe06b, SP20],
where the author applied the finite interval Fourier transformation

M1y u(y)dy
(Fav)(§) = /_1 <1y> g2 £eR ey

to the investigation of convolution equations of the following type

Lo Emy ey s e Qo (—
Cou($)+‘/_1k<1—zy>1—y2_h( ), e G:=(-1,1). 2

(2) becomes convolution if the interval G = (—1,1) is endowed with the group
operation x o y := f: i , making G a Lie group (see details in § 1 below).
Y

To the class of convolution equations (2) belong the celebrated Prandtl equation

Pu(z) = 248 4 & / Wy

S 1-22 ), y—=z

f(z), ze G 3)

(actually a special case of the Prandtl equation for a parabolic wing chord), singular
Tricomi equation

Tv(z) = cov(z) + ﬂ/ vly)dy + Cﬁ/ vy)dy g(zx), ze(-1,1)4)

™), y—= T _11—xy:

and Lavrentjev-Bitsadze equation

_ a [ 1 1-2y B
LBo(z) = cop(x) + ;/O [y el Qxy] e(y)dy = h(z), ()

re Gt =(0,1).
Equations (2)-(4) and equation (5) after the variable transformation mapping

Gt := (0,1) — G (see (70) below), are particular cases of the following integro-
differential equation

m 1
Au(z) = [ckDGu(x) + i DG" [ Hi, (1 - xy) (D u)(y) 7= "
k=0 1
= w(x), reG=(-11), (6)
where ¢y, ..., ¢y and dy, . . ., d,, are complex valued constants, my, . . . , My, Mo, - - -

are non-negative integers, 4, ..., %y, € L1(G,dG(z)). A = W , represents a
convolution operator on the Lie group G (see § 3 below) and
d

De = (1 —xQ)%. (7N

?nm
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is the natural differential operator on this group, which means that it is a convolution
operator and generates the Lie algebra on the Lie group G.

Equations (2)—(6) have ample of applications in Mechanics and Mathematical
physics and were investigated by many authors (see surveys in [Pe06a, SP20], [Du79,
§ 20], [Ka75] and the recent papers [AA21,AP16]).

Equations (3) and (4) were solved by V. E. Petrov in [Pe06a] (also see [Pe06b,
SP20]) by using the &-transformation, which he defined as the equivalent transfor-
mation & = t,.% x, to the classical Fourier transformation .% on the real axes under
the transformations t.p(x) = (t(x)), x.(t) := ¥(x(t)) which are inverse to
each-other. Here

1, 14+=x
n
2 1—2xa’

z(t) = tanh ¢, reG, teR. (8)

We have noted that the transformation & on a segment G = (—1, 1) considered
in [Pe06a] can be interpreted as the Fourier transformation on the group G. Then the
equations (2)—(5) are interpreted as convolutions and the Fourier transformation (1)
applied to these equations transforms them to a simple operators of multiplication by
the ”symbol” (the Fourier image of the kernel) of the Fourier image of an unknown
function. That motivated description of multipliers and finding criteria of invertibility
of convolution operators. Also that motivated introduction of the appropriate Bessel
potential spaces, based on the differential operator ¢ to consider these equations in
better space settings.

These aspects were missed in [Pe06a,Pe06b] and in the subsequent papers. Equa-
tions (2)—(4) and some boundary value problem for the equation (5) on the part of
the unit sphere, were solved in [Pe06a,Pe06b] in the general Banach spaceless set-
ting, while in [SP20] equation (3) was investigated in the Bessel potential space
setting H*(G), —1 < s < 1, which was defined as the image of the correspond-
ing Bessel potential space on the axes IFHS(G) := t,H*(R) under the isomorphism
tep(x) = p(t(x)) (cf. (8)).

In our approach we use a natural Fourier transformation on the Lie Group % (cf.
§ 1 below), the natural differential operator ® (see (1) and (7), and the Bessel poten-
tial operators A° = 7' (1 + |¢[?)*/2 %, and define Bessel potential H3 (G, dG(z))
and Sobolev W' (G, dG(x)) spaces for arbitrary s € R, 1 < p < oo,m =0,1,...
in a standard way. A convolution operator W¢, , := F5'aF on G is defined and
theorems on multipliers in the Bessel potential spaces are proved. Criteria for the
Fredholm property and unique solvability of equations (2)-(6) in the Bessel potential
spaces are found and explicit formulae for their solution are indicated (see § § 4-7).
Holder-Zygmound spaces Z¥(G), 0 < p < oo are defined and used to establish a
priori smoothness of solutions to equations (2)—(6).

What we expose here for the group G can also be done for the multidimensi-
nal case G" := G X --- x G: Fourier transformations %!, Bessel potential
H7 (G", dG(x)), Sobolev W (G™, dG(x)) and Holder-Zygmound Z*(G™) spaces,
theorems on multipliers and solvability results for multidimensional convolution equa-
tions WGn U:=JgitaFgnU =F,U € HS (G™,dG™(x)), F' € H)~"(G™, dG(z))
and the multi-variable symbol belongs to the multiplier class a € /// »(G™) (see §
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3). Therefore some assertions will be formulated for multi-variable case (see, e.g.,
Proposition 5).

The paper is organized as follows. In § 1 we expose results on the Lie Group G =
(=1, 1)-invariant Haar measure, characters, Fourier transformation and its inverse,
define Lebesgue space I, (G, dG(x)). In § 2 we define Bessel potential H? (G, dG(x)),
Sobolev W;”(G, dG(z)) and Holder-Zygmound Z*(G) spaces (1 < p < 00, s € R,
m=1,2,...,u0>0,7 € R). In§ 3 convolution operators on the Lie group G are
defined and a couple of theorems on their boundedness are proved. In § 4 -§ 7 we
expose results on equations (2)-(5).

1 Lie groups G and G™

On the interval G := (—1, 1) we define the following additional group operation

) z,y € G, 9)
Y

which makes G a Lie group. The inverse element to x is —z and the group operation
is the isomorphism of the Lie group z oy : G x G — G. Indeed,
T+y l+azy—z(z+y) 1—22

= = > 0;
Y1+ ay (1+ay)? (1+ zy)?

therefore, the function 1I +y is increasing with respect of both variables x,y € G

and
-1-1
inf Ty = =-1
z,yeG 1+ xy 1+1
T4y 1+1
sup = =1.

eyec l+zy 141

This accomplishes the proof that the binary operation = o y makes G a Lie group.
The invariant measure is

dzx
Indeed, we have
r+y
“1+ay 1—y° dx
. L=ty S T T ) R (=) 10)
1+ 2y

Characters of the Lie group G coincides with the set of isomorpisms to the unit
circle and are given by the mappings

(3
x— C(x,8) := (1—1—30) Vzed.

11—z
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Indeed, to prove this we have to check that C'(z oy, &) = C(z,£)C(y,§), Va,y¢€
G Indeed,

A AN B
c(xoyg):(”@"y)) | ity :(1”%“@)
’ 1= (zoy) 12ty l4zy—x—y
1+ 2y
T+2\* 14y “
_<1—x> <1—y> =C(z,8)C(y,§) Va,yel. an

Thus, the Fourier transformation on the space of functions on the group G is defined
as follows (cf. (1)):

© = [ cwopwac = [ (F2) 0

—1 1*y

The pull back operators, corresponding to the diffeomorphisms (8) of the Lie
groups R and G represent isometric isomorphisms

(9)(a) = plta) = (1012 ) 5 Ly (R) = Ly(GudGla)
(20) (1) = ola(t)) = poltanh 1) Ly (G dG(x)) — Ly(R).

z (t) =t (), te(z) =z, (), r € G, teR

*

13)

of the Lebesgue spaces L,(R) and L, (G,dG(z)), 1 < p < oo, where the latter
weighted Lebesgue space is equipped with the norm

-1 )
for 1<p<o

o[ Los(G, dG(2)) | := || Loo (G)|| = ess sup,eq lo(x)]  for p = oo.

(14)

The dual space to L, (G, dG(z)), with respect to the scalar product

1
— d
(p,Y)g = / P(Y)U(y) 5 f/ 5. 1<p<oo,

-1 Yy

is the space L,/ (G, dG(z)), p’ = Ll
p—
Using the transformation of the variables (8) and taking into account the connec-

tion between differentials

dt:ld lnl—i—x :(1—x)+(1+x)dx: dx
2 21+x

_ _ 2
1—z (1*$)2 1—=x
1—=z
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we easily prove the following equality between the norms (isometrical isomorphism
of the spaces)

1 1/p
0| Lo (G, dG () | = [ | |soo(x>|PdG<x>} (s)

[ o (R
B _190 2 1—=x

! d-””] v _ [/OO |g0(t)|pdt] " lp|Lp(R)]],

1—a? e
1.1 d
where we used the substitution ¢ = — In + sc’ dt = z and
2 1—=x 1— 22
1 1+=x
¢ € L,(R), o) :=tep(x) = ¢ (2 In = x) . o € L,(G,dG(x)).

The Fourier transform %z () of a function ¢g(z) on the Lie group G and the
Fourier transform Fre(&) of a function (t) on the Lie group R are related by the
formulae

(Fapo)(§) = DaFr(ze00)(§) = Fr(Tep0)(26),  EER,
0o T —i€
(Z50)0) = (.75 Dya)e) = [~ (12 )wierie, w6, 19

®o ECSO(G)7 wECSO(R)v

where D 1)(&) := (A) is the dilation operator and .. is defined in (13). C§°(R)
and C§°(G) denote the space of C'°>°—functions with compact supports on the sets
G =(—1,1)and R.

The isomorphism of spaces (13) and (15) via transformation (8) was noted in
[PeO6a] (also see [SP20]) and applied to the definition of the transformation (12),
which was called there &?-transformation.

The following Parseval’s equality is valid:

1+ y)i5 @dydg

o T = [ Fas Tt = [ goete) [ (1Y) 40
[T [T () st
= w/_ll V() F5' Fae(y)dGly) = 7r/_11 P(y)¥(y)dG(y)

= (g, P)g- 7)

From (17) follows that the mappings

1
ﬁgzg : Lo(G,dG(x)) — La(R), 18)
\/773351 0 Le(R) — Lo (G, dG(7))

are isometric isomorphisms of the spaces.
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Note, that the direct product G" := G x ... x G of n copies of intervals G :=
(—1,1) endowed with the group operation
zoy:=(T10Y1,...,TpOYn),
r=(x1,...,2) ,y=(y1,...,yn) €G",
makes G™ a Lie group. The inverse element to = is —x and the invariant measure is
dzry dz,

5o =
1—x7 11—z

dG(z) :==dG(y1) - - dG(yn) = x=(z1,...,2,) € G".

The Fourier transformation on the space of functions on the group G™ is:

(T = [ (m’)igwy)dG(y) -/ i (3 “”“)igk o(y)dG(y),

1—y i 1 -y

€ €R™.

Further we will formulate and prove assertions for the group G, although all of
them from §§ 2-3, except the second part of Theorem 2, are valid for the group G™.

2 Function spaces on G

Let S(R) denote the Schwartz space of fast decaying C'*°(R)—functions, which elim-
inate at +-00 together with the derivatives [(1 +t2)]™(d*¢)(t)/dt* for arbitrary inte-
gersm,k = 0,1,.... S(G) denotes the image of S(R) under the transformation (cf.
(13))

t. : S(R) = S(Q) (19)

and consists of C°°(G)—functions ¢(z) which eliminate at +1 together with deriva-
tives [In(1 — 22)]™(D*p)(z) for arbitrary integers m,k = 0, 1,.... The notations
S'(R) and S'(G) are used for the dual Schwartz space of distributions. It is well
known that the spaces S(R) and S'(R) are invariant under the Fourier transforma-
tions ﬁﬂgﬂ and, therefore, due to (16), (19), the Fourier transformations %1 map the
spaces as follows:

i S(G) = S(R), 75" S(R) = 8(G), (20)
:8'(G) = S'(R). :S'(R) = §(@).

Let W2 denote the Fourier convolution operator on the real axes
Wlp = Fy laFre, ¢ € S(R)

and a(€) is called its symbol (cf. [Du79]).
The notation HJ*(R) = W' (R) with 1 < p < oo, m € Ny refers to the Sobolev
space of which represents the closure of the Schwartz space S(R) under the norm

m 1/p
1F Wy R = (Z IIC'?ffILp(R)II”>
k=0
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for 1 < p < oo, with the usual ess sup-norm modification for p = oc:
m
IF TWZR)| == > esssup |07 f(¢)]-
i—o  t€R

The notation HZ (R) with s € R, 1 < p < oo refers to the Bessel potential space
on the Lie group R, which represents the closure of the Schwartz space S(R) under
the norm

If TH (R[] == |75 1(€)°* Faf I Lp(R)[| = W) f | Lyp(R)|| < +oo,
(©)° = (1 +e)?

for 1 < p < oco. We will apply the standard convention and write H*(G) for the
Hilbert space H$(G), dropping the subscript index p = 2. Due to the classical Parse-
val’s equality for the axes R the formula

5 1/2
i1 ®ls = ( [ |o+eressolf o) @

provides an equivalent norm in the Hilbert space H*(R).
If (€)~"a(&) has bounded variation on R, than W : H5(R) — H: " (R)
extends to a bounded operator for arbitrary s,r € R, 1 < p < oo (see, e.g., [Du79]).
It is well known that the derivative d,p(t) = ¢'(t) = (ngggo)(t) on the real
axes R is a convolution operator and its symbol is —i&:

(FrOp)(§) = —i(Frp) (), §eR. (22)

Let0 <a <1, 1< p< oo.Then the space Zj (R) consists of functions

— (t
m oy OO )
steR |z —t]®

22 (R) = {@ CL,(®) : |¢

and is endowed with the norm

Iellzg = llelle, + llllze- (23)

To extend the definition of the space Z{) (R) to the case o > 1 the Poisson integral
is involved (cf. [St70, § II1.2]

Pypla) = [ Pla =it =Wofa).  Pfa) = 1ot

ay(§) =exp(—[€&|y), y>0, z R

P,p(x) approximates () (cf. [St70, § IIL.2])

lyi%lHPygo—goHp:O, v € L,(R), 1<p<oo.
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Lemmal For0 < a < 1,1 < p < oo the expressions

d

0 _

Il = lellp +5ups0 '~ Dy Pyelloes D= o
lellzg = llelly + supysoy' = [De Pyplloc, k=12, .n
define equivalent norms in the space 7 (R).

The proof of the formulated Lemma for the case p = oo is exposed in [St70, § V.4],
while for 1 < p < oo in [DS93]. O

The foregoing lemma leads to the following definition of the space Zg(R) for
O<a<oo1l<p<oo:

Zy®) = {o € L,[®) : llelzg = el

+ supyk_“HDI;WgygoHoo < 00, k=[a] + 1}, (24)
y>0

where [«] denotes the integer part of «.
Moreover, the definition (24) can be applied for the definition of the Holder-
Zygmound space Z (G) on the Lie group:

Z3(G) = {4 € Ly(G.dG(@)) : lWllzg = Il
+ supy* T DEWE o Plloe < 00, k=[a]+1}
y>0 ’

as the image of the space Zg(R) under the transformation ¢. (cf. (13)): Zg(G) =

£ 23 (R) := {po = tup : © € ZZ(R)}.

Further properties of the space Zg (IR) (valid also for Zg(G)) one can found in
[DS93,St70].

In the next Lemma 2 we have collected some formulae on .Z;-transformations.
Most of them can also be found in [Pe06a].

Lemma 2 The following holds:
Opp(t) = O(zsp0)(t) = 2. Dawo(t), wo=1tp € CF¥(G), teR, (252)

O =W, Dg=(1-2")0 =WZ g, (25b)
1 1 1 13

FaD© =g [ (151) Fdn 1eCRE), ¢eR 050

(ZaDcpo)(§) = —2iE(Fapo) (), §ER, (25d)

(ﬂgi/) (&) = mi coth(n§), £ ER, (25e)

(ZoVT=17)(© = ——, €€k, (250)

cosh(m§)’
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(&“Gl;?ﬁ) (¢) = mitanh(r¢),  E€R, (252)
(Fon)(©) = g €€R (25h)

2
(Fall=)O) = ez E€R (si)

Note, that the integrals in (25e) and in (25g) are understood in the Cauchy mean
value sense.

Proof: We have:
L O po(x) = (t.0ppo(tanht))(z) = (t.(0zp)o(tanh t)0; tanht)(x)
— o)t () (@) = Dun(o)(t. 1 ~ tanl ) o)

= Oopo(@)(1 — 2%) = (1 = 2%)dupo(2) = Dayo(z), € G.

Formulae (25a) and (25b) are consequences of the proved formula.
Formulae (25¢) follows from (25d). Indeed,

1 1+y 1 14y dy
e [ ) rwm = [ () e

_ _TZ(JGQGf)(f) = (Faf)(€).

Formulae (25e)-(251) can be proved directly (most of them, as noted above, are
proved in [Pe06a]). Alternatively, using the first formula in (16)

(Fap0)(€) = Tr(w:00)(28),  Txpo(t) :=po(tanh t), ¢,§€R,

the proofs are reduced to checking the Fourier transforms of the corresponding func-
tions ..o (). O

Note that according to (25a) and (25b) the counterpart of the derivative 0; on the
Lie group R is the derivative D¢ := (1 —22)d,, on the Lie group G and both of them
are convolution operators.

The notation W' (G, dG(x)) with 1 < p < oo, m € Ny refers to the Sobolev
space of functions which represents the closure of the Schwartz space S(G) under the
norm

1/p
1f W5 (G, dG (= (Z IDE S | Ly(G, dG ))|p>

for 1 < p < oo, with the usual ess sup-norm modification for p = co

If Wz (G Zess sup D& f ()]



CONVOLUTION EQUATIONS ON THE LIE GROUP 11

The functions from W' (G, dG(x)) C L, (G, dG(x)) have distributional derivatives

D% of order k = 1, ..., m, which belong to the Lebesgue space L, (G, dG(z)).
The notation H) (G)) = H (G, dG(z)) with s € R, 1 < p < oo refers to the

Bessel potential space on the Lie group R, where the norm is defined as follows

IfIHE(G, dG () = |75 (€)* Fa f | Lp(G, dG(2))]]
= W f|Lyp(G,dG(z)|| < 400, (£)* == (14 [¢*)? (26)

for 1 < p < oco. We will apply the standard convention and write H*(G, dG(x)) for
the Hilbert space H$ (G, dG(z)), by dropping the subscript index p = 2. Due to the
isomorphisms (18) the following

1 1/2

1 1 H(G, dG (@)l = ( /

2
ez )| a)
-1
defines an equivalent norm on H*(R).
Let Z(B1,%B2) denote the space of all linear bounded operators mapping the
Banach spaces B; — Bs.
Based on formulae (22) and (25d) the following is proved (cf. [Du79,Tr95] for

the case H'(R) = W (R)).

Proposition 1 For arbitrary 1 < p < oo and an integer m € Ny the the Bessel po-
tential space H}' (G, dG(x)) and the Sobolev space W' (G, dG (z)) have equivalent
norms and are topologically isomorphic.

Due to the isomorphisms

te : H3(R) — H(G,dG(x)), 1<p<oo, sER, o
t: ZER) — ZU(G),  0<p<oo, 1<p<oo,
we can justify the following propositions, valid for the Bessel potential and Holder-
Zygmound spaces on the Euclidean space R.

Proposition 2 (see [Tr95, § 2.4.2]) Let sg, s1,70,71 € R, 1 < po,p1,q0,q1 < 00,
0< t<1land
1 1-6 0 1 1-60 0
+—, -= +—, s=(1-0)sg+0s1, r=(1—0)rq+06r.

p Po b1 q do Q1

IfAe %= LMy (G,dG(z)),Hy (G,dG(x))), j = 0,1, then A is bounded
between the interpolated spaces A € £ = £ (H;(G,dG(x)), Hy(G,dG(x))) and
the norm is estimated as follows

1Al < [ A| Ll AlAll°
Proposition 3 (see [Tr95, §2.7.2]) Let 0 < pg, p1, Vo, V1 < 00, 0 < v,60 < 1 and
w=01=0u+0u, v=>0-0)vy+0v.

IfA € % = L7y (G),Z,) (G), 5 = 0,1, then A is bounded between the
interpolated spaces A € £ := ZL(Zh(G),Z,(G) and the norm is estimated as
follows

1A|Z 1 < 1A] Ll 0 1 Al
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Proposition 4 (see [Tr95,DS93]) Let s,r €¢ R, 1 < p < 00, 0 < p < oo and
(&) := (1 + |€|>)'/2. The Bessel potential operator

AT = WG 0 Hi(G,dG(x)) — Hy (@),
D Z(G) = 2T (G).

is an isometric isomorphism for the firs pair of spaces and is an isomorphism for the
second pair of spaces.

3 Convolutions and multipliers on G
Now we consider a convolution on the Lie group G = (—1,1)

(Kop)(e) = (ko sc ¢0)(@) 1= [ ol (~9))a(0)dGo)

—1
! T -y dy
—/_lko(l_xy>80o(?/)1_y2-

Convolution (28) is equivalent with the corresponding convolution on the Lie group
R (the Fourier convolution)

oo

(Ko)(t) = (k# o) (1) = / K(t — )p(r) dr 28)

— 00

and the equivalence is established with the help of isomorphisms ¢, and z, (cf. (13).
Indeed,

t.K (2200)(z) = /Oo k (;m L +i - t) (ap0) (£)dt

— 00

/1 k:(ll 1te 11nl+y> eo(y)dG(y)

n
1 2 11—z 2 1-y

! 1+ le_xyy
—/_1k 31— | olu)dG()
1—2zy

-/ ko(“y) o (1)dG () = (Kopo)(x), € G29)
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1 1
where we have inserted ¢t = 5 In 1+7y Vice versa, we start from the convolution
-y
(28):

! an —
sl = [ ko ({2 ) (0 )G)

:/ ko ( tanht — tanh 7 )(p(T)dT

oo 1 — tanh 7 tanht

= /00 ko (tanh(t — 7)) p(7)dT = (Kp)(t), te€R, (30)

—00

where t,,r, = t, ! are defined in (13) and we have inserted y = tanh 7. Hence,
the kernels of convolution operators ko(x) in (28) and k() in (28) are connected as
follows:

ko(x) == (t.k)(z), k(t) = (z:ko)(t), z€G, teR. 31)

The connection (29) and (30) between the convolution operators (28) and (28)
was noted in [Pe06a] and in [SP20] and used to investigate Prandtl equation, Tricomi
equation (see [Pe06a,Pe06b]) and Prandtl equation in the Bessel potential spaces
H*(G,dG(x)), 0 < s < 1 (see [SP20]). These equations are addressed in §§ 4-5
below.

Theorem 1 Let1 < p < 00, s € R, u > 0. The convolution operator Kq on the Lie
Group G (cf. (28)) is bounded in the Lebesgue and space

Ko : L,(G,dG(z)) — L,(G, dG(z))

) (32)
L Z(G) — ZE(G).

provided its kernel ko(x) satisfies the condition ko € L1 (G, dG(x)), ie.,

Iko|L (G, dG ()| = / TR0 |dG() < x.

and
1K opo|Lp(G,dG ()| < |[ko|L1 (G, dG ()|l 00| Lp(G,dG(z))].  (33)

Proof: For the proof in case of Holder-Zygmound space Z£(G) we quote [DS93,
Theorem 4.12].

Fourier convolution operator K on the Lie Group R (cf. (28)) is bounded in the
space L, (R) for a kernel k € L1 (R). Then Ko = W, ., # = (Fko)(£),{ € R
it is bounded in IL,,(G, dG(z)) (cf. (31), (16)). Due to Proposition 7 proved below.
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The direct proof for the space L, (G, dG(z)) goes as follows:
1 1 p 1/p
=y '\ $o(y) dx
L = k d
[ KoeolLy (G dG(x))] V [ (L) £y 1_1,2]
_ / / e (2= [ o)l
[ VT Y 0 1 —ay (1—y>)i/r
/ 1
oo ([ E =Y 1/p 1 d : dx v
o\1—ay (1 —y2)1/P Y12

o () a2

1 B p/p' /P
([ o (=) )
1 1—2ay 1—y
! Pdy (1 — d
_ / [po(y)] y/ oo (EY x
4 1—-92 ), O\T—ay/|1—22
1 c—y dy p/p' 11/P
{/_1 k0<1xy)‘1y2} '

In the integrals we change the variables, using the invariance of the Haar measure
with respect to the group operation (cf. (10)):

if t= 19” _xyy, then dG(t) = dG(z) = —dG(y).

11

and obtain

1K 00| Lp(G, dG ()

1 1 -1 p/p' /P
/ Iwo(y)\pdy/ ko (t)|dt _/ ko (t)|dt
12 ), 1 L 12
= [lko|L1 (G, dG () ||| 00| Lp(G, dG ()|

and (33) is proved. O
Note, that

Frlk *r ¢](£)

<

= (D), H ()= Trk(E), @) =Frp(§), (34
Falko *a pol(§) = Ho(§)Po(§), Ho(§) = Fako(§),
D0(§) = Fapo(§), £€R (35)
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and J#5(€), # (§) are called the symbols of the corresponding convolution operators
Ko in (28), K in (28). These symbols differ by constant dilation of the argument
Ho(€) = 2 (2€). Indeed, from (16) and (34) follows:

(o]

H(28) = (Frk)(28) = Fr(w.ko)(28) = / €8k (tanh t)dt

— 0o
1 i
1+
- [ (FY) mtice) =i, cer o
—1 -
It is well known and follows from (34) that the Fourier convolution operator K in
(28) is written in the form (see, e.g., [Du79])

(K@)(t) = (k*r @)(t) = Fg ' H Trplt) = Wye(t), teR. (37
Similarly, due to (35), the convolution operator Ko in (28) is written in the form

(Kopo)(x) = (ko *q ¢o)(x) = Fg Ao Tapo(x) = W 0(x),  (38)
reG

Let M, (R) = M(L,(R)), 1 < p < oo, denote the algebra of Fourier L, (R)-
multipliers, consisting of functions for which the Fourier convolution operator W,
a € M,(R) is bounded in the Lebesgue space W0 : L,(R) — L,(R) (cf. [Hr60,
Du79]).

Let W(R) = {CL(S) : a(f) =c+ ﬁk(f) =c+ kaO k€ Ll, ko €
L;1(G,dG(z))} denote the Wiener class of functions. Norm in W(RR) is introduced
as follows:

lall := leo| + [k [La (R)]| = [eo| + [lko[L1(G, dG (x))]I-

Theorem 2 Let 1 < p < oo. The convolution operator Wg,a on the Lie Group G
(cf- (28) and (38)) is bounded in the Lebesgue space

W, : Ly(G,dG(z)) = Ly(G,dG(z)) (39)

if and only if the symbol a(§) is a Fourier L, (R)-multiplier, a € 9, (R).
In particular, Wg)a is bounded in (39) for all symbols a (&) with a bounded vari-
ation a € V1(R) and from the Wiener class W(R).

Proof: The proof of the first part follows from the isomorphism properties (15) and
the equivalence of convolution operators

We o, = tWoz,  ao(€) = a(26), (40)

which, in its turn, follows from (30), (37) and (38).

The inclusion V; (R) C 9, (R) was proved by S. B. Stechkin in [St50] (also see
[Du79, Theorem 2.11] for a proof). The inclusion W(R) C 9,(R) for the Wiener
class of functions follows from Theorem 1 and the first part of the present theorem.
O

Let us expose here the celebrated Mikhlin-Hérmander-Lizorkin theorem on mul-
tipliers, which we formulate for the multi-variable case.
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Proposition 5 (Mikhlin-Hormander-Lizorkin) . Let 1 < p < oo, s,7 € R. Ifa
Sunction a(§) satisfies the estimates

€110 a(§)] < Ma(§)" <oo,  E€R" (41)
for all o € Ny, then a € M (R™) and

W& o | H; " (R[] < Cp(a) | (R™)]] (42)
for some constant Cj,(a) < co.

Proof: Due to the multi-variable analogues of Proposition 7 and Theorem 4, the mul-
tiplier class 2, (R™) is the same for the spaces LL,,(G", dG™ (x)) and H (G", dG™ (x))
and M7 (R™) = (1 + |¢[*)"/200,(R™). Therefore, the proof is reduced to the case
of miltipliers on the Lebesgue space. Then the formulated assertion follows from the
classical Mikhlin-H6rmander-Lizorkin theorem (cf. [Hr83, v. I, Theorem 7.9.5]). [

Proposition 6 . Let 1 < p < oo, u > r > 0. If a function a(§) satisfies the condition
of the foregoing Proposition 5, then the convolution operator W&a is bounded in the
Holder-Zygmound space 7 (G) — Z~"(G).

Proof: For the proof we quote [DS93, Theorem 4.8]. (]

Theorem 3 Let 1 < p < oo, > 0. If the function a € V1(R) has the bounded
variation a € Vi(R), the convolution operator W& o is bounded in the Hélder-
Zygmound space

W © ZH(G) — ZH(G).
Proof: The convolution operator Wgﬁ sign 15 bounded in Z#(G) due to Proposition
6, since sign ¢ and its derivative {0 sign £ = £§(§) = 0 are bounded functions.
Further the boundedness of convolution operator W, ,, a € V1(R) (Stechkin’s
theorem) is proved as in the original paper [St50] (the proof of Stechkin, modified by
Matsaeyv, is exposed also in [Du79, Theorem 2.11]). O

Remark I Let M(Z(G)) denote the space of multipliers in the Holder-Zygmound
space Zk (G), namely, a € M(Z#(Q)) if and only if W, , is bounded in Z4(G).
Summarizing the exposed results we note that M (Z4(G)) contains the Wiener
class W(R), functions of bounded variation V1RR) and functions which satisfy the
Mikhlin-Hormander conditions a(§) and £0¢za(€) are uniformly bounded on R.

Lemma 3 Let

C2

a(€) = ¢y — icy tanh(hE) + cosh(hE)"

£ eR, (43)

where cg, c1,co € C, h € R, are constants.
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If a(§) is elliptic, i.e., infecg |a(|€)] > 0, the inverse a=1(£) has a similar repre-
sentation:

a”'(€) = do — dy tanh(h€) + a_1(€),
o1 €C¥R), asi(E) = 0 (cot (1)) = 0 (), “

(CO + icl)_l — (Co — icl)_l

2

do — (CO + icl)_l _; (CO B ’L'Cl)_17 dl =

In particular, if h # 0 (44) implies a_; € S(R).

Proof: It is easy to check, that

[co — icy tanh(hé)] [do — dy tanh(hé)] = cody + ic1d; tanh?(he€)
—[cody + ic1do] tanh(hé) = cody + icidy tanh? (hE)

. . ic1dy
= cody + icrdy —icidi[1 — tanh®(hé)] =1 — ————, eR.
0do 101 1d1] (h&)] coshz(hg) 1
therefore,
- ic1d , c2a” ' (§)
1= 1 =1 - 716171 _ h _ 27
oQa™(6) = 1~ i+ leo —ier tanh(h)Ja1(6) + Coip
Then,
ic1d caa™ ()
a_ = [¢o — icy tanh(hE)] 7t adt 2
1(5) [ 0 1 ( 5)] |:COSh2(h£) COSh(hf)
= 0 (cosh ' (h¢)) = 6 (64;@) el = oo, 45)
since, due to the ellipticity of a(§),
inf |co —icy tanh(hé)| # 0 (46)
1€1>R
for R > 0 sufficiently large.
From (45) and (46) follows the claimed asymptotic in (43). O

Remark 2 Cauchy singular integral operator

1 (Y u(y)d
Scu(z) = por / ) uy(y_) xyLet. = Wg(sc)u(z) — F(u), reG 47

is represented as a difference of a convolution operator on the Lie group modulo and
one dimensional operator (functional)

Sou = Wiisgule) = F@.  Pl) = (Fu) = [ yuln)dc(y).

Both operators in this difference are unbounded in the space L, (G, dG(x)),1 < p <
0.
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Indeed,
Scu(x) = % ) 1y__:i u(y)dG(y)
1y _ . 1
- % 3 13, _xy (y)dG(y) — %llyu(y)dG(y)
= (771zy *G u) () — F(u) = WO(SG)U(JU) — F(u),
o(56)6) = %o () (O —cothme,  §ER

and in the last line we used formula (25¢).

That F' is unbounded is easily checked.

As for the convolution operator, the symbol o(S¢)(§) is unbounded and can not
belong to any multiplier class o(S¢) € M, (R), Vp € [1, 00]. O

Obviously, 21, (R) is a Banach algebra, endowed with the norm ||a|90,(R)|| :=
We., IL,(G,dG(z))]|, because

WeWey,=Woa  Va,beMy(R). (48)

Proposition 7 (see [Hr60,Du79]) Let 1 < p < oo and s € R. The multiplier class
of the space H (G, dG(z)) is independent of the parameter s € R

M(H(G, dG(x))) = M(Lp(G, dG(x))) = My (Lyp(R)) = M,(R) .

The norm of a convolution operator W&a, a € M,(R) in the Bessel potential
space Hy (G, dG(x)) on the Lie group is independent of s:

W o2 (H} (G, dG (2)))]| = W |2 (Ly(G,dG ()| Vs €R.
Let SJI;(R), 1 < p < oo, r € R, denote the class of functions
My (R) = {(€)"a(¢) - a €M)}, (O =1+ (49)
and use M, (R) for MY (R).
Theorem 4 Let1 < p < oo, s,r € R. The convolution operator
We., « HY(G,dG(x)) — H) ™" (G, dG(x)) (50)
is bounded if and only if a € M} (R).
The convolution operator W& o in (50) is Fredholm if only the symbol is elliptic
inf |(¢)""a(é)| > 0. (51)

£ER

Ifthe symbol a_.(§) := (£) " "a(&) has a bounded variation a_, € V1(R) or belongs
to the Wiener class, a_,. € W(R), the ellipticity of the symbol (51) is sufficient for
W&a to be invertible in the setting (50) and the inverse operator is Wg’a,l.
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Proof: Due to the property (48) and Proposition 7, the operator Wgﬁa in (50) is equiv-
alently lifted to the operator

ATTWE AT =WE v ¢ Lp(GLdG(z)) = Ly (G, dG(x)).  (52)

The equivalent lifting (52) shows that the operator W2 , in (50) and the operator
W& ©-a in (52) are simultaneously bounded or not, are simultaneously Fredholm
or not, are simultaneously invertible or not. Therefore, we only need to prove the
assertion for r = 0.

Let us note that Wg’a is translation invariant

r+vy
14+ 2y

T;)Wg’au(x) = WCO;’GTSU(ZL'), Tgu(x) =u ( > , x,yeG. (53)

This property can be checked directly, but it also follows from the equivalence of
operators W¢ , and W (cf. (40)) since W) is translation invariant

TWoo(t) = Womhe(t),  map(t) :=p(t+h), theR.

If we assume that W , € Z(L,, (G, dG(x))) is Fredholm, it is invertible. This
follows since W¢, , is translation invariant (53) and is proved as for the Fourier con-
volution operator W2 in [Du79,Du84] (I. Simonenko proved this property first in
[Si65] for a singular integral operator).

If We , € Z(Ly(G,dG(x))) is invertible, the dual (adjoint) operator W¢, 5 €
Z(Ly (G,dG(x))), p' = p/(p — 1), is also invertible. Then is invertible W¢, , =
J W&EJ , where Ju(z) = w is the complex conjugation. Then, by interpola-
tion, the inverse is bounded in the space .2 (L2(G, dG(z))) and, therefore, W&a €

1
Z(L2(G,dG(x))) is invertible. Since the Fourier transforms .72 = Tﬁg and

™
(#2)7! = \/771%1 map the corresponding spaces isometrically (maintaining the

norms; see (18)), the operator
(FEWe o (Z8)7IU)(E) = al€)UE), U € La(R)

is also invertible in the space LL,,(R). But the latter represents a multiplication operator
by the symbol a(&) in the space Lo (IR). The invertibility of the multiplication operator
by a function I implies the ellipticity of the function a(£).

Ifa_, € Vi(R) N W(R) C 9M,(R) is elliptic, then a~} € V;(R) N W(R) C
M, (R) and, due to the property (52) W&a_l is the inverse operator to W&a:

0 0o _ 0 0 _ 0 _
WG’,afle,a - WG,aWG,a*1 - WG,I =1 U

Remark 3 For p = 2 the ellipticity condition (51) is necessary and sufficient for the
convolution operator

W, « H*(G,dG(z)) —» H* (G, dG(x)) (54)

with a symbol a € 9, (R) to be invertible, because M2 (R) = L (R).
But for p # 2 there exist multipliers a € 91, (R), which are elliptic |a(§)| > 1
and even continuous, but a=! & M, (R) (see [Ig69, Theorem 6]).
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4 Convolution integro-differential equation

The symbol of the integro-differential equation (6) is

A (€)= [er(—20&)" + di(—2i)™ T (Fa i) ()], EER, (59

k=0

Hy)i&%(y)dy k=1... . .m

1—y 1—y2 7

(Far)©) = [ 11 (

Theorem 5 Let1 < p < oo, s € R, mi +np <m, k=1,2,...,m. The operator
A in (6) in the setting

A H(G,dG(z)) — Hy (G, dG(z)) (56)
is Fredholm if and only if its symbol is elliptic:

inf 7£{(£)
i+

> 0. 57
£ER 57)

If the ellipticity condition (57) holds, the inverse operator is the following convolution
(pseudodifferential) operator Al = Wg o1

Proof: Due to Theorem 4 the operator A in (6) is bounded in the setting (56). Due to
formulae (35) and (25b), (25d) the following equality holds
(ZeAu)(©) = o (©)(Fou)©), o A=FG o Fa=W,,.

It is clear, that (1 4 £2)~™/2.¢7(€) belongs to the Wiener algebra W (R) and, due to
the Wiener’s theorem, the inverse symbol (1 + £2)™/2.a7~1(¢) also belongs to the
Wiener’s algebra W (R), provided the symbol is elliptic. But then the inverse symbol
is an LL,-multiplier for all 1 < p < oo (see Theorem 2).

Therefore, due to Theorem 4, A = Wg, o isinvertible if and only if the ellipticity

condition (57) holds and the inverse operator is Al = Wg g1 O

5 Prandtl equation

Theorem 6 Let 1 < p < o0, s € Rand fo € Hi™'(G,dG(x)), where fo(x) =
(1 — 22) f(x). The Prandil Equation (3) has a unique solution v, € H3 (G, dG(x)) if
and only if its symbol is elliptic:

20 |
VITIEP

If the ellipticity condition (58) holds, the solution is

w(@) = W pafo)(@),  folx) = (1—y*)f(x). (59)

inf 0, P(€) = co + 2¢1£ coth(we). (58)
£ER
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If the condition (58) fails, equation (3) is not even Fredholm in the following
setting fo € Hy"Y(G,dG(x)) and u € H (G, dG(z)).

In particular, if f € H(G,dG(z)), r > 1/p—1= —-1/p', p’ = p/(p - 1),
then the solution, if it exists, belongs to Holder-Zygmound space u € Zg(G) for
p<r+1/p.

Proof: Let us multiply equation (3) by 1—x2 and rewrite it in the following equivalent
form:

r d
Pou(z) = cou(z) + (1 — w% /_ 1 “y(ﬁ)xy = fol), (60)
where fo(z) = (1 — 22) f(z), fo € H*~Y(G, dG).
By using the equality
1—22 _l—uxy

2z y—u + x, z,y € G

and the property of a solution u(—1) = u(+1) = 0 we give equation (60) the follow-
ing form:

Pou(z) = cou(z) + %(1 _ $2)/ u'(y)dy _ coulz) + g/ ) gy

-1 Yy—x ™ J-1 y—x
1 1
cx , c1 o s 1=y dy
bl = oL 1—
+ 25 [ gy = eouta) + 2 [ 1=y =2
1
= cou(z) + % {@Gu *G y] (x) = folx), z €@, (61)

where (v *g w)(x) is the convolution (see (28)) and D is the derivative (see (7)) on
the Lie group G.

By applying the Fourier transformation % (see (12)) to the equation (61) and
taking into account formulae (35), (25d), (25¢), we find the following:

Wl + 2 Fa(@eu)(©) % (1) (€ = 2OUEO = F©)
P(€) := ¢p + 2¢1€ coth(wé), U§) := (Fgu)(&), R (62)

Solvability (Fredholmness) of the equation (3) under conditions of Theorem 6
means invertibility (Fredholmness) of the operator

Py=W4 5 : Hy(G,dG(z)) — H; (G, dG(x)). (63)

It is clear, that (1 4 £2)~1/2.22(¢) has bounded variation (belongs to V1 (R)) and the
inverse symbol (14 £2)™/2.e7/~1(&) also has bounded variation, provided the symbol
is elliptic. But then the inverse symbol is an LL,,-multiplier for all 1 < p < oo (see
Theorem 2).

From Theorem 4 follows that the operator Py = W& & in (63) is invertible if
and only if the ellipticity condition (58) holds and is not Fredholm if the ellipticity
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condition fails. The solution to equation (60) (and to equation (3)) is represented by
formula (59).

The assertion about a priori smoothness of a solution to equation (3) follows from
the inclusion u € H** (G, dG(x)) and the Sobolev’s embedding theorem (cf. [Tr95]
for details):

- 1
HPH(G,dG(a:)) CZh(G) for O<pu<r+1-— ’ =r+1/p. (64)

The proof is completed. O

6 Tricomi equation
Theorem 7 Let 1 < p < oo, s € R, g9 € Hy(G,dG(x)), where go(x) = (1 —

x2)Y2g(x). Tricomi Equation (4) has a unique solution v(x), such that vy = (1 —
222y ¢ H3 (G, dG(x)), if and only if its symbol is elliptic:

nf|7()] >0, 7() = co— iex tanh(rE) + ﬁ?‘wf) £ER. (65)

If the ellipticity condition (65) holds, the solution is represented as follows

di (1 [1—y2g(y)dy
ole) = dogle) - % [ \[1 LAY

1
1—y? T —y
* [1 \/;k'_r (1 — xy) 9(y)dy, zeG, (66)

1

2

where

(co+ic1)™t = (co —ic1)™
2

and kT € S(QG) is the inverse Fourier transform of the inverse symbol.:

brlo)i= (75 T = 7 [ (T ”““)5 T (€)de, 1€,

TJ)_ o \1l—2

g_l(g) = yil(f) —dy —dy tanh(wf), T4 € g(R)

If the condition (65) fails, equation (4) is not Fredholm in the space setting
vo, go € H3 (G, G(x)), where vy, go are defined above.
In particular, if go € H(G,dG(z)), s > 1/p, then the solution, if it exists,
vo()
N

belongs to weighted Holder-Zygmound space: v(x) =

foru<s—1/p.

, where vy € Z5(G)
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Proof: Let us multiply equation (4) by v/1 — 22, use the notation of functions vy and
go introduced above, and rewrite (4) in the following equivalent form:

Tovo(x) = covo(w Cl/ (1_y2 ()
02/ m o)

1 -2y
= covo(x) — ;1/11 133__” 1= <1x:myy>2 oW)dG()

/ ,/1_ ==Y st

= coroe) =y VI 6 ) (@) + 2 (VI 4 56 00) (@) = 90(2)(67)

where (v *¢ w)(x) is the convolution on the Lie group G (see (12)).
By applying the Fourier transformation g (see (12)) to the equation (67) and
taking into account formulae (35), (25f), (25g), we find the following:

T(EW(E) = |co— %1 (ycly_yz> )+ %292; ( 1- y2) )| Vo(&)
— Go(€),  T(E) = co — ict tanh(n€) + COSE% (68)

Vo(§) :== (Fawo)(§), Go(§) = (Fag0)(§), Ee€R.

The solvability (Fredholmness) of equation (4) under conditions of Theorem 7
means the invertibility (Fredholmness) of the operator

To=Wg o : Hi(G,dG(z)) — Hi(G,dG(x)). (69)

From Theorem 4 follows that the operator Ty = W&  in (69) is invertible if and
only if the ellipticity condition (65) holds. The solution to equation (67) is vg(z) =
Ty go(z) = WS ,_190(x) and, therefore, the solution to equation (4) is

v(w) = (1—a?) " AWE 5 (1 =) %) (2).
From Lemma 3 follows, that

T 7€) = do — di tanh(r §) +728),  kr(€) = (Fg5' T1)(©),
€ S(R) and, therefore, kr € S(G)

and formula (66) is proved.
The concluding assertion about a priori smoothness of a solution to equation (4)
follows from the Sobolev’s embedding theorem (64). U
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7 Lavrentjev-Bitsadze equation

Theorem 8 Let 1 < p < oo, s € R. The Lavrentjev-Bitsadze Equation (5) has a
unique solution @ in the setting

1
Vh, Vi € B3(G,dG(x)), V() = (1—2?)y < j’”) . zeq, (0)
if and only if its symbol is elliptic:
W LB >0, LAE) = o — icy tanh %5 ceR. (TN
€

If the ellipticity condition (71) holds, the solution is

o(z) = doh(z) — dl_/ol L/ 1 1= } h(y)dy

i - rH+y—2ay| y—«x
1
T —y +
2 _ 2
+ /0 ki (Hym) Mydy, «eGY, (1)
where
1 L N1 L1 1 L N1 L N1
do = 3 [(co+ic1) ™" + (co —ica) '], dy = 3 [(co +icr) ™" = (co —ier) "]
and kr,g € S(G) is the inverse Fourier transform of the modified symbol:
. 1> (1—a\ " N
kLp(x) = (Fq L%-1)(x) = G LB1(8dE, zeGT,

LB(€) = LBE) — do — dy tanh %f
LB 1€ CPR), LAB_1(to0)=0, LA ,<cSR).

If the condition (71) fails, equation (5) is not Fredholm in the setting (70).
In particular, if Vh € H?(G,dG(x)), s > 1/p and the symbol is elliptic, the
solution belongs to Holder-Zygmound space 7' (Q) for p < s — 1/p.

Proof: In the equation (5) we change variables, introduce new unknown functions

1 1
t = "2‘337 = ;—y, w(z) = Vp(z), he(zr)=Vh(z), =,y GT3)

multiply both sides by 1 — 22 and obtain:

1— 22 1
LByw(z) = cow(x) + % s ; [y 7 1 —yxy} w(y)dy
B a [P (=21 —y?) w(y)dy
_Cow($)+;ll y—x)(l—my) 1_y2 (74)

(
— )+ 2 [ [EmL L el ) eq
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because

(1-a?)(1-y) w-y l-uxy

= (75)
(y—z)(l-2zy) 1-zy 2x-y
1
Thus, LBy, is a G-convolution operator with the kernel ¢ — z:
C1 1
LByw(z) = cow(z) + = [t — 1) *e w(x), z € G. (76)
T

The symbol of the operator is (cf. (25¢) and (25h)):

icy (1 — cosh(m¢)) co — icy tanh lﬁ EeR. (77

=t sinh(7&) - 2

From Theorem 4 follows that the operator LBy = Wg) & 1n (74) is invertible
if and only if the ellipticity condition (71) holds. The solution to equation (72) is
w(z) = LBy " ho(z) = W5 -1 Vh(z) and, therefore, solution to equation (5) is

w(1l — 2x)

plz) =V w(z) = o

= (W& gq-1Vh)(2),
Since £ % (+00) = ¢y + icy, from Lemma 3 we conclude

LB = do— dytanh & + L), LB €S(R),
kLp(z) = (7' L% 1) (x), z€d, krs € S(G)

and formula (72) is proved, from which follows formula (72) by the change of the
integration variable.

The concluding assertion about a priori smoothness of a solution to equation (5)
follows from the Sobolev’s embedding theorem (64). O
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