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for the Schrédinger-Poisson system with zero mass potential

—Au+ ¢u = —alulP2u+ f(u), x€R3
~Np=u?, z€R3

where a > 0,p € (2,12/5) and f satisfies

(F1) f e C(R,R), and there exist constants Cy > 0 and ¢ € (p,6) such that

fFOI<Co 1+, VteR;

(F2) f(t) =o(t|P~!) ast — 0.

System ([1.1]) is a special form of the following Schrédinger-Poisson system

—Au+ A+ pdu = g(u), x€R3,

(1.2)
—Np=u?, xR,

which also known as the nonlinear Schrodinger-Maxwell system, was first introduced in [4] as a
model describing solitary waves for the nonlinear stationary Schrédinger equations interacting
with the electrostatic field. It has a strong physical meaning because it appears in quantum
mechanics models (see e.g. [6, 7, 20]) and in semiconductor theory [5 22), 23]. For more details
in the physical aspects, we refer the readers to [4,5]. In recent years, there has been increasing
attention to systems like on the existence of positive solutions, ground state solutions,
multiple solutions and semiclassical states, see e.g. [2, 3] 8] 9] 10, 4], 15, 6] 17, 18,25, 30} B1].
When A =1 and g(u) = |u|?"2u, then reduces to the following special form:

—Au+u+ ppu = ul %, xR

(1.3)
~Np=u? z€R3

For , there are many results on the existence of solutions. For example, in [12] [13]
a radial positive solution of is found for 4 < ¢ < 6, in which it is easy to verify the
mountain-pass geometry and the the boundedness of (PS)-sequences for the energy function-
al associated . However, these arguments do not work for the case 2 < ¢ < 4. By
introducing Nehari-Pohozaev manifold, Ruiz [25] first proved that for all x> 0, admits
a positive radial solution for the case when 3 < ¢ < 4; whereas for 2 < ¢ < 3, has
two different positive solution for g small enough; but for p > %, does not admit any
nontrivial solution.

In recent years, systems like or more general forms have begun to receive much
attention, see, for example, [2] 3, [8, O, 12} 14} 26], 27, 28, 30]. However for system with

A =0, to the best of our knowledge, there are no results on the existence or nonexistence for



nontrivial solutions. In general, there is wide difference for case when A > 0 and A = 0. In
the present paper, we try studying the existence or nonexistence for nontrivial solutions for

system (|1.2)) with A = 0.

First at least formally, the energy functional associated with (1.2)) (A = 0) is

1
U(u) == |Vul*dz + / bu(x)u?dz — [ G(u)dz, (1.4)
2 Jps 4 Jrs R3
where G(t fo s)ds and
u?(y) 1 2
Ou(z ::/ dy = — *xu 1.5
D= =™ T el (1)

is the distributional solution of the Poisson equation —/A¢ = u? belongs to D2(R3) (see e.g.

[25] for more details). By Hardy-Littlewood-Sobolev inequality, one has

2 2 3
2 u”(x)u(y) 8V2, 12/5 (13
- Oy (x)udx /R3 /R3 Py dzdy < 3\3/%||uH12/5, u € L*P(R?) (1.6)

It is well known that ¥ is well-defined on H'(R?). However, H'(R3) is not the working space
for system (1.2)) with A = 0, because there is not an equivalent term to |lu/|3 in the energy
functional W(u). So it is necessary to add a negative feedback alu[P~?u with 2 < p < 22 in
the nonlinearity g(u) to guarantee ¥ is well-defined in new working space. In what follows,

we are concerned with the existence and nonexistence of nontrivial solutions for (1.1).

Obviously, the energy functional associated with ((1.2)) is

/vu| dz + — /|uypdx+ /¢u Judz — RSF( u)dz, (1.7)

where F(t) := fo f(s)ds. The natural working space F for the energy functional ®(u) is
given by

E = {u e DVA(R?) : u(z) = u(|z]), / |Vul|?dz < oo, / |ulPdz < oo} .
R2 R2
To state our results, we make the following assumptions on the nonlinearity f.
. F
(F3) limyy o0 % = 00;
(F4) F(t) >0, Vt € R, and there exists 6 € (0,1) such that

(3 —p)ba
p

F(t)t —3F(t) + QP >0, VteR;

@l

o+

F@)t

(F5) lim SUP|¢| 00 =0 or lim inf|t|—>c>o Ft) > 3;

(F6) f(t)t < 2|t|> + alt|P for all t € R and t = 0 is the isolated zero of the function 2¢3 +
alt|? — f(t)t;



(F7) f(t)t —2F(t) < %]t!g + @\t\p for all t € R and ¢ = 0 is the isolated zero of the
function 23 + 222 |gp — f(t)t + 2 ().

Now, we state our results of this paper.

Theorem 1.1. Assume that f satisfies (F1)-(F5). Then system (L.1) has a nontrivial solu-

tion.

Theorem 1.2. Assume that f satisfies (F1), (F2), (F6) or (F7). Then then (1.1)) does not

admit any nontrivial solution.
Applying the above theorems to the special form of :
—Au+ ¢u = —alulP72u + blu|T2u, x € R3,
~Np=u? z€R3,
we have the following corollary.

Corollary 1.3. The following conclusions hold:

(i) If3<q <6 and b >0, then (1.8) has a nontrivial solution.

(ii)) If p<qg<3 and 0 <b<by, then (1.8)) does not admit any nontrivial solution, where

3—q

(i) ()

Further, we have the following theorem.

5 1
Theorem 1.4. Let g = 3. If b > 299 (1)7 (42512)* — 8804113027 .., then (L3) has a
nontrivial radial solution. If 0 < b < 2, then (L.8) does not admit any nontrivial solution.

Combining Corollary [1.3] with Theorem we have the following corollary.

Corollary 1.5. Assume that p < ¢ < 6. Then
—Au+ du = —|ulP"2u + |u|i%u, z€R3,
—Ap=u?, z€R3,

has a nontrivial radial solution if and only if 3 < q < 6.

The paper is organized as follows. In Section 2, we give some notation and preliminaries.
In Section 3, we complete the proof of existence results. Section 4 is devoted to proving the
theorems on the nonexistence.

Throughout this paper, we let us(x) := u(tz) for ¢ > 0, and denote the norm of L*(R?)
by flulls = (fgs |u]5dx)1/5 for s > 2, B.(z) = {y € R3: |y — x| < r}, and positive constants

possibly different in different places, by Cy,Co,---.

4



2 Preliminary results

Define

lull := \/IVall3 + Jullf,  VuekE.

Then FE is a separable Banach space with the above norm. Let
DY2(R?) = {u € LS(R%) : Vu € L*(R®)} .
DY2(R?) is a Banach space equipped with the norm defined by
A
R3
By (1.5), ¢ (z) > 0 when u # 0, moreover, we have
Vo, - Vodr = / v?vdz, VY u,v € E. (2.1)
R3 R3
In view of the Gagliardo-Nirenberg inequality [1I, [24], one has
lull; < C3[lullE==#/ O | Tul5E P EP for we B, s > p, (2.2)

where Cs > 0 is a constant determined by s.

Lemma 2.1. [I1] Assume that p > 2. Then for any u € E and r9 > 0,

p+2
872

P Ao
) WP I e 2 o (23)

u(@)] < (

Lemma 2.2. The embeddings E — L*(R?) are continuous for all s € [p,00) and compact

for all s € (p,6).

Proof. We give only the proof of the compactness, because the continuousness can be proved
similarly. Let {u} C E be such that u,, — 0. For any s € (p,6), u, — 0 in L{ (R?®). Hence,

loc

it follows from Lemma B.1] that

/|un|sdx = / |un\sdx+/ |, |*de
R2 Br B¢

R
p(s—p) 2(s—p) _ 4(s—p)
< [ ualde+ Cullunlly ™ [0l [ el
Br By
2(s+2) 268 4(ep)
= / un|*dz + Cillunllp™™ [[Vun |7 R 9P
Br
= op(1) +0or(l), n— 00, R— oo.
This shows that the embeddings E < L*(R?) with s € (p, 6) is compact. O



Lemma 2.3. | There holds

/Rg LR 5

By Lemma we have the following corollary.

u,v € LY/ (R?). (2.4)

Corollary 2.4. There holds

u?(w)u(y) 892, 4
- o g WS gz VuekE. 925
/R3 /Rs |z — y| TaY = 3\3/7;”“”12/5, u € (2.5)

Lemma 2.5. Suppose that u,, — @ in E. Then N(uy,) converges up to a subsequence to N ()
asn — oo, and (N'(uy),p) converges up to a subsequence to (N' (@), @) as n — oo for every

pe k.

Proof. Since u,, — @ in E, then ||u,| < C for some constant C; > 0. By Lemma we can
assume that lim, o ||u, — ul|s = 0 for every s € (p,6). Hence, it follows from (2.4)), (2.5)

and the Holder inequality that

[N (un) — N(ﬂ)l

/ / d:rdy / / d:L‘dy
R3 JR3 ’x—y| R3 JR3 |90—Z/|

=2
/ / |u )\u dxdy—i—/ / Y (y)|dxdy
R3 JR3 ’33—?J| R3 JR3 ’l’—y’

< Chllun — ll1g5llun + Ule/5||UnH12/5 + Collup, — ll12/5||un + UH12/5HUH12/5

VAN VAN

o(1). (2.6)

This shows that N(u,) — N(u) as n — oo.

Next, we prove that (N'(u,), ) converges up to a subsequence to (N'(a), @) as n — oo
for every ¢ € E. Since E NC{°(R?) is density in F, so we can assume that ¢ € E N C§(R?).
Therefore, we can choose R > 0 such that suppp C Bgr. Hence, it follows from ,

and the Holder inequality that

[(N (un) = N (@), ¢)]
- [un (€)un () — du(x)u(z)]p(z)dz

/ / Un(® da:dy / / )dxdy‘
R3 JR3 |$* R3 JR3 ’55*

o 2 2 =2
R3 JR3 ]m—y| R3 JR3 |95—Z/|

Csllun — UH12/5”@”12/5”“11”12/5 + Callun — u”12/5Hun + U”12/5Hﬂ||12/5H<P”12/5

o(1). (2.7)

IN A

This shows that (N'(uy,), ¢) = N'(@), ) as n — oo for every ¢ € E.



By using Lemmas and it is easy to verify that @ is well-defined of class C!

functional, and that

(@ (u),v) = [ Vu-Vodz+a [ |ulP?uvde + / [du(z)u — f(u)] vdz. (2.8)

3 Existence results

In this section, we give the proof of Theorems and
Proposition 3.1. [19] Let X be a Banach space and let J C RT be an interval, and

Oy (u) = A(u) — AB(u), VYV X€J,
be a family of C'-functional on X such that
(i) either A(u) — 400 or B(u) — +o0, as ||u|| = oo;
(ii) B(u) >0 for allu € X;
(iii) there are two points vi,ve in X such that

¢ 7= Inf max ®5(y(t)) > max{®x(v1), Pr(v2)},
~v€el tel0,1]

where
I'={y€C([0,1], X) : 7(0) = v1,7(1) = v2}.
Then, for almost every A € J, there exists a sequence such that
(i) {un(N)} is bounded in X ;
(i) Pa(un(A)) = ers
(ili) @)\ (un(X)) = 0 in X*, where X* is the dual of X;
(iv) ¢y is non-increasing on \ € J.

To apply Proposition we use the idea employed by Jeanjean [19] which is an approxi-
mation procedure. Precisely, for any A € [1/2, 1] we study the functional @ : E — R defined
by

1 1
D)\ (u) = / |Vu|?dz + a/ |ulPdz + / bu(x)u*dz — X [ F(u)dz. (3.1)
2 R2 D JRr2 4 R3 R2
Obviously, ®, € C!(E,R), and

(@ (u),u) = /]1@2 |Vu|?da —|—a/R2 |u|Pdz + /R3 bu(x)u?dr — N - f(w)udz. (3.2)

By a similar argument as the one in [25] Theorem 2.2], we can prove the following lemma.



Lemma 3.2. Assume that (F1)-(F3) hold. Let u be a critical point of ®y in E, then we have

the following Pohozaev type identity

1 3 5
Pa(u) = =||Vul3+ a/ |ulPdz + / bu(z)u?dz — 3)\/ F(u)de =0. (3.3)
2 P Jrs3 4 R3 R3

Lemma 3.3. Assume that (F1)-(F3) hold. Let w € E'\ {0}. Then
(i) there exists Ty > 0 independent of A such that ®x(Totr,) <0 for all X € [1/2,1];

(i) there exists a positive constant ko independent of \ such that for all X € [1/2,1],

cx = inf max @y (v(t)) > ko > max {Px(0), ®r(Tour,)}, (3.4)
~v€el te€[0,1]

where

I'= {’Y € C([07 ”7E) : 7(0) = 07’7(1) = TOQTO};
(iii) ¢y s non-increasing on X\ € [1/2,1].

Proof. (i). It follows from (3.1]) that

5. t3 o at?=3 - t3 5 A 5.
D)\ (t°1) = ) |Va|“dz + |a|Pdx + 1 pa(r)i*dr — 5 [ F(t°a)dz

R3 R3 R3 t° Jgs

t3 t2p73 t3

< / \Va|2ds + 2 / ﬂ|pdx+/ ba(x)i*da

2 R3 P R3 4 R3

1
—— | F(t*a)dz, VXe[1/2,1]. (3.5)

2t3 s

This, together with (F3), implies that there exists Ty > 0 independent of A\ such that
‘I))\(ToﬂTO) < 0 for all \ € [1/2, 1].

(ii). In view of the Sobolev inequality, one has
lullg < STHVull3. (3.6)
By (F1) and (F2), there exists C; > 0 such that
Ft) < %mﬁ +O|t®, VteR. (3.7)
From , we obtain
/Rg Flyds < %Hqu +Collulll, VuckF. (3.8)

Hence, it follows from (3.1)), (3.6 and (3.8) that

1 1 a
Ba(w) = IVal+ N+ Sl = [ Fluds

v

1 a a —
I+ 2l — |l + ol

8



1 a -
> SIVull3 + o llullp — C2872|Vull$. (3.9)
2 2p
Therefore, there exist kg > 0 and pg > 0 such that
r(u) > ko, VueS:={ueckE:|Vulj+]ulli=p5}, Ael[l/2,1]. (3.10)

This shows that (ii) holds.

(iii) is a direct corollary of (iv) in Proposition O
5 1
If b > 29097 (Z)8 (%) * then we can choose \; € (0,1) such that
00007 (7\ % (42593x
™ 6 s
,é
Let k := 2%’3% (%)5 and w = W Then w € F, and
400 7,4
[Vw|3 = / |Vw|?dz = 10071'/-@2/ ————dr
RN o (1+47?)
400 3/2 50mk2 T S\ (2 1757242
- 507752/ SO T Al C VRN B (3.12)
o (1t 6! 29

400 2 kS T 3 T 55—3
lwlls = / Iw\sdx=4ms/ — T _ar="" (2) (%5 ), (3.13)
RN o (1472)° T (

2nk T (3)T(6) 210743
Juy = 27 L0 20 314)
(%)
and
Poleme25 ()T ()]0 7\ Ayt
Jullys = ([ ol oz )" = )T (T (3.15)
- T'(6) 2 210
Both (2.4]) and (3.15) imply
5
82 V2 7\ 3 w3kt
2 4
Wz wids < 2Y2 ST (O D 1
[ sutarras < T 2ol =2 (1) 5 (316
Lemma 3.4. Assume that f(u) = blu|u. Then
(i) there exists Ty > 0 independent of A such that ®x(Towr,) < 0 for all X € [A1,1];
(ii) there exists a positive constant ko independent of \ such that for all X € [\, 1],
¢y := inf max ®,(v(t)) > ko > max {®,(0), ®(Towr,)}, (3.17)

~vel' t€0,1]

where

I'={y€C([0,1],E) : 7(0) = 0,7(1) = Towr, } ;



(iii) ¢y s non-increasing on X\ € [A, 1].

Proof. We only prove (i), since (ii) and (iii) can be proved by the same arguments as in

Lemma (3.3l To show (i), Then from (3.1)), (3.12), (3.13), (3.14) and (3.16)), we have

3 ¢2p=3 3 Abt?
Oy (tPwy) = 2/ |Vw|*dz + = / lwPdx + / bu(r)wide — - lw|3dx
R3 p R3 4 R3 3 R3
t3 =3 t3 Aibt?
< — / |Vw|?dz + g / wPdz + — | by (x)wde — ! Jw|>dz
2 Jps p R3 4 Jps 3 Jgrs

s 3 5p—3 —
[1757T \3@ (7>§ 122 210%)\1] 2t3+27m F(E)F< P2 )at2p 3

- _l’_ - —
— 10 9 ’
2 3 \2) 2 27027 o7 <57p)
V>0, Xe A, 1] (3.18)
By (3.11)), we have
5
175 V2 (7\3 72k 20kbA;
— (= — 1]. 1
910 T 3 <2> 29 57007 <0, VYA€ M,1] (3.19)

This, together with (3.18)), implies that there exists Ty > 0 independent of A € [Ay, 1] such
that @, (Tgwr,) < 0 for all A € [\, 1]. O

Lemma 3.5. Assume that (F1)-(F4) hold. Then for almost every A € [1/2,1], there ezists
uy € E\ {0} such that
h(un) =0,  ®x(un) <o (3.20)

Proof. By Proposition and Lemma for almost every A € [1/2,1], we deduce that there
exists a bounded sequence {u,(A\)} C E (still denoted by {u,} for simplicity) satisfying

Py(un) = cx < cipa, Ph(un) = 0. (3.21)

We may thus assume, passing to a subsequence if necessary, that u, — uy in F, u, — u) in
L*(R3) for s € (p,6) and u,, — uy a.e. on R3. If uy = 0, then u,, — 0 in L¥(R3) for s € (p, 6).
Arguing as in [9, Proof of Theorem 1.4]), we can deduce a contradiction by using (F1), (F2),
, and . Thus, uy # 0. By a standard argument, we have

lim ‘f(un)qﬁdac—/’ fluy)odz, ¥ ¢ € CP(R?). (3.22)
R3 R3

n—oo

By (3:2), (3-21), (3-22) and Lemma 2.5 it is easy to deduce that ®'(uy) = 0. Hence, Lemma
yields that Py(uy) = 0. Now from (F4), (3.1), (3.2), (3.3)), (3.22)) and Fatou’s lemma, one

has

er = Jim [ @afun) = 3@ w) + 3Palun)]

n—oo

10



= lim

{22+ 20 [ () — 3 ) e

n—00 3
2(1—X)(3— 2\ _
_ n1320{ ( ?))](93 p)GI’“”||5+3/Rs {f(un)un—3F(un)+(3pp)a|u‘p} dx}
2(3—p)a 2\ /
> - - p —3F
> 3 [Junllh + 3 ) [f (ux)ux — 3F (uy)] dz
2 1
= Palur) = (@A (ur), un) + 3 Pa(un)
= ®y(un).
This shows ((3.20)) holds. O

Proof of Theorem[1.1.  In view of Proposition Lemmas [3.3] and there exist two
sequences of {\,} C [1/2,1] and {uy,} C H'(R?), denoted by {u,}, such that

A= 1 @)\ (un) =0,  Pa,(un) =0, 0p:=Px, (un) <cr,- (3.23)

From (3.1)), (3.2) and (3.23)), one has
2

1
(@4, (1n). ) + 5P, (un)

24,
3

cijp = O = Dy, (up) —

2(3—=pa
= T”“n”ﬁ +
21-0)(3—p)a
3p
2,

3 Jas

[f (un)up — 3F (uy,)] dz
R3

[unlly

[f(un)un — 3F (un) + MWV’ da. (3.24)

This, together with (F4), shows that {||u,||,} is bounded. Thus, there exists C; > 0 such
that ||uy||, < Ci. By (F2), (F4) and (F5), there exist C > 0 such that

_2_%1’
242

1 _2p
()t < Caltl? + 56,75, Oy 2%, VieR, (3.25)
or there exist u € (3,6) and R > 0 such that
ft)t>uF(t) >0, V|t|>R. (3.26)

Next, we demonstrate that {||Vuy,l||2} is also bounded. If (3.25) holds, then according to
(F1), (F2), (2, E23) and (B20), we have

IVual o M)+ alfunlly = Ao [ F)unds
R

1 —2-22 _2 2422
< Calluallp+ 3G, €1 Flunlyy 4
1
< Gallunllp + 51 Vel (3:27)

which, together with the boundedness of {||uy||,}, implies that {||Vuy||2} is bounded, and so
{un} is bounded in E.

11



If (3.26]) holds, then it follows from (3.24]) that

21-0)(3—p)a 2\, (3 —p)a
C12 2 3 ||un‘|g + 3 s f(un)un — 3F (up) + Twn‘p dz
20006y, A=) |
> Up |l + ———= Uy )Updx. 3.28
o R T L (3.29)

according to (F1), (F2), (3.2)), (3.23) and (3.28)), we have

IVual o M)+ alfunlly = Ao [ f)unds
R

IA

Cs|un b +/ f(up)upde

lun|>R
Cy, (3.29)

IA

which, together with the boundedness of {||uy||,}, implies that {||Vuy||2} is bounded, and so
{un} is also bounded in E.
By (F1) and (F2), there exists C5 > 0 such that

fOt <altlP +Cslt]5, VteR. (3.30)

From , , and , we have

IVunll3 + allunllp < [Vunll3 + N (un) + allun |}

= A\ /R3 f(up)upde

< aflug 5 + Cs|lun g
< aflunllf + C58 73| VunI$, (3.31)
which implies that
2 S
Vuyl5 > o (3.32)
5

Since {u,} is bounded in E, we may assume, passing to a subsequence if necessary, that
U, — 4 in E, u, — @ in L*(R?) for s € (p,o0) and u, — @ a.e. on R%. Choose Cs > 0 such

that ||u,|h < Cg. Hence, from (F1), (F2), (3.2), (3.23) and (3.32)), we have

3
\/‘2: < lim [IVunll3 + N (un) + allun|b]
— lim A, / £ (tn)tndaz
RS

n—oo

lim 1 S—glu P+ Cslun|? | dx
n—oo JRr3 206 C5 " st

1 [s3
_ _ i q
2\ g O el

12
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1 /88
= — —_— 7|14
21/ - + Crllal|d. (3.33)

This shows that @ # 0. By a standard argument, we have ®'(@) = 0.
O

Replace Lemma[3.3| with Lemma[3.4] we can prove the first part in Theorem [T.4] by similar

arguments.

4 Nonexistence results

In this section, we give the proof of Theorem
Lemma 4.1. [29] Suppose that u € H*(R3) and —A¢ = u?. Then there holds

/ (b1 Vul?® + bogu?) dz > 2\/b1b2/ lu[3dz, V¥ bi,by>0; uekE. (4.1)
R3 R3

Proof of Theorem[1.3. Suppose that (i, ®) is a solution of (1.1)). Multiply the first equation

by u and integrate, we obtain
Va3 + N(a) + allulh — / f(w)udz = 0. (4.2)
R2

From the Pohozaev identity in Lemma it follows that
1 3 5
—||Val3 + a/ |u|Pdz + =N (a) — 3/ F(u)dz = 0. (4.3)
2 D JRrs 4 R3
Combining (4.2)) with (4.3)), we get
_ 1 3a(p—2), _ . _
2| Va3 + §N(u) + (p)Hqu - 3/]R2 [f(w)u — 2F(u)]dz = 0. (4.4)
By (4.2) and Lemma we deduce
0> / (2a)® + ala’ — f(w)n) dz, (4.5)
R3
which, together with (F6), implies @ = 0. Similarly, by (#.4) and Lemma [4.1] we deduce

2+ 2P =2 e _ paya a)| dz
o= [ [+ 2 ap - p+ 2r@] (1.6

which, together with (F7), implies @ = 0.

The first part in Theorem [1.4]is a direct corollary of Theorem

13
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