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Abstract—In this paper, the leader-follower architecture is
constructed by combining intermittent-influence leaders with a
signed social network. Unlike a typical network with leaders
where leaders are supposed to continuously influence followers,
in this article, the leaders intermittently influence followers.
Furthermore, the number of influences is limited. We focus
on how intermittent-influence leaders impact the evolution of
followers’ opinions. The relationship between followers’ opinions
and the number of leader broadcasts is analyzed in detail. Then,
the number of broadcasts is regarded as the cost, and the
changing trend of the revenue per broadcast is obtained. The
results show that as the number of broadcasts increases, the
revenue per broadcast decreases gradually. Finally, the concept
of assimilation is introduced to weigh the costs and benefits, and
the minimum number of broadcasts required for the leader to
assimilate the followers is derived. Two examples are given to
demonstrate the validity of the main conclusions.

Index Terms—opinion dynamics; signed graph; polarization;
DeGroot model.

I. INTRODUCTION

In recent years, opinion dynamics, as an international hot
research topic in the field of systems and control science, has
been widely discussed [1], [2], [3], [4]. Opinion dynamics is
concerned with a social network closely related to human life,
in which agents in a network can be countries, social groups,
or living individuals [5], [6]. The individuals’ evolution of
behaviors and opinion in social networks is specifically and
deeply studied in opinion dynamics [7]. Opinion dynamics
in society is scientifically modeled and analyzed, which can
not only reveal the laws of development of human society
and animal groups in nature (such as zero-sum games in
futures, the migration of animal populations), but also facilitate
the development of man-made complex networks such as the
Internet and transportation networks [8], [9], [10].

To characterize the opinion evolution in social networks,
a classical linear time-invariant model, also known as the
DeGroot (DG) model, was proposed in [11]. In this model,
each individual’s opinion at this time is determined by the
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weighted average of his own and his neighbors’ opinion at
the previous moment. In the past decades, the research on
the consensus of the DG model has never stopped. For any
individual in the network, all the remaining individuals are not
necessarily its neighbors. Despite this, the network can achieve
the opinion consensus as long as the network connectivity is
strong enough. When each node has a self-loop, the network
can achieve the opinion consensus if and only if the network
has a spanning tree [12]. Later, in order to describe the
interaction of opinions in more detail, a series of variants of
the DG model such as the Friedkin-Johnsen (FJ) model [13]
and the Hegselmann-Krause (HK) model [14] were proposed,
and many outstanding results were obtained [15], [16], [17].

The DG model is widely used in reality, such as company
board of directors and jury panels [18]. It is worth noting
that in the classical DG model, only cooperative relationship
between individuals is considered. However, whether in nature
or human society, the confrontation (or distrust) exists widely
[19], [20]. In nature, animals compete for food and territory.
Meanwhile, plants compete for sunlight and water. For human
society, people compete for a series of valuable things such
as social resources and natural resources. Therefore, opinion
dynamics with competitive relationship has attracted a lot of
attention [21], [22], [23].

Typically, the competitive relationship between individuals
can be modeled by negative ties, which makes the network
topology corresponding to a social network with competition
into a signed graph [22]. For a signed graph, different control
protocols may lead to polarization, fluctuation, and neutral-
ity [24]. In [20], the competition was introduced into the
continuous-time DG model, and the necessary and sufficient
conditions for opinion polarization were obtained when the
signed graph was structurally balanced. However, since the
structurally unbalanced network had a very complex structure,
the structurally unbalanced networks were less discussed [25].
Although competition may be a source of inconsistency, the
authors of [25] pointed out that opinions could achieve a
consensus in a signed network. In [26], the sign-consensus of
opinion was studied when opinion can not reach an agreement.
In fact, the opinion evolution on the signed graph was more
complicated than the unsigned graph due to the existence
of competition [20]. Hence, more efforts should be made to
explore the competition’s impact on opinion evolution.

It should be pointed out that in all the opinion dynamics
models mentioned above, each individual has exactly the same
characteristics, i.e., while they influence others’ opinions, their
opinions are also influenced by others’ opinions. But in real
life, there are special individuals called opinion leaders who



are not influenced by other individuals [27]. Considering the
existence of opinion leaders, the leader-follower framework
was used to model opinion evolution [28], [29]. The leader-
follower architecture divides individuals in a social network
into leaders and followers. Leaders, as special individuals,
influence the opinions of followers while keeping their own
opinions unchanged. In other words, the opinions of all
followers are influenced by the leaders and will gradually tend
to the opinions of the leaders.

Recently, the lead-follower architecture has been widely dis-
cussed in social networks [30], [31]. The article [32] pointed
out that opinion leaders can make the group’s opinion converge
faster. The opinion leaders were introduced to the fractional
opinion formation model in [33] and sufficient conditions
for all followers to converge to the leader’s opinion were
obtained. In [34], the authors got a sufficient condition to
ensure that the followers’ opinions move at the same speed as
the dynamic leader’s opinion (or the opposite of the dynamic
leader’s opinion). In the above-mentioned articles, leaders are
continuously involved in the evolution of group opinions in a
social network. This persistent influence truly characterizes the
evolution of opinions in small groups. However, with the rapid
development of communication technology and Internet tech-
nology, the way humans obtain and interact with information
has undergone major changes. On the Internet, the influence
of the leaders on the followers is often intermittent rather than
continuous [35].

The intermittent-influence leaders are quite common on the
Internet. For example, popular information exchange platforms
such as Twitter or Weibo can be regarded as social networks.
On this network, famous people such as celebrities can be
regarded as leaders, and correspondingly their subscribers are
regarded as followers. Famous people, through their tweets or
blogs, influence their subscribers intermittently. In particular,
the number of influences is limited. In this case, the follower’s
opinion often cannot converge to the leader’s opinion, and
there will be more complex phenomena in the signed social
networks. In this article, these phenomena and the underlying
factors that determine them are analyzed and discussed. This
is undoubtedly an interesting thing.

The purpose of this study is to analyze the influence of
intermittent-influence leaders on the evolution of followers’
opinions in a signed social network. This intermittent influence
of the leader on the followers is called broadcast. Without loss
of generality, in this paper, we assume that followers have
sufficient time to interact with opinions to achieve a modulus
consensus of opinions after the leader’s last broadcast. The
main contributions of this paper are as follows.

First, we design intermittent influence leaders for a signed
social network. Whereas, Liang et al. [35] considered leaders
with intermittent influence for an unsigned network.

Second, since broadcasts are intermittent and limited, we
generally think that the opinions modulus consensus of fol-
lowers is related to the number of broadcasts and the time
of broadcast. For single-leader and multi-leader situations, a
sufficient and necessary condition and a sufficient condition
are given respectively to ensure that the opinions of the
modulus consensus of followers are only related to the number

of broadcasts and not to the time of broadcast. Also, an ex-
pression of the relationship between the opinions of followers’
modulus consensus and the number of broadcasts is obtained.

Finally, as the number of broadcasts increases, the follower’s
opinion will gradually approach the leader’s opinion (or the
opposite of its opinion value), and the number of broadcasts
can be regarded as the cost. Through analysis, we can conclude
that as the number of broadcasts increases, the revenue of
each broadcast decreases gradually. Then, after introducing the
concept of assimilation, we discuss how to weigh the costs and
benefits.

This paper is organized as follows. In section II, we first
introduce the notions and the relevant knowledge of graph
theory. Then we introduce the DG model with the competitive
relationship. Finally, we conduct a brief introduction of the
model studied in this paper. The main results and proofs are
in Section III. Section IV provides two examples to verify our
conclusions. Finally, we give our conclusion in section V.

II. PRELIMINARIES

2.1 Notions

In this article, the following rules regarding symbols are
given. R™*™ represents a real matrix with n rows and m
columns, and R" represents a real space of n dimensions. For
any matrix W = [w;;] € R"™™, p(W) denotes its spectral
radius and every element in |W¥| is the absolute value of
each element in the matrix W. W > 0 means that every
element in matrix W is not less than 0. For any column vector
b = [by, -, b,)T € R", diag(b) represents a diagonal matrix
whose main diagonal elements are the elements in the vector
b. 1, (0,,) is the n-dimension column vector with all elements
being 1 (0). I,, is an n-dimension identity matrix. () is used to
represent the empty set. (p) is used to denote the number
of elements in the set g. [m] represents the first integer
greater than m. Ay(k) represents the forward difference of
the function y(k), i.e., Ay(k) = y(k + 1) — y(k).

2.2 Graph theory

Let G(W) = G(V,E,W) represent a weighted directed
graph, where the node set V = (vq,- - -,vn), the edge set
Ee€VxV, and W = [w;;] € RV*N represents the weighted
adjacency matrix corresponding to this graph. An edge from
vj to v; can be denoted as e;; = (vj,v;) € &, it indicates
that node 4 can receive information from node j. And e;; =
(v;,v;) indicates that node j has a self-loop. w;; # 0 if and
only if e;; € £. A directed path from v; to v; is a sequence
of nodes starting at v; and ending at v;, where any node is
distinct. In a directed graph, if there is a node v, that has
directed paths to all other nodes, then the node v, is called
the root node. A directed graph has a spanning tree if there
is at least one root node in the graph. When all nodes in a
directed graph are root nodes, the graph is said to be strongly
connected.

2.3 DeGroot model with competition

Let us consider a social network consisting of NV individuals.
The interactions of these N individuals can be represented
by a weighted directed graph G(W). In this directed graph,
the signs of edges can be negative, so G(W) is a signed



graph. In the signed matrix W, w;; > 0 (w;; < 0) means
that individual ¢ trusts (distrusts) individual j, so there is
a cooperative (competitive) relationship between individual ¢
and individual j. Naturally, w;; = 0 and w;; = 0 indicate that
there is no relationship between individual ¢ and individual j.
Without loss of generality, |WW| is assumed to be row random.

Let z;(k) represent the opinion of individual ¢ at time k.
z;(k) can be positive, negative, or zero. When z; (k) is positive
(negative), it means that individual ¢ holds a positive (negative)
attitude on the topic at time k. When z;(k) = 0, it means that
the individual ¢ is neutral on the topic at time k. The opinion
of individual ¢ at time k is affected by its own opinion and
the opinion of its neighbors at time k — 1, i.e.,

N
zi(k+1) =Y wijz(k). (1
j=1

Let 2(k) = [21(k), 22(k), - - -, 2n (k)] € RN, W = [w;;], then
equation (1) can be written in the following compact form:

z(k+1) = Wz(k), (2)

where w;; > 0 foralli=1,2,--- N.
Definition 1. The signed network (2) can achieve modulus
consensus if there exists v € R such that

limg—oo|zi (k)] = limpoo|2; (k)| =7, 3)

for any 4,5 = 1,2,-- -, N. In particular, if v # 0, the signed
social network (2) can achieve bipartite consensus.

In the signed social networks, the bipartite consensus is
the polarization of individuals’ opinions into two opposite
groups. In order to deal with this kind of signed graph
more conveniently, we also need the following definition and
assumption.

Definition 2. A signed graph G(W) = GV, &, W) is
(V', V") structurally balanced if its node set V can be divided
into two vertex sets V' and V", where V' UV = V and
V' NV’ = 0. The sign of the edges between the vertices
in V' (V”) is positive, while the sign of the edges formed
by the nodes in V' and V" is negative. G(W) is structural-
ly balanced if and only if there exists a diagonal matrix
I = diag(m, 72, -+, 7n), 7 = £1,i = 1,2, - -, N such that
I'wr > 0 [20].

Assumptions 1. The network G (W) is (V', V") structurally
balanced and has a spanning tree. When there is a leader, the
leader maintains a cooperative relationship with the followers
in set V' (V”) and a competitive relationship with the follow-
ers in set V' (Vl). Similarly, when there are multiple leaders,
multiple leaders are cooperative with the followers in set V'
(V") and competitive with the followers in set V' (V).

Remark 1. When the network G(W') composed of follow-
ers is (V', V”) structurally balanced, the leader must maintain
a cooperative relation with individuals in one set (V/ or V”)
and competitive relations with individuals in the other set,
which is necessary to ensure that the social network containing
leaders is structurally balanced. If not, the relationship between
individuals in the network becomes extremely complicated and
difficult to describe, and the evolution of opinion is full of

uncertainty due to a sea of different scenarios one needs to
analyze.

When the G(W) is (V', V") structurally balanced, its node
set V must can be divided into two vertex sets V' and
V", There must be a diagonal matrix I'y = diag(ry, 72, -
“TN),Ti = x1,4 = 1,2,- - -, N such that ToWTs > 0. In
particular, 7, = 1 if v; € V and 73 = —1 if v; € V. [oWTy
is a row random matrix, and the left and right eigenvectors
corresponding to the eigenvalue of 1 are [ and 1y, respectively.
In addition, we have {T1y = 1. For this social network
to achieve modulus consensus, we assume that G(W) has a
spanning tree. Let g(k) = I'yz(k). Then we have

g(k+1) =Toz(k+1)
=TaWz(k) “)

Obviously, G(I';WT5) has a spanning tree and the elements
of its main diagonal are all greater than 0. In this case,
1 is the only maximum modulus eigenvalue of I'yWT'y
and its algebraic multiplicity is 1 [12]. Naturally, we have
limg oo (DaWT9)E = 1517 [36]. Then, limy_oog(k) =
1517 g(0) and limy, 00 2(k) = Ta1n1Tg(0). Let a = 17 ¢(0),
we have limg_oog(k) = 1ya and limg_o2(k) = Tolya.
It can be seen from the above equations that when there are
no leaders participating on a signed social network, if o # 0,
the opinions of individuals in a social network are polarized
into two distinct groups o and —a.

When the G(W) is structurally unbalanced and strongly
connected, p(W) < 1 [25]. Naturally, limy .o W* = 0,
where 0 is a matrix with all elements being 0. At this time,
for any initial value z(0), we have limy_o2(k) = On.
Eventually, all individuals remain neutral on the topic.

2.4 Model formulation

In this section, we introduce the intermittent-influence lead-
ers into the DeGroot model with competition, and propose a
leader-follower architecture on a signed social network. This
type of leaders is an abstraction of some of the stars on the
Internet platform. Stars can influence subscribers through text
and video, while their own opinions are not influenced by
subscribers. In short, subscribers are not neighbors of stars
and stars are neighbors of subscribers.

For the convenience of description, the behavior of the
leader influencing the followers is called broadcast, and these
intermittent moments when the leader influences the followers
are called broadcast moments. The opinions of followers
evolve independently of the leaders at most moments, which
are known as silence moments.

The influence factor b; € [—1, 1] represents the influence of
the leader on the follower v; at the broadcast moment. When
v; receives the influence of the leader, the influence of the rest
of v;’s neighbors on v; is weakened, so the influence of v;’s
neighbors on the individual v; becomes (1 — |b;|) times the
original influence. Without loss of generality, the broadcast
factor is assumed to be finite, i.e.,

N
Z b; = bs. 5)
j=1



When there is only one leader, we use v; and x; to repre-
sent the leader and the opinion of leader, respectively. Let
b = [b1,bs, -+, bn]T and B = diag(|b|). At this time, the state
vector in Equation (2) is augmented to z(k) = [z, 27 (k)]7,
and the adjacency matrix is augmented to T (F) at the
broadcast moments (silence moments). The specific forms of
T and F are as follows:

1 0
=l o]
1 0
Fe [0 W] |
When there are multiple leaders, we use superscripts to
number the leaders for convenience. Suppose there are p lead-
ers, denoted by v}, v?, - -, 07, respectively. Correspondingly
their opinions are denoted as z; = [z}, - -,2/]7. For all
d=1,2,---,N, b = [b4,04,---,0%]7 represent the influence
of the leader v on N followers. B¢ = diag(|b?|). At this
time, the opinion vector in Equation (2) is augmented to
z(k) = [z, 2T (k)]" € RN*P, and the adjacency matrices at
the broadcast moments and silence moments are respectively
augmented to the following forms:

T:[ljp P pO d
b 7"'7b (Iﬁ d:lB )W

_ |4 0
F—[O W]

(6)

)

Since the broadcast moments are intermittent and limited,
without loss of generality, the set of broadcast moments is
represented by o = {¢1, -+, tx}, and the number of broadcasts
is denoted as (p). Let z* denote the final opinion vector when
leaders participate in the opinions’ evolution of social network.
It is supposed that after the last broadcast, the followers can
still have sufficient discussions. Naturally, the evolution of
a social network consisting of leaders and followers can be
expressed as:

k—1
=P ([ TPt TER T 2(0), (8)
h=1
where
F* = limj_ oo F*. 9)

Remark 2. F'* represents a phenomenon in which the
followers’ opinions evolve independently of the leaders after
the last broadcast. This phenomenon fits our real life. After
browsing the information on Weibo, Twitter and other network
platforms, individuals often share, communicate and discuss
information online or offline with friends, relatives, colleagues,
etc.

III. MAIN RESULTS

Inspired by the fact that internet famous use text or video
to influence their subscribers intermittently on Twitter or other
network platforms, we introduce intermittent-influence leaders
into the DG model with competitive relationship. With the

participation of these particular leaders, the evolution of the
follower’s opinions has different special properties than those
described in the existing literature. This article will focus on
these special properties and the determinants behind them.

Since the number of broadcasts is limited, the followers’
opinions cannot completely converge to the leader’s opinion
(or its opposite value), but only tend to the leader’s opinion
(or its opposite value) to a certain extent. It is worth noting
that the degree of this tendency is related to the broadcast
moments and the number of broadcasts. Therefore, we use
mathematical expressions to give the relationship between
the two in structurally balanced and structurally unbalanced
networks, respectively. As the number of broadcasts increases,
so does the corresponding control cost. Trends in the change
in marginal revenue per broadcast are analyzed. And after
introducing the concept of assimilation, we give our unique
insights on how to weigh the cost and benefit.

Theorem 1. Assume that Assumption 1 is satisfied. If there
is only one leader and (p) is given, then opinion evolution of
followers is independent of the set of broadcast moments o
if and only if |b;| = b for Vi = 1,2, - -, N. Furthermore, if
(p) = k, the final opinion vector of follower has the following

form:
2* =Toln{[1 — (1 = b)|wz + (1 — b)Fa}. (10)

Proof: Since the Assumption 1 is satisfied, there must be a

matrix
w 0

where wo = 1 or —1, such that I'TT" > 0 and T'FT' > 0. In
particular, cw = 1 if the leader is cooperative with the followers
inset V' and competitive with the followers in set Viiw=-1
if the leader is cooperative with the followers in set V" and
competitive with the followers in set V. Let T = I'TT and

F =TFT, then we have
~ w 0 1
=[5 n)l
_ |1 >0
- |Iebw (I —B)IyWTy| =7
10 Tl |0 W0 Iy

10
= {0 I‘QWFJ 2 0.

(1)

0 w 0
(]O—B)W} {o FQ] 1)

13)

Let g(k) = TZz(k), accordingly, Equation (8) has the
following variant:
k—1
g =F ([ TF"»+ 1T F" ' g(0), (14)
h=1

where

9(0) = I'z(0) = rg FOQ] [zfé)] = [PZ?B)} 19

F* = limp_ oo FF = [1 0 ] ) (16)

0 1nI7



A necessary and sufficient condition for followers’ opinions
to be independent of the broadcast moments is that 7" and F
are commutative. Further, 7" and F' are commutative equivalent
to T and F are commutative since TF = I'TITET =
TETTIT = FT. Then, one has

fp_| 1 0 1 0
- FQb’(D (I - B)FQWFQ 0 FQWFQ
a7
R 0
o I:Fwa (I - B)F2W2F2:| ’
7 1 0 1 0

1 0
- |:F2WF2F2bZU oW (I — B)FQWF2:| ’

Sufficiency: If |b;| = b for i = 1,2,---, N, then by Equation
(12), I'2bww can be represented by b1 . Correspondingly, (1 —
B) can be represented by (1 — b)I. Naturally, one can get

[oWTalsbw = ToWably = by WTs1y

. ; (19)
= b].N = ngw
LyWTs(I — BYToWTy = TyWy(1 — b)ITaWT,
= (1 —b)TyW?Ty (20)

= (I — B)TyW?T,.

This shows that FT = TF. At this point, the evolution
of followers’ opinions is independent of the sequence of
broadcast moments .

Necessity: F'T' = TF implies that TsWTsI'sbw = Iybw.
If b=0y, then b, =0 for i =1,2,--- N. If b £ 0y, it
means that I'ybw is the corresponding right eigenvector when
the eigenvalue of I';WT's is 1. Since ['sWT'; is row random,
the corresponding right eigenvector when its eigenvalue is 1
is 1, and I'sbw is linearly related to 1. So, I'sbw = 131N,
lb;| = b forany i =1,2,---,N.

At this point, T and F are commutative. When the number
of broadcasts (p) = k, it can be concluded that

_— { 1 0 ]’“
T by (1 D)W
N ( )2 WTy @1
B 1 0
-1 -b)k1y (1= b)FToaWFTy |
Regardless of how the broadcast moments are chosen, the final
opinion vector is as follows:

g* = FT*5(0)
= F*T*Tz(0)

1 0 1 0 * w2y

0 InIT| [b1x (1 —-b)ToWTy| [I22(0)

_ R wz (22)
ozl — (1= b)*1x + (1 — b)*1xITT22(0)

wZz|
T wmall - (-0 v+ (1 - B)’“lNng(o)]
Wz
~ mall - (1= b)1y +a(1 - B)klN] '

Then,

- [75 FOJ Lﬂzz[l—(1—8)k?liif+a(l—8)k1N}

J— ~ Zl ~
N [wzl[l — (1= b)*Ta1y + a1 — b)kFglN] '
(23)
In the end, the opinion vector of followers is as follows:

2 =Toln{[l — (1 — D)@z + (1 — b)*a}. (24)

Remark 3. In Equation (24), o or —« is the final opinion
value of followers when no leader is involved. The constant
z; is the leader’s opinion value. When w = 1, the modulus of
each follower’s opinion is:

1= (1= 0"z + (1 —b)kal. (25)

When w = —1, similarly, the modulus of each follower’s
opinion is:

| — 1= (1= 0)%)z + (1 - b)*al. (26)

It can be seen from the above results that the modulus
consensus opinion of followers is only related to the number of
broadcasts and has nothing to do with the broadcast moments.
[1 — (1 — b)¥]z represents the influence of the leader on
the followers. The more broadcast times, the greater the
influence of the leader on the followers. When the number
of broadcasts is close to 0, limy_o(1 — I;)’“ = 1. Naturally,
z* = I'91ya, and the evolution of the followers’ opinions is
independent of the leader, i.e., each follower’s opinion is either
a or —a. When the number of broadcasts tends to infinity,
limg—oeo(1 — b)¥ = 0. After that, z* = I'y1ywz. In this
case, each follower’s opinion is either z; or —z;.

Next, we will specifically study which individuals in the
followers tend to z; and which tend to —z; as the number of
broadcasts k tends to infinity.

Corollary 1. It is assumed that the conditions and as-
sumptions of Theorem 1 are satisfied. When the number of
broadcasts tends to infinity, if w = 1 (w = —1), the opinions
of followers in V' (V”) converge to z;, and the opinions of
followers in the set V" (V/) converge to —z;.

Proof: By equation (24), limyi_ 2" = I'slywz;. When

w = 1, limg_eoz®™ = T'21yz;. Naturally, the opinion of
followers in set )V converges to z;, while the opinion of
followers in set VV converges to —z;. When w = —1, similar

to the above discussion, it can be concluded that the opinion
of followers in set V" converges to z;, and the opinion of
followers in set V' converges to —z;. So far, the proof of this
Corollary is completed.

Remark 4. Corollary 1 points out that in a structurally
balanced network, when the number of broadcasts tends to
infinity, the followers in the camp that cooperated with the
leader would tend to the leader’s opinion, while the followers
in the other camp would tend to the opposite value of
the leader’s opinion. This conclusion is consistent with the
Theorem 1 in [34] and the Theorem 2 in [37].

Combining Theorem 1 and Corollary 1, when w = 1,
the more the number of broadcasts, the closer the followers’



opinion in V' is to the leader’s opinion z;, and the closer
the followers’ opinion in V" is to —z. The less the number
of broadcasts, the closer the followers’ opinion in V' is to
the opinion v when no leader is involved, and the closer the
followers’ opinion in V" is to —a. Similarly, when @w = —1,
the more the number of broadcasts, the closer the opinion of
followers in V' and V" is to —z; and 2, respectively. The less
the number of broadcasts, the closer the followers’ opinion in
V' and V" is to o and —a, respectively.

Theorem 2. Suppose there are multiple leaders and As-
sumption 1 is satisfied. When (p) is given, if Vd = 1,2, -+, p,
bd| = |b?| — b? for Vi, j € V, the modulus consensus opinion
of followers is independent of the set of broadcast moments
p. Further, if (p) = k, the final opinion vector of follower has
the following form:
w @7

zF = F21N{ BTl“lzl + (1 — 8/)ka}7

where b = [b*,62,-- -, b?]T and b = r L b

Proof: Similar to the proof of Theorem 1, we have

T =TTr
_ Fl 0 Ip 0 Fl 0
T L0 T |bLob? (I=3F_ BOYW| |0 Ty

L

= P 0 >0
Do(bl, - bP)Iy Dol =3 H_  BYWTy| =
(28)
F=TFT
('t 0|, O O
[0 Ty [0 W][0 Ty 29
I, 0
[0 PQWFQ] 20,
where I'y = I, or —I,, I'y = I, if multiple leaders are

cooperative with the followers in set V' and competitive with
the followers in set V”, I't = —1I, if multiple leaders are
cooperative with the followers in set V" and competitive with
the followers in set V'. When Vd = 1,2, ---, p, [b%] = bg] = be
for Vi,j € V, let b = [b',6%,- - - b"]T and b= Yh_ b,
then I'>(b?,- - -, bP)I'; and FQ(I — BY)WT5 can be
represented by 1xb7 and (1- b )FQWFQ, respectively. At
this time,

PR [ I, 0 1, 0
T 1abT (1 —=b)DaWTy| [0 ToWIy
- (30)
I 0
T [1xybT (1 =)W,
PP —Ip 0 Ipv A/O
0 ToWTs| [1xDT (1=05)LoWTy
- 3D
B 1, A 0
T [DaWTalyb” (1 —0)DaW?2Ty| "
Since FQWFQ is row-random, FQWFQ].N = 1u. So,

oWy 1xb”
ITITFT =

= leT, ie., TF = FT. Naturally, TF =
I'TFT = TFIT = FT. In this case, the

modulus consensus opinion of followers is independent of
the broadcast moments p. If (p) = k, Equation (14) has the
following form:

g =FT*5(0)
= F*T*Tz(0)
[, o[ L 0 "I Iz
L0 1NIT| [1aBT (1 -b)TeWTy]  |T22(0)
— _IP 0 11 Ip 0 Flzl
o _0 ].NlT_ _¢11NbT ¢2F2ka2 FQZ(O)
— -IP 0 1T Flzl
L0 AINIT [1Inb Tz + ¢l WD 2(0)
- [ Flzl
~ [#11nb T2 + ¢21 81T T22(0)
- [ I‘lzl
o _¢11NbTF121+¢21N04 ’
(32)
where ¢ = Hlbib do = (1—b)F.
Then,
2* — I-\g*

_ Fl O ~l
10 Ty 1-(1-b)*
b/

21
N [“%}Tl’)kl‘glNBTFlzl + (1 — (A),)kFQ].NOé‘| '

I‘lzl
1xb T2 + (1 -0 ) 1ya

(33)
In the end, the opinion vector of followers is as follows:
1—(1=b)k, %
SO S O ol . D 2 APPSO U )
Remark 5. When I'y = I,,, b7z = b7z = 320 b2,

the modulus of each follower s opinion can be expressed as

D s

-0=5 T+ =il as)
j=1
When Ty = —I,, bTT1z = —bTz = — 37 bi2], the
modulus of each follower’s opinion can be expressed as
U
[—L-=)) = + =6l a6
j=1

Comparing (35) and (36) with (25) and (26) respectively, it
is not difficult to find that the multi-leader situation can be
equ1valently regarded as the single-leader situation with x; =

bJ z] and the influence factor is b'. At this time, the
modulus consensus opinion of followers is jointly influenced
by all leaders.

In the above discussion, we have studied the case that
the signed graph is structurally balanced. For the structurally
unbalanced signed networks, we have the following result.

Theorem 3. When (p) is given, if G(W) is structurally
unbalanced and strongly connected, eventually all followers
remain neutral on the topic.

Proof: When G (W) is structurally unbalanced and strongly
connected, p(W) < 1. Naturally, limg— oo WF = 0. After that,



F* = limp— oo F*

_ 5, o]
T ke g (37)
— IP 0
10 of°
Substituting F* into Equation (8), we can get

limp—ooz(k) = [2f,05]7 € RNTP. At this point, no
matter how many leaders there are in the network or the
number of broadcasts, all followers remain neutral on the
topic. This result is in line with our real life. When there
are multiple interest groups in an enterprise, different interest
groups check each other, so that the interests are not biased
towards a single camp.

At this point, we have investigated the evolution of the opin-
ion of followers for the structurally balanced and unbalanced
networks, respectively. Next, we focus on the marginal effect
of each broadcast by the leader. As the number of broadcasts in
structurally unbalanced networks has no effect on the evolution
of followers’ opinions, so the marginal effect is specifically
analyzed only in the structurally balanced network. For this,
we have the following results.

Theorem 4. Assume that Assumption 1 is satisfied. Suppose
there is only one leader and |b;| = bforVi=1,2,---,N. As
the number of the leader’s broadcasts increases, the revenue
of one single broadcast on the followers’ opinions gradually
decreases.

Proof: When w = 1, the opinion of followers in V'
lies between the opinion z; of the leader and the opinion
a of the followers without the participation of the leader.
The opinion of followers in V" is between —z and —a.
At this time, combined with Equation (25), we can use
I[1 — (1 = b)¥]z + (1 — b)*o — a to represent the deviation
of the opinion. The larger is the deviation of this opinion, the
closer the opinion of followers in V' is to z;, and the closer the
opinion of followers in V" is to —z;. Therefore, this deviation
can be used to measure the benefits of broadcasts. Without
loss of generality, the number of broadcasts k is used to denote
the cost. After that, we can define a cost-performance function
y(k) whose specific form is as follows:

1 —(1=b)*z + (1 —b)ra—af

k
1—(1—b)* %)

Taking forward difference of y(k), we can get

Ay(k) = y(k+1) —y(k)

y(k) =

_ (kb+1)(1 —b)F — (39)
- k(k+ 1) I = al-
Let (k) = (kb+ 1)(1 — b)* — 1, then
Az(k) = —b*(k +1)(1 — b)* (40)

Since k is a positive integer and 0 < b <1, Ax(k) < 0.
So, the maximum value of the monotonically decreasing
function z(k) is z(1) = (b+1)(1 —b) —1 = —b* < 0.

Naturally, Ay(k) < 0, the cost-performance function y(k) is
monotonically decreasing. When 0 = —1, combined with
Equation (26), deviation of the opinion can be denoted as
| —[1— (1= b)*z + (1 —b)*ar — a. At this point, the cost-
performance function is y(k) = ‘7[17(171’))6]2“14)%7&‘.
Similarly, we can conclude that the cost-performance function
is still decreasing.

Theorem 4 states that when the network includes a leader,
the marginal revenue per broadcast decreases gradually as
the number of broadcasts increases. In fact, this phenomenon
also applies to multiple leaders. When extending the single-
leader situation to the multiple-leader situation, we just need
to replace b and z with b and Z?:l(i)j / l;/)zlj , respectively.
Later, the same conclusion can be drawn.

Remark 6. For a cooperative social network, it was obtained
that the marginal revenue of broadcasting decreases gradually
with the increase of the number of broadcasts [35]. Theorem
4 shows that it is still true for a structurally balanced social
network with cooperation and competition.

From the above discussion, it can be concluded that in a
structurally balanced leader-follower network, when the leader
maintains a cooperative relationship with the followers in set
V' (V”) and a competitive relationship with the followers in
set V' (V'), with the increase of the number of broadcasts, the
opinion of the followers in V' (V”) will gradually approach
that of the leader. but the marginal revenue per broadcast is
decreasing. The number of broadcasts represents the cost, and
without loss of generality, it is assumed that the cost of each
broadcast is the same. Naturally, how to weigh the cost and
the benefit of broadcasts is an intriguing topic. To this end,
we introduce the following concept of assimilation.

In a leader-follower network, the leader’s opinion is as-
sumed to be z;. Taking the opinion z; as the center, the
constant ¢ is the neighborhood radius. Followers are said to be
assimilated by the leader if their opinions are located within
the neighborhood. In particular, the neighborhood radius e
is called the assimilation limit. The minimum number of
broadcasts required to assimilate followers is inextricably
linked to the assimilation limit. Next, under the premise that
€ is the assimilation limit, the minimum number of broadcasts
required for assimilation is specifically analyzed.

Corollary 2. It is assumed that the conditions and as-
sumptions of Theorem 4 are satisfied. Then, the following
conclusions hold.

1) If w = 1, the minimum number of broadcasts required by

the leader to assimilate the followers in V' is [%W

2) If w = —1, the minimum number of broadcasts re-

quired by the leader to assimilate the followers in V' s
|—lns—ln|a+zl|-|
In(1—b)
Proof: Item1): When w = 1, assume the minimum number
of broadcasts required by the leader to assimilate all followers
is m, then we have

1- g b)™ }Zl—F(lA—lAJ)ma—Zl‘ <€' 4D
M-A=-b0)"Nu+1-b)"ta-z|>¢



Afterwards, R
1-0)"a—z|<e

. . 42
1=0)"a—z|>¢ 2

Taking the logarithm of both sides of the above two inequal-
ities, we have

min(l —b) < lne —Inja — 2|

R . 43)
(m —1)in(1 —b) > Ine — In|ja — z|
Finally,
Ine — In|a — z|
T i —b
n(1-b) . (44)
Ine — In|a — z| .
In(1—b)
Naturally, m = [% :
Item2): When w = —1, assume the minimum number of

broadcasts required by the leader to assimilate all followers is
m, then we have
|~ =1 =)™z +1-b)"a+z|<e

R R . 45
L= =D+ (A —flaszze

Similar to the processing of Item 1), we have
Ine — In|a + z|

In(1—b)
< Ine — ln\aﬁ 21|

In(l1—0b)

Ine—In|a+z; |-|
In(1—b)

: (46)
+1

Naturally, m = [

IV. NUMERICAL EXAMPLES

In this section, we will give several examples to observe
the evolution of the systems state in order to verify our
conclusions.

Example 1: Consider a social network ¢ with four follow-
ers, and the associated adjacency matrix W is given by:

1 0 0 0

06 04 0 O
W= -04 0 06 O
0 -08 0 0.2

Obviously, G(W) has a spanning tree and is structurally
balanced. Individuals 1 and 2 belong to set V/, and indi-
viduals 3 and 4 belong to set V", At this time, through
simple calculation, we can obtain that the corresponding left
eigenvector is [ = [1,0,0,0]” when the eigenvalue of matrix
T'WT is 1. Assume that the initial value of the four followers
is 2(0) = [0.2,0.6,—0.7,0.32]7". Naturally, when the leader is
absent, each follower’s opinion is a = 0.2 or —a = —0.2.

After that, we construct a leader-follower network 34 by in-
troducing the leader into network . Suppose the leader main-
tains a cooperative relationship with the follower in the set V'
and its opinion is z; = 1. Suppose b = [0.3,0.3, —0.3, —0.3] .
At this time, all the conditions of Theorem 1 are satisfied.

k 1 2 3 4
y(k) | 024 | 0.204 | 0.1752 | 0.152

TABLE I

According to the conclusion of Theorem 1, the modulus of
each follower’s opinion is

11— (0.7)F 4 (0.7)* x 0.2|.

When the number of broadcasts £ = 1 and k = 2, the modulus
of each follower’s opinion is 0.44 and 0.608, respectively.
When the number of broadcasts k is 3 and 4, the modulus of
each follower’s opinion is 0.7256 and 0.80792, respectively.
These results are shown in Fig. 1. In Fig. 1, the black lines

Fig. 1. The opinion evolution for four followers in Example 1.
represent the evolution of followers’ opinions when no leader
is involved (o and —«), and the green lines represent the
evolution of followers’ opinions when the leader continues
to influence followers (z; and —z;). The red lines, the cyan
lines, the pink lines, and the blue lines represent the evolution
of the followers’ opinions when the leader broadcasts 1, 2, 3,
and 4 times, respectively. It is not difficult to see that with the
increase of the number of broadcasts, the opinions of followers
in V' gradually tend to 1, while those of followers in v
gradually tend to —1. Next, we consider the marginal revenue
per broadcast in network 7. When the number of broadcasts
is 1, 2, 3, and 4, the corresponding marginal revenue is clearly
represented in Table I. Obviously, the marginal revenue per
broadcast decreases gradually as the number of broadcasts
increases.

Example 2: Consider a network 5 with four followers, and
the adjacency matrix associated with it is as follows:

02 0 -02 0.6

03 04 O -0.3
W= 0 05 05 0

o 0 03 07

Clearly, G(W) is strongly connected and aperiodic and struc-
turally unbalanced. After that, we introduce three leaders into
the network o to construct a leader-follower network 3.
b! = [-0.1,0.1,0.1,0.1]7, b%> = [-0.2,0.2,-0.2,0.2]T,



b3 = [0.3,0.3,-0.3,0.3]7. At this time, all the conditions
of Theorem 3 are satisfied. When the number of broadcasts
k =1,2,3,4, the evolution of the followers’ opinions is shown
in Fig. 2. The red lines, the cyan lines, the pink lines, and the
blue lines represent the evolution of the followers’ opinions
when the leader broadcasts 1, 2, 3, and 4 times, respectively. In
Fig. 2, regardless of the number of broadcasts (the number of
broadcasts is finite), the four individuals end up being neutral
on the topic.

0.6 T T T

0.2 q

z (k)

Fig. 2. The opinion evolution for four followers in Example 2.

V. CONCLUSIONS

This paper investigates the influence of intermittent-
influence leaders on followers’ opinions in a signed social
network. First, for a structurally balanced network, we analyze
the relationship between the followers’ final opinions and the
number of broadcasts, and extend the single-leader case to
the multiple-leader case. Second, in a structurally unbalanced
network, it is concluded that all followers remain neutral on
the topic regardless of the number of broadcasts. Finally, by
analyzing the cost-performance function for a structurally
balanced network, the fact that the marginal revenue per
broadcast decreases gradually as the number of broadcasts
increases is obtained. Therefore, the concept of assimilation
is introduced to solve the problem of how to weigh the costs
and benefits, and the minimum number of broadcasts required
by leaders to assimilate followers has been calculated. Finally,
two examples are used to verify our conclusions.
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