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Abstract

We consider the scattering of a plane wave by a locally perturbed periodic (with respect to x_1) medium. If there is no
perturbation it is usually assumed that the scattered wave is quasi-periodic with the same parameter as the incident plane
wave. As it is well known, one can show existence under this condition but not necessarily uniqueness. Uniqueness fails for
certain incident directions (if the wavenumber is kept fixed), and it is not clear which additional condition has to be assumed in
this case. In this paper we will analyze three concepts. For the Limiting Absorption Principle (LAP) we replace the refractive
index n=n(x) by n(x)+ie in a layer of finite width and consider the limiting case when € tends to zero. This will give an
unsatisfactory condition. In a second approach we require continuity of the field with respect to the incident direction. This
will give the same satisfactory condition as the third approach where we approximate the incident plane wave by an incident

point source and let the location of the source tend to infinity.



ON THE SCATTERING OF A PLANE WAVE BY A PERTURBED
OPEN PERIODIC WAVEGUIDE
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ABSTRACT. We consider the scattering of a plane wave by a locally perturbed periodic
(with respect to 1) medium. If there is no perturbation it is usually assumed that the
scattered wave is quasi-periodic with the same parameter as the incident plane wave.
As it is well known, one can show existence under this condition but not necessarily
uniqueness. Uniqueness fails for certain incident directions (if the wavenumber is kept
fixed), and it is not clear which additional condition has to be assumed in this case. In
this paper we will analyze three concepts. For the Limiting Absorption Principle (LAP)
we replace the refractive index n = n(z) by n(z) + ic in a layer of finite width and
consider the limiting case ¢ — 0. This will give an unsatisfactory condition. In a second
approach we require continuity of the field with respect to the incident direction. This
will give the same satisfactory condition as the third approach where we approximate
the incident plane wave by an incident point source and let the location of the source
tend to infinity.

1. INTRODUCTION

Let k > 0 be the wave number and 0 € R? be a unit vector with ég < 0 which are fixed.
In polar coordinates we express 6 as 0 = (ficlj)ge) for some |0| < 7. Furthermore, let
n € L>(R?) be the real valued index of refraction which is assumed to be 2r—periodic
with respect to z; and equal to 1 for |ze| > ho for some hy > 0. Let ¢ € L>°(R?) have

compact support in @ := (0,27) X (—hg, hg). It is the aim to solve
(1) Au+KE(n+qu = 0 inR?

s

for the total field u(x) = e*** + u*(z) as the sum of the incident plane wave of direction
6 and the scattered field u®. Furthermore, a suitable radiating condition for v* has to be
assumed. In the first part of the paper we consider the unperturbed case; that is, ¢ = 0.
We note that the incident field u’(z) = e*?* is a—quasi-periodic with respect to ; with
parameter a = k6, = ksiné. (Recall that a function ¢ = ¢(z1) is a—quasi-periodic if
(x4 27) = €™ ¢(x) for all z; € R.) Therefore, it is common (see, e.g., [2, 1, 4, 6]) to
assume that also the scattered field has to be quasi-periodic with the same parameter «,
and then the Rayleigh expansion provides a suitable radiation condition.

As we will recall below, for fixed k& > 0 there exist parameters « (which we will call
propagative wave numbers, see Definition 2.1); that is angles 6 of incident directions, for
which no uniqueness holds under the Rayleigh expansion. For these particular angles it
is not clear which solution is — mathematically or physically — the correct one.

There are at least three ways to derive a correct radiation condition in this case where no
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uniqueness holds. A classical way is to apply the Limiting Absorption Principle (LAP).
Noting that the scattered field satisfies the inhomogeneous Helmholtz equation (for ¢ = 0)
(2) Au® + E*nu® = —k*(n —1u' in R?

with incident plane wave u’(z) = ¢ we observe that the application of the LAP to
the wave number k; that is, replacing k£ by k + ¢, does not work because in that case
the right hand side f = k*(n — 1)u' vanishes for |z3| > hg but is not even bounded
in the layer W := R x (—hg, hg). An alternative is to apply the LAP to the refractive
index n; that is replace n(z) by n(x) + ic inside the waveguide. Since also in this case
we do not expect a H'(R?)—solution for u* we have to add a radiation condition. The
“upwards propagation radiation condition® gives uniqueness in H. _(R?) even in the case
of general ¢; that is, with refractive index n(x) 4+ ¢(x) +ie. In the unperturbed case ¢ = 0
this condition is equivalent to the Rayleigh expansion. In Section 3 we will study the
question of convergence when ¢ tends to zero. It will turn out that this principle gives an
unexpected and unsatisfactory answer in the case where no uniqueness holds.

The second approach demands continuity of the solution with respect to the angle of
incidence. As we will see in Section 6 this will pick one particular solution and gives an
additional condition on the field.

In Section 5 we will follow a third approach and consider first the scattering of an incident
point source at z € R? with 2, > hg and later let 2z tend to infinity. Therefore, the incident

field is given by u'(z) = ®(z, 2), x € R?\ {z}, where ®(x,z2) = iHél)(k:]a: — z|) denotes
the fundamental solution. We recall the asymptotic behavior

ezk\z| —ikx-z
V12|
e1'7\'/4

uniformly with respect to directions z/|z| and x from bounded sets. Here, 7 = =

O(z,2) = T+ O(2[ 7)o = o0,

Therefore, if 6 = (f:;ge) with 0] < 7 is the direction of the incident plane wave we define

the source to be z = —tf and note that
1. —ikt 5 ik bz
(3) S tlg& [\/%6 ®(z,—th)] = e

uniformly for x from bounded sets. Therefore we expect that the solution of the scattering
problem of a point source at z = —tf (multiplied with the factor % t e~ converges to

a solution of of the scattering problem for the plane incident field of direction 6. We will
prove this convergence result for the unperturbed case; that is, for ¢ = 0, in Section 5.

The last Section 6 is devoted to the case where g is general; that is, where the refractive
index is given by n + q.

All three approaches use the theory of quasi-periodic scattering problems (either because
the problems themselves are quasi-periodic or via the Floquet-Bloch transform) which
we repeat in Section 2. Also the problems are singular in the sense that they involve
invertible operators L. for € # 0 which tend to an operator Ly as ¢ — 0 which is singular.
For treating the convergence of the corresponding solutions of L.u. = r. we apply an
abstract singular perturbation result which we learned from [3], Section 1.4. We recall

and extend it in Theorem 2.7 of Section 2.
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Let us summarize some notations on sets and spaces. Let again W := R x (—hyg, ho) and
Q@ = (0,27) x (—hyg, ho) and, furthermore, Q> := (0,27) x R and Q}}r“ := (0, 27) X (ho, 00)
and Q" := (0,27) x (=00, —hg) and Ty := (0,27) x {#£he}; that is, Q* = Q™ UT_ U
QUFJFUQ]}r Weset I':'=1,UTl_.

Furthermore, let H} (R?) := {u € HL.(R?) : u(-,22) is a—quasi-periodic} where a
function w is a—quasi-periodic if u(zy 4 27, 29) = €' * u(xy, z2) for all x = (z1,x5). We
identify H},.(R?) sometimes with H} lOC(QOO) that is, identify quasi-periodic functions
on (0,27) with those on R — as we do also by identifying the space {f € L%*(R?) :
f vanishes outside of @} with L2(Q>). In the same way H}(Q) is defined. The space

H,..(Q) denotes the subspace of H'(Q) of 21— periodic functions with respect to .
Finally, the space Hcl/Q(F) is the trace space of H_, .(Q*) on I' and H_l/z( I') the dual

of H'(T).

« loc

2. QUASI-PERIODIC PROBLEMS AND A SINGULAR PERTURBATION RESULT

We first recall some notations.

Definition 2.1. (a) o € R is called a cut-off value if there exists ¢ € Z with |[{ + o] = k.
(b) a € R is called a propagative wave number (or quasi-momentum or Floquet spectral

value) if there exists a non-trivial ¢ € H adoc(R?) such that

(4) Ap+knd = 0 inR?,
cmdgg satisfies the Rayleigh expansion

(5) Ox) = Y oF rom VIRl for gy > hg

LeZ

for some qut € C where the convergence is uniform for |za| > ho + 0 for all § > 0. The
functions ¢ are called propagating (or guided) modes.

If we decompose k into k =/ + & with £ € NU {0} and x € (—1/2,1/2] we observe that
the cut-off values are given by +x + ¢ for any ¢ € Z.

Since with « also a + ¢ for every ¢ € Z is a propagative wave number we can restrict
ourselves to propagative wave numbers in (—1/2,1/2].

Under the following assumption it can easily be seen that every propagatmg mode ¢
corresponding to some propagative wave number « is evanescent; that is, gzﬁg = 0 for all
|0 + a| < k; that is, there exist ¢,d > 0 with |¢(z)] < ce 072! for all |z,| > hy.

Assumption 2.2. Let |{ + «| # k for all propagative wave numbers o and all ¢ € Z; that
18, the cut-off values are no propagative wave numbers.

Under Assumption 2.2 it can also be shown (see, e.g. [9]) that at most a finite number of
propagative wave numbers exist in [—1/2,1/2]. Furthermore, if « is a propagative wave

number with mode $ then —« is a propagative wave number with mode QAS Therefore,

we can numerate the propagative wave numbers in [—1/2,1/2] such they are given by
3



{&; : j € J} where J C Z is symmetric with respect to 0 and &_; = —a; for j € J.
Furthermore, it is known that every eigenspace

(6) X; = {d€ H. (R : ¢ satisfies (4) and (5)}

j»loc

is finite dimensional with some dimension m; > 0. We note that the elements of X ; are
in H?(Q>) and even analytic for |xa| > hg. We construct an orthonormal basis in X;
as follows. Let j € J be fixed. First we choose an arbitrary inner product (-,-) . in Xj.

Then we consider the following finite dimensional eigenvalue problem in X ;-

Determine A\¢; € R, £ = 1,...,m;, and non-trivial QZAS[J‘ € Xj for £ =1,...,m; such that

[ O¢p; — A 5
(7) —2@/%1&% = Ao (qbg,j, w)Xj for all ¥ € X;.
Qoo

This eigenvalue problem is self-adjoint because the left hand side defines a hermitean
sesqui-linear form on the finite dimensional space X;. Let the eigenfunctions be normal-
ized such that (¢q, ¢g/7j)X =0pp for 0,0/ =1,...,m;.

J

Remark 2.3. In [8] it is shown (for the case of the source problem Au+k*nu = — f in the
half plane {x € R? : x5 > 0} and additional Neumann boundary conditions for o = 0)
that the Limiting Absorption Principle (LAP) with respect to k leads to the eigenvalue
problem with inner product (¢, w)Xj =2k fQoo n ¢ dx while the LAP with respect to n in

the layer W leads to the eigenvalue problem with inner product (¢, w)f(j = k2 fQ ddx.

We make a further assumption which is equivalent to the fact that the group velocities
do not vanish (see [7]).

Assumption 2.4. Let A\j; # 0 for all { = 1,...,m; and j € J; that is, there is no
non-trwial ¢ € X; with fQoo g—i@dx =0 for all Y € Xj.

In all of the paper we make Assumptions 2.2, and 2.4 without mentioning this anymore.

After these preparations we will now consider quasi-periodic source problems with source
functions f € L?(Q*) which are not compactly supported.

Let f € L?(Q>) such there exist ¢,§ > 0 with |f(x)| < ce™*2! for all |25| > hg. For any
o € R consider the problem to determine u € H} ;,.(Q>) such that

(8a) Au+k*nu = —f inQ>,
and u satisfies the generalized Rayleigh condition
d
(8b) Z‘(signxg)w — /K2 = ((+ a)2ug(ms)|” — 0, |z = o0
d.TQ
(e,
Here, uy(xy) = \/%7 fo27r u(zy, 29)e "+ dy, are the Fourier coefficients of u(-,z3). The
corresponding a—quasi-periodic Dirichlet-to-Neumann operator A,, : mY 2(F) — HyY 2(F)

is given by

(9)  (Aad)(@1,£ho) = ;T Z VE? = (04 )2 dy(Fho) €T 1y € (0,27),

el
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for ¢ € HY*(T).
The following theorem collects properties of the problem (8a), (8b). For a proof we refer
to [7], Theorem 4.1-4.3 and Remark 4.4.
Theorem 2.5. Let Assumptions 2.2 and 2.4 hold.
(a) For every a € R the problem (8a), (8b) is equivalent to the variational equation

1) [V V- Rnadlde— [ Tas = [ fTde [ ST ds
r Q

Q r

for all v € HL(Q) where Ow/dv := +0w* /0xy on T'yx. Here, w* € Hclv,loc( hoy
are the (uniquely determined) solutions of Aw* + k*w*™ = —f in Q°, w* =0 on
[y, which satisfy the generalized Rayleigh condition (8b); that is,

+
Z (sign ) dwi (w2) _ ivVE2 — (€4 a)2 wf (zy)

dx
LET 2

2
— 0, x5 — *+o00,

where wy (14) are the Fourier coefficients of w* (-, xy).
(b) For every a € R the variational equation (10) can be written as

Lou = 1o in H:(Q)
where 1o, € H:(Q) and L, : HY(Q) — HL(Q) are given by

(Law, V) i) = [Vu -V — Enu)de — [ (Agu)pds,
[

_ O —
(Tes V)E1(Q) = /fwder/a—Z)wds
Q

r

for u,vb € HX(Q). The operator L, is a Fredholm operator with index zero and
Riesz number one (that is, the null spaces of L, and L% coincide). The operator
L, s invertible if, and only if, o is not a propagative wave number. If o = ¢&v; + ¢
(for some € € 7) is a propagative wave number then the nullspaces of Lo and its
adjoint LY coincide and are given by the restrictions to ) of the corresponding
modes in X;.

(¢) If « = &; + { is a propagative wave number for some { € Z and j € J then the
problem (8a), (8b) is solvable if, and only, if fQoo fodr =0 forall § € Xj.

(@) Define Ju : H (@) — HAQ) by (Jad)(x) i= €10(x) and 7, € HL,(Q) and
the operator Lo from H,,.(Q) into itself by 7o = J 're and Lo = J3'LaJa,
respectively. If & € R is not a cul-off value then there exists a neighborhood
U c C of & such that o — 7, and o +— L, are analytic as mappings from U into
H...(Q) and L(H},,.(Q)), respectively.

per

We note that in the case where f € L*(Q>) has compact support in @ the generalized
Rayleigh condition (8b) can be replaced by the Rayleigh expansion (5) and the function
w appearing in (10) vanishes. Application of this theorem yields existence of the following

quasi-periodic scattering problem.
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Theorem 2.6. For given wave number k > 0 and unit vector = (—Si;r;ge) with |0] < 5 ;
that is, §; = —cos < 0, set o := kfy = ksin6. Then there exists u € H), 1, (R?) such
that Au+ k*nu = 0 in R?, and u*(x) := u(x) — e*?® satisfies the Rayleigh expansion (5).

Proof: The scattered field u® satisfies (8a) with f = k*(n — 1)u’ where u'(z) = gikl-s
denotes the incident field. If « is not a propagative wave number then there exists a
unique solution u® by parts (a) and (b) of Theorem 2.5. If o = &; + ( is a propagative

wave number for some ¢ € Z and j € J then we have to show that wi (n—1) uzg dr =0
for all (;3 eX ;. From the differential equation for 95 we obtain

K [ (n—1) uigdx = u' [AE + k‘Qq_g] de = [Au' + K*u') gdx =0
Jowin - | i |,

by Green’s second theorem. We used that the product u’ngS is 2m—periodic with respect
to 1, that u’ is bounded, and that ¢ decays exponentially for |z, — oc. 0

The following theorem is a special case of a singular perturbation result in [3], Section 1.4.
We add the characterization of the limiting solution and give a more direct proof for the
convenience of the reader.

Theorem 2.7. Let & € I for some open interval I C R, K, compact operators from
some Hilbert space X into itself and r, € R(Lgy) for all « € I where L, =1 — K, and
R(L,) denotes the range of L,. Furthermore, let L, be one-to-one (thus invertible) for
all « # & and let Lg = I — K4 have Riesz number one. Let P : X — N := N(Lg) be
the projection onto the nullspace of Lg along the direct decomposition X = N @ R where
R = R(La). Finally, let a — 14 and o — K, be analytic in a neighborhood U C C of &
and let PL.|n be an isomorphism from N onto itself where L, denotes the derivative of
L, with respect to o at o = .

Then the mapping o — u, = L_'r, has an extension to an analytic mapping from U
into X. The limit ug = lim,_,4 U, 1S the unique solution of the system Laug = 14 and
PLus = Prl, where rl, denotes the derivative of ro at a = &. Furthermore, there exists
a closed interval Iy C I containing & in its interior and ¢ > 0 with

(11) luallx < ¢ [sup |175llx + sup H&rg/aﬁHX] foralla € Iy.
/BEIO 5610

Proof: Without loss of generality we assume that & = 0. First we show uniqueness of
the system Loug = ro and PLyuy = Pr{. Let u(()j ) for 7 = 1,2 denote two solutions. Then
Uy = u(()l) — u(()z) satisfies Loug = 0 and PL{uy = 0; that is, ug € N and thus uy = 0
because P Ly is one-to-one on N.

For a # 0 we decompose u,, into u, = v +uff with v} € N and uf € R and project the
equation Ly, = 14 onto N and R; that is, PL,(u) +u®) = Pr, and QLo (uY +ult) = Qr,
where () = I — P is the projection onto R.

The operator (QLg|x is an isomorphism from R onto itself as easily seen. Therefore, by

a perturbation argument there exist A, := [QLOC|R}71 from R onto itself for all o in a

neighborhood V' C U of 0 and they depend analytically on o« € V. Therefore, substituting
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= An(Qro — QL,ul) into the first equation yields
PLo(I — AuQLy)uY = Pro— PL,AyQr, in N,

which we write briefly as Cou? = s,. From PLy = 0 and Pry = 0 we conclude that
Co = 0 and sy = 0. Therefore, Cou® = s, is equivalent to é(Ca — Co)ull = é(sa — 50).
The operators =(C, — C) and the elements % (r, — 7o) depend analytically on « in the
neighborhood V of & = 0 with limg_,o < ~(Cq C’O) C{ and lim,-, é(sa — 50) = 8. By
the chain rule we compute C) = PL{ |N and s; = Pr{y — PL{Aoro. Since C}, = PL{|, is
invertible by assumption also é(C’a — () is invertible for a in some interval Iy and its
inverses are uniformly bounded with respect to « € Iy, thus ||[u? || x < ¢||(sa — $0)/alx <
d supﬁ ||s/'3|| x. Also, it is easily seen that u)Y converges to the unique solution u}’ € N of

Chull = sj; that is, of PLjul’ = Pr{ — PL{)AOTO.

Finally, we observe from above that u converges to Uo = Ao(Qro — QLOUO ) = Agro.
Therefore, u)) satisfies PLyulY = Pr{ — PLjulf; that is, PLjuy = Pr{ which ends the
proof. 0

Remark 2.8. From the proof of this theorem we observe that we can modify the assump-
tions on the mappings o — 1, and o — K,. If these mappings are only continuously
differentiable in an open interval J C I (as a subset of R) which contains & then the
solution maps a — u,, 18 continuous from J into X, and the estimate (11) holds. Also, if
the assumption on the injectivity of L, holds only for o € J with o > & then the one-sided
limit ug = limy—4,0>a Ua ezists and solves the system Laus = rs and PLLus = Prl,.

3. THE LIMITING ABSORPTION PRINCIPLE

In this section we consider the unperturbed case; that is, ¢ = 0, and prove the limiting
absorption principle (LAP) with respect to the refractive index; that is, we replace n(x)
in W := R x (—hg, hg) by n(x) +icq(z) for € > 0 and let e tend to zero. Here ¢ € L>®°(W)
is any fixed non-negative function which is 2r—periodic with respect to x; and satisfies
q(z) > qo on some open set @ C @ for some gy > 0. As an example we can take the
constant function ¢ = 1. Therefore, let

| n(z) +ieq(x) forxe W,
ne(w) { 1 for z € R2\ W.

The incident plane wave is given by u'(z) = ¢ where § = (= sin ¢,) for some fixed || < %
Then u' is a—quasi-periodic with parameter o := k6, = ksin 6. Therefore, for ¢ > 0 we
wish to determine u. € H, . (Q) such that

(12) Au, + k*n.u. = 0 in R?

and the scattered field u$ := u. — ' satisfies the Rayleigh expansion (5). The scattered
field satisfies Au® + k*n.u® = —k*(n. — 1)u’, and by (10) its the variational form is given
by

/[Vuj -V — k*n.uf ) dv — /(Aauﬁ)ﬂds = k? /(nE — 1) u' Y da

Q r Q
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for all » € H(Q). Green’s theorem applied to u’ and ¢ in Q yields

/[Vu" VY — E*nou' ) da — ?;5 pds = —k? /(nE — 1) u' Y da

Q r Q
and thus by adding both equations

(13) /[Vus VY — E*n.u. ) do — /(Aaug)ﬂds

Q T
o’ | — ou’ 1 —
= — Aut — — At
/[(% au}wds /{8@ au}wds
r Iy
27 27
= 2ik O, e™HP2ho / e ah(xy, hy) dry = —2ik cosf e Fhocost / e ah(ay, ho) dy
0 0

for all » € H\(Q). Here we used that for x, < —hg the incident field satisfies the Rayleigh

condition, thus % = A,u' on I'_. Furthermore, for x5 > hg the a—quasi-periodic solution

of the Dirichlet problem with boundary data u’ on I'y is given by eiamﬂéﬂ(z?*zho), thus
Agut = ik |fy|eiomitikdzho on T |

Lemma 3.1. For all € > 0 there exists a unique solution u. € Hy;,.(Q>) of (12), (5) or,
equivalently, (13).

Proof: Since by Theorem 2.5 this equation can be written as L.u. = r in H}(Q) where
L. is a Fredholm operator of index zero it suffices to prove uniqueness. For u* = 0 we
substitute ¢ = u. into the variational equation and obtain

0 = /[|Vug|2 —k‘QnE\uE\Q] dr — /(Aaug)u_ads

Q r
= /[|Vu5|2 —Enfuc?lde — i Y > VK = ((+ @) fu(oho)l.
Q UE{+,—} LeZ

Taking the imaginary part

0= ek [qlufde = Y 3 VRS aP ok

O oe{+,—} [t+al<k

yields u. = 0 in €. Unique continuation implies that u. vanishes in all of Q). 0

Theorem 3.2. Let Assumptions 2.2 and 2.4 hold, and let u. € H},,,.(Q>) be the unique
solution of the quasi-periodic scattering problem (12), (5) for the plane incident wave of
direction 0 = (_Slclzge) for some fived |0] < 5. Here, o := k) = ksin6. Then u. converges

to some ug in H'(Q) which is a solution of (12), (5) for e =0, and uy is the only solution
which satisfies in addition fQ q ug ngde = 0 for all modes ngS € Xj in the case that o = & +4

(for some ¢ € Z and j € J) is a propagative wave number.
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Proof: We note that now « is fixed and ¢ takes the role of the parameter which tends
to zero. We write (13) again in the form L.u. = r where L. : HY(Q) — HX(Q) and
r € H:(Q) are given by (compare with part (b) of Theorem 2.5)

(Lwﬂﬂﬂ@)1:Q/WW'VE—k%%Wmdf—/@hwad&

Q r
2T

(e = 2k coste et [ e G Ry e,
0

for u, v € HL(Q).

If o is no propagative wave number then Lg is invertible and one has convergence of wu.
to the unique solution ugy of Loug = r in H'(Q) as € tends to zero.

Let now a be a propagative wave number. It is the aim to apply Theorem 2.7 in the
modification of Remark 2.8 with X = H!(Q). Then we know from Theorem 2.5 that
the Riesz number of Ly is one and the nullspaces N of Ly and its adjoint L coincide
and are given by the restrictions to () of the space of corresponding propagating modes.
Furthermore, L. depends obviously analytically on €. It remains to show that r is in the
range of Lo and that PL{|y is an isomorphism from N onto itself (where Lj denotes
the derivative with respect to € at € = 0). Since the nullspaces of Ly and its adjoint L

~

coincide we have to show that (7,¢)q1(g) = 0 for all propagating modes ¢ corresponding
to the propagative wave number o. We have
2

~

(1, )i = —2ik (:osﬁe_ikhocosa/em””1 d(x1, ho)dz; = 0

0

because the Fourier coefficients of the propagating modes ¢ vanish for all [0+ a| <k, in
particular for ¢ = 0 because |a| = k|sin§| < k. Furthermore,

Q

which shows that P Ly is an isomorphism from A onto itself. Application of Theorem 2.7
yields convergence of u. to ug as € tends to zero, and ug solves the ksin §—quasi-periodic

scattering problem and, in addition, [ o U0 ngdm = 0 for all modes qAS U

This result is quite unsatisfactory because the orthogonality condition fQ q g qu:v =0
depends on ¢q. The scattering problem for the limiting case e = 0, however, is independent
of q. Therefore, also the extra condition in the case of a propagative wave number should
be independent of q.

4. CONTINUITY WITH RESPECT TO THE DIRECTION OF INCIDENCE

We continue with the unperturbed case; that is, ¢ = 0, and the scattering of a plane

wave ul,(x) = e for some ¢ = (fg(‘);”@) with [p| < 5 such that a := k¢, = ksing is

not a propagative wave number in the sense of Definition 2.1. Then Theorem 2.5 yields

uniqueness and existence of a a—quasi-periodic solution u, of Au,+ k*nu, = 0 such that
9



Up — ufo satisfies the Rayleigh expansion (5). Let now 6 = (_Sicréfe) with [f] < § such that
& = kb, = ksinf is a propagative wave number and consider ¢ in a neighborhood of
. It is the aim to prove that the unique solution w, converges to a solution wu, of the
problem for 6 and give a characterization.

We recall from (13) that the scattering problem for the incident direction ¢ is equivalent
to the variational equation

(14) [Vu, - Vi — E*nu, ) de — [ (Agu,) ¥ ds
/ /
27

= —2ik cos e *ho Cos‘p/ei’“l (w1, ho)dry  for all p € HL(Q)
0

where a = ksiny. With this variational formulation of the scattering problem we are
able to prove the following convergence result.

Theorem 4.1. Let Assumptions 2.2 and 2.4 hold and let & := ksin@ for some |0] < §

be a propagative wave number; that is, & = ksinf = (+ &, for some leZ and j € J.
Furthermore, let u, be the unique solution of the k sin o— quasi-periodic scattering problem
of the plane wave incidence of direction ¢ = ( Sme ) for v in a neighborhood of 6. Then

—Ccos
u, converges in H'(Q) to some ug as ¢ tends to 0, and ug is a G—quasi-periodic solution

of the scattering problem corresponding to the incident field of direction 0 and the only

solution which also satisfies me g—;”f QAbdx = 0 for all propagating modes é € X'j.

Proof: We transform (14) into the 2m—periodic form by setting a,(z) = e~*sine®iy (z)
and substitute the form of the Dirichlet-Neumann map. This yields

D, —

(15) /[Vﬂ‘p -V — 2iksin g B Y — k*(n — sin® ) G, ¢] da

Q
—i > > VK= ((+ ksing)? iy (oh) Yi(oho)
oc{+,—} tez
2

= —2ikcos e *ho Cos‘p/qﬂ(xl, ho)dxz, for all ¢ € H;ET(Q) :
0

Here, @i, (4ho) are the Fourier coefficients of (-, =ho). We write this as L, = 7,
in H),,.(Q) where L, = J;'LaJy as in Theorem 2.5. Since & = ksin@ is a propagative
wave number it is not a cut-off value by Assumption 2.2. Therefore, by Theorem 2.5 the
operator ZSD satisfies the smoothness assumptions of Theorem 2.7 in a neighborhood of 8,
and also the right hand side 7, depends obviously analytically on ¢. Furthermore, Lg has
Riesz number one and the nullspaces N of Ly and its adjoint L} coincide and are given

by the restrictions to @ of the space of corresponding propagating modes (transformed to
10



the periodic case). The derivatives with respect to ¢ are given by

(I:’wi'),@)Hl(Q) = —Qikcosgo/[aa—ijiksingoﬂde

€

, {+ ksinp . =
+ 1k cos - te(oho) Ye(cho)
ae{er;—} %Z: \/k2 — (0 + ksiny)?

27
(f;,?;)Hl(Q) = Qik:singpe_ikhocow[l—ikhocosgo}/&(xl,hg)dxl

for o, 1) € H}..(Q). To show that PL} is one-to-one on N we compute (f/fpf), ~)H1(Q) for
9,9 € N. As mentioned above, 9(z) = e~ #5m0%1y(z) and ¢(x) = e #0219 (z) in Q
with propagating modes v, € X; which have expansions outside of ) in the forms

1 , . -
U(I’) _ 5 Z Ug(:i:h()) 61(€+k51n9)x1—\/(€+k31n0)2—k2(|ac2|—h0)7 +a, > hO;
VAT 0t ksing)>k
1 . . .
w(x) _ 5 Z wﬁ(ihO) ez(erksme):mf\/(€+ksm9)27k2(|xg|fh0) , tay > ho,
VAT 0t ksing) >k

respectively. A direct computation yields that

(16a) 8 ¢ de = /[88— + ik sin 6 0 @Z dxr and
x x
1 2 1
oo 27 ) g ks 9
— ? + £ sin
77/1 diL’l d[L‘Q = = - Ug(ho) @Z)g(ho)
,!0/ 2 £+k§€|>kz V(l+Esing)? — k2
1 ¢+ ksind
(16b) = - ) ve(ho) the(ho)

ek sin ] >k VA2 = (0 + ksind)?

and analogously for the integral over (0,27) x (—oo, —hg). Therefore,

(Lot D)oy = —ZZkCOSQ/ 5 W dw
X1

for 9,1 € N. Therefore, PL’ v = 0 for some © € N implies that fQoo P dx =0 for all
veX, ; which implies that v vanishes identically by Assumption 2.4.

Apphcatlon of Theorem 2.7 yields continuity of ¢ + 1, in H'(Q) and PLgue Pry; that

is, (Leug, D) Q) = (75 w)}p(Q for all » € A'. As above we go back to the quasi-periodic
11



fields uy and 1. We observe that for x5 > hg and x5 < —hg the total field wuy is given by
UQ(I) _ eiksinﬁml [e—ikcoserg . eikcosﬁ(mg—Zho)]
1 o o
+ Z U&,Z(ho) ez(ZJrk sin 0)z1—+/ ({+ksin 0) (z2—ho) . x> ho 7
V2T e

1 ) inf)x1—+/ in — o —
Ue(f) - \/271' %Q%j(_h())e(“_ks B (E+hsin6)2—k*(—o2 h0)7 Ty < _h()a

where ug o(£ho) = \/%7 fo% ug(z1, £ho)eHkEsmOz1 gy - From this and the fact that

027r P(xy, ho)e~* 501 dg) vanishes the propagating modes we conclude as before that

=, . Oug — N
(Lytig, V) i) = —2ikcosb / a—x?wdx and (79, Y)mq) = 0
Qoo
for all propagating modes ¢ € X ; which proves [ Qe g—gf W dx = 0 for all modes. 0

We note that this condition on uy is independent of hq in contrast to the condition obtained
by the LAP.

5. APPROXIMATION BY POINT SOURCES
We begin with the scattering problem of a point source at z € R? with 2, > hy. The total
field u,(x) = ®(x, 2) + u(z) is required to satisfy
(17) Au, +kE*(n+qu, = 0 inR?\ {2},

the following open waveguide radiation condition, and u := u, — ®(-, z) € H}

lOC(RQ)'
Definition 5.1. Let ¢, € C®(R) be any (fized) functions with ¢y (x;) = 1 for
+x1 > oy (for some oy > 21 + 1) and Y(x1) = 0 for £, < 09 — 1. Denote by D
a disc centered at the origin which contains the source z and the support of q and by
Wy =R x (=H, H) the layer of width 2H for any H > 0.

A solution u € HL (R?\ D) of Au+ k*>nu = 0 in R?\ D satisfies the open waveguide
radiation condition with respect to given inner products (-, )XJ in X if

(a) u has a decomposition in the form u = Upeq + Uprop Where Upqqg € H (W \ D) for
all H > hg and

18)  tpolt) = Z{wml) S g des(a) 4 (o) Y an émw]

jeJ Ag,;>0 Ae,;<0

for x € R?\ D and some ag; € C. Here, \y; € R and qgg,j € Xj for 3 € J are
the eigenvalues and corresponding eigenfunctions, respectively, of the eigenvalue
problem (7) in X;.

(b) The radiating part u,..q satisfies the generalized angular spectrum radiation condi-

tion
7 2
2
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as |xa| — 00 where (Fuyqq) (-, T2) denotes the Fourier transform of wyqeq(-, 2) with
respect to x.
We normalize the Fourier transform as (F¢)(t) = \/LQ? o o(s)e ™ ds fort € R.

We transform this scattering problem to a problem with a compactly supported source.
Indeed, for some & > 0 we choose a function € C*°(R?) with n(y) = 1 for |y| < /2 and
n(y) = 0 for |y| > e. We decompose u, as u, = n,®(-, 2) + 4° with a5 := u, — n,9(+, 2)
where we have set n,(z) = n(x — z). Then ¢ satisfies (note that (1 —n + ¢) 7, vanishes
identically if zo > hgy + €)

(20) AW+ E(n+q)ad = — f, inR?,

where the right hand side f, :=2Vn,-V,®(-, z) + An, (-, z) is supported in the annulus
{z € R?:¢/2 < |z — 2| < €} which we assume to be in D.

It has been shown in [9] for the case of a half plane problem that the radiation condition
of Definition 5.1 for compactly supported source functions f € L?(Q) is a consequence
of the limiting absorption principle. In [7] it is shown that the source problem (20) for
any source function f € L?*(Q) has a unique solution satisfying the open waveguide radi-
ation condition. Furthermore, we note that the solution @ of (20) satisfies the radiation
condition if, and only if, the solution u, of (17) satisfies the radiation condition because
43 — u, vanishes for |z — z| > ¢.

From now on we consider again the unperturbed case ¢ = 0. In this case the coefficients

ap; = ag;(2) are given explicitly by

(21) osl) = / (o) e

K(z)

see again [7]. It is the aim to prove the following convergence result.

Theorem 5.2. Let Assumptions 2.2 and 2.4 hold and let 6 = (_Sine ) € R? be a fived unit

cos 0
vector with |0| < % that is, by < 0. In addition, let & = k6, = ksin® not be a cut-off
value in the sense of Definition 2.1. Let u; be the unique solution of the unperturbed (that
is, forq=10) scattermg problem of the point source at z = —16 for t|92] > 2hqy such that
ug = uy — (-, —th) € HL_(R?) and u, satisfies the open waveguide radiation condition of
Definition 5.1. Then

(22) 1 lim [ﬂ e’iktut] = vy in H'(Qg)

W’t—%oo

for any R > 0 where Qr := (=R, R) X (—ho, ho), and where vy € Hj ;,.(R?) solves the
a— quasi-periodic scattering problem Avg + k*nvg = 0 in R? such that the scattered field
vp(z) = vg(x) — " satisfies the Rayleigh expansion (5) for o = & = ksin 6.

If & = ksin® = ( + &; is a propagative wave number (for some { € Z and j € J) with
corresponding space Xj of propagating modes then the total field vy is the only solution
which satisfies in addition

Ovg =

6%ﬂ1
Qoo

(23) pdr = 0 forallpe X,

13



We note that the convergence of the total fields in (22) corresponds exactly to the con-
vergence of the incident fields in (3). Therefore, this theorem justifies rigorously the
assumption that one searches right away for k sin #—quasi-periodic solutions of the scat-
tering problem. We note however that this result holds also for the case that ksinf is
a propagative wave number. In this case there is no uniqueness of the scattering prob-
lem by the plane wave of direction 6 of incidence, and Theorem 5.2 formulates the extra
orthogonality condition (23) which coincides with the condition of Theorem 4.1.

We were not able to prove Theorem 5.2 in the case that ksinf — ¢ is one of the cut-off
values £« for some ¢ € Z.

Proof of Theorem 5.2': For the moment we consider any z € R? with 2z > hg 4+ €. From
(20) (for ¢ = 0) we note that the radiating part u, ,qq of u$ solves

24 AUy rad + KN Uy yeq = — f» — ¢, in R?,
9 ) g
where

(25a) f. = 2Vn, -V,®(-,2) —An, ®(-,2) = (A+k?) [(n. —1)®(-,2)] and

(25b) 9. = (A+EN)Usprop = ZZ&@J(Z) we; with
jeJ =1
/ 9¢e,;(x) " . . ‘
{ 240 (1) 22620 (1) By () i Mgy >0,
20 (1) 226D " (21) Gy () if Mgy < 0.

Now we use the Floquet-Bloch transform F to transform (24) to a family of quasi-periodic
problems. For functions v € C§°(R?) the transform is defined as

(Fv)(z,a) = Zv(:pl + 210, xg) e %™ g e R?.
LeZ

poj(z) =

Then it is known (see, e.g., [10]) that F' has an extension to an isomorphism from H' (1)
onto

L* (I, H,(Q)) = {u e LHQx1T): u(+, @) € Hy(Q) for almost all o and }

@ > flu(, @) ) is in LA(1)

where I = (—1/2,1/2) (or any other interval of length 1). The inverse is given by
u= [,(Fu)(-,a)da in W where (Fu)(-, ) is extended a—quasi-periodically to .

We know from [7] that the Floquet-Bloch transformed equation

(26) Aug ., +Knu,, = —(Ff.)(,a) — (Fg.)(-,a) in Q%

for ua,» = (Fuzaa)(-, @) is solvable for all @ € R (without exception) and that o — u,
has an extension to a mapping in W! (I JH 1(@)) and is even analytic in neighborhoods
of points & which are no cut-off values. By part (b) of Theorem 2.5 this equation can be
written as a variational equation in the form

@) [V Vo= B0 T o [(Aoio) Gds = [(Fg)Tdos |

Q r Q r

0w,

ov

Yds

IWe note already here that we will interrupt the proof by four Lemmas.
14



for all ¢ € H.(Q) or shortly as Lo, = 7o in H(Q) where r,, € HL(Q) denotes the
Riesz representation of the right hand side. Note that F'f, vanishes in () and therefore
appears only implicitly in w, . The functions wjE € H! toc( "0) are the a—quasi-periodic
solutions of

Awy, +kwy, = —(Ff)(,a) = (Fg.)(- a)
—(A+E)F((n: = 1)2(,2)) — (Fg:) (-, )
= —~(A+F)F((n: = DO(2) + 0, 2")) — (Fg.)(-,a)
in Qho with w+ = 0 for 29 = hy and
Aw, . +Fw,. = —(Fg:)(a) in Q"
with w; , = 0 for x, = —hy, satisfying the generalized Rayleigh condition (8b). Here we

used the definition of f, and the fact that 7, vanishes in Q™. The point z* = (21,2h0—22)"
is the reflection of z at the line z9 = hyg.

Lemma 5.3. dw: /0y are given by

8wa’z(x1, hO) _ - ei\/k;2—(f+a)2(z2—ho) ez‘(£+a)(w1—zl)

ox 2
2 ez

Y

Vo i i

8w;z(x1, —ho)
8.1'2

1 2 2 ;
= - (Fg-)e(—y2, @) eV (He 2 mho) gy, iltre)e
Vo Z /

LeZ ho

for xy € (0,2m) where (Fg,)i(y2, ) = f (Fg.)(y,a)eFwdy, are the Fourier
coefficients of (Fg.) (-, y2, ).

Proof: We write (n, — 1)®(-,2) + ®(-,2*) = —=G*(+,2) + 1.D(+,2) where G*(z,z) =
®(x,2) — ®(x,2*) denotes the Green’s function for the half space {x € R? : x5 > hy}.

Furthermore, the Floquet-Bloch transform (FG™ (-, z))(x, a) is just the a—quasi-periodic
Green’s function in Q’}f, given by

(FG+(-,Z))(IB,04)

_ ﬁ Z S _1“ — [ez\/mmzﬂ i k2(£+a)2(12+222h0):| pilt+a)(@i—21)
ez 'V

Indeed, this follows from the connection between the Fourier transform F and the Floquet-

Bloch transform F

2
(Fo)(l+a) = \/% /_ ¢(s) e =) ds = \/% / (Fé)(t, ) e EHo)t gy
0

(just decompose the region of integration into |J,,(27¢,27¢ + 27)), writing this as
(Fo)(t,a) = \/%dez(]:gb)(f + a) )t and using formulas 3. and 4. in [5], Sec-

tion 6.677.
15



Therefore, F' (G*( —1n,d ) is smooth near z = z and vanishes for zo = hy and
satisfies the Raylelgh expansmn (5) because 7, vanishes near xy = hy and for |z| > |z]+¢.
Therefore,

wis = F(G7(2) =n:@(2)) () + vl in QY
where v _ is the radlatmg solution of Av  +k*v}, = —(Fg.)(-, @) in Q" with vi, =0 for

To = hyg. Expandlng v}, into a Fourier series and solving the one dimensional boundary
value problem %v&mz(m) + (K = (0 + a)*)vg, . (x2) = —(Fg.)e(w2, @) for xp > hy and

UZa,z(hO) = 0 and the generalized Rayleigh condition (8b) for its Fourier coefficients gives

A oIV —(+a)? e —ya| _ yin/K2—(t+a)2 (w2+y2—2ho)

1
UZa,z(xQ) = 5 /(ng)ﬁ(y% Oé) 1 (£ n 04)2 dyg.
ho

(6294

. in Q" the representation
is shown analogously. U

This proves the form for wg .. Since w; , plays the role of v

With this result we rewrite (27) as

(Laua,zaw)Hl(Q) — /(ng)(’ooadm + in/ k2 —(l+a)?(z2—ho) Z(Z—l—a )z1 w (ho)
Q

v

(28) s3] [ (Fonloy o) eV EETC ) gy,

oce{+,—} LeZ ho

where the operator L, from H!(Q) into itself is again defined as

(Lav, V) mg) = /[VU-VE—/#TLU@] dx—/(Aav)Eds, v,v € H Q).

Q r
At this point we define the sources z to be z = z(t) = —t 6 for t > 0 where § = (_Sicréga) for
0] < 7 is the fixed direction of the incident plane wave with 0y = —cosf < 0. We choose

t > 0 such that z(t) = —tf, = tcos > 2hy. Then z,(t) — oo as t — oo. We change
the symbols slightly and write uq; and g and ag;(t) for ua . and g.q) and ag;(2()),
respectively.

It is now the aim to study the inverse Floquet-Bloch transform u(x f uat
when ¢ tends to infinity. We will decompose u; into components and spht the region 1nt0
parts and discuss the contributions separately.

From the definitions (25b) and (21) of ¢, and ay;(2), respectively, the exponential decay

of @J-, and the fact that the support of f, is contained in the disc {x € R? : |z — 2| < &}
we first note that |a,;(¢)| < ce™®" and thus

mj
(29> ||ut,pr0p||H1(QR) < CRZZlCL(J(t” < 66_&

jeJ =1
for some ¢ > 0 and

(30) (Fgo)(z, @)l + 0(Fg)(z,a)/a] <ce”®H=D 0 e@®\Q,
16



forall ¢ >0, R >0, and o € [-1/2,1/2].

We split the first series on the right hand side of (28) into propagating and evanescent

parts. Decompose k again into the form k = ¢+ x with £ € Ny and € (—1/2,1/2]. Then
+x are the cut-off values. We can always decompose [—1/2,1/2] in the form [-1/2,1/2] =
I, U I, U I3 with closed intervals [,,, such that their interiors are pairwise disjoint and find
corresponding sets £, C {—(, ..., 0} such that |[¢ +a| < k for all @ € I,, and { € L,,
and |[{ + | > k for all « € I, and ¢ ¢ L,, for m = 1,2,3. For example, if £ > 0 then
I, = [—k, k] with £, = {—=0,... 0}, I, = [-1/2,—k] with £y = {—( +1,...{}, and
Is = [k,1/2] with £3 = {—/,...,{ —1}. Some of the intervals can degenerate into points
(as I3 in the preceding example if k = 1/2 or [; if K = 0) and some of the sets L,, can be
empty (as Lo and L3 in the preceding example if /= 0). The cut-off values are contained
in the boundary points of I,,.

For a € I,,, (where m € {1,2 3} is kept fixed) we rewrite (28) in the form

_ t{({+a) 014+/k2—(£+a)2|0 k2—(l+a)%ho o1 (1 \
(Laua,t7 w)Hl(Q) = \/% Kg 114/ ( )2 2‘ —iy/ ( )2ho 1/1€(h0)
€

(31) [i(+a)01 —/ (¢+a)2— k2|02 ] 6\/(£+a)2—k2h0 W

+ / (Fgo)(-, @) ¢ dx + Z > (o) / Fg)e(oys, a) eV F el z=ho) gy,
for all v € H(Q). We recall that if o is not a propagative wave number then this equation
is uniquely solvable. If o = ¢; is a propagative wave number in I,,, then, by the choice of
ag;(t), this equation is also solvable because 74, is orthogonal to Xj; that is, the right
hand side of (31) vanishes for modes ¢ = gzgj € Xj corresponding to ¢&;. This has been
shown in [7].

The right hand side of (31) suggests to decompose u,; for a € I, into a sum of the form

. ' A R 1
(32> Yoy = 4L Z ezt[(€+a)91+\/k27(€+a)2\92|] Voo + UO}}

Pyl k2 — (0 + a)?

with functions v, € HX(Q) for ¢ € L,, which are independent of ¢ and solutions of

(Lavea:¥) gy = —2iV2r VR = ((+a)2e VI Ealoy, (hg)
27
(33) = —%\/k2 — (g + a)Q efi\/k27(8+a)2ho /mei(era)xldxl
0

for all ¢» € HL(Q). The solutions exist for all a € I,,, because for every propagative wave
number « = &; € I,,, the right hand side of (33) vanishes for every ¢ = ¢ € X;. Indeed, in
this case ¢ is evanescent; that is, the Fourier coefficients # fo% (1, ho, &) e &)1 gy
vanish for |¢ + &| < k; that is, for all ¢ € £,,. This proves existence of a solution for
all o € I,,,. The functions v, are solutions of a—quasi-periodic scattering problems for

plane wave incidence as the next lemma shows.
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Lemma 5.4. v, is the restriction to Q) of a solution of the a—quasi-periodic scattering
problem of the incident plane wave of direction 6, = %(@ + a,—/k? — (€+a)2)T to

determine the total field veo as the sum vy, (x) = elFeIn—iVR—(tra)es 4 v; o(T) such
that

(34) Avg + k*n Vo = 0 in R?,
and the scattered field vy, satisfies the Rayleigh expansion (5) outside of Q.

Proof: We consider the scattering problem and make an ansatz for the solution in the
form

s i(f+a) 1‘1|: in/k2—(l+a)lzy ei\/kz—(€+a)2(x2—2ho)j| Ty > hO
Vo) = v&a(a:) + 0 ; e _];0
where
(35) Uy o) = \/— Zaz/ +hy)e W te)ortiy/ k2= +a)(leal=ho)  for + 7o > hy.

vez
Then vy = 0j, on I' =Ty UT'_ and thus

Qa1 B0 (6 ) a o) — 20/F (€ o) VT it
)

Vg (21, —ho)
8.772

Therefore, the variational form of (34) is

= (Aavg@)(l’l; _hO) :

/[VUM Vi) — kQﬂW,a @] dx — /(AW,Q) Pds
Q r

2i\/k2 — (0 + )% e VE —(t+a)ho / )y (21, ho) day - for all ¢ € HY, (Q)

which coincides with (33). O

Lemma 5.5. Let & be a fized value in the interior of I,,, and vy, as in the previous lemma
fort € L,, and o € I,,,. Then the solution map o — ve, can be extended to an analytic
map from an open neighborhood U C C of & into H(Q). Furthermore, if & = &; is a
propagative wave number then this extension into ¢&; satisfies

v, =
(36) / ;;Jcbd

Qoo

for all corresponding modes ¢ € X;.

We omit the proof because it follows from Theorem 4.1 if one writes ((+«)/k as ((+«)/k =

ksin ¢ in the incident plane wave of direction 6.
18



Next we consider the remaining term

1 . 2 : t[(£40)01 ++/k2—(l+a)2 |62 1
ua,t T ua7t - ' ( ) | 2 1}[7&

T et k? — (0 + a)?

of (32) which satisfies

(L ug%,g/;)Hé(Q) — Nir Z Hi(t+a)f1—+/ (t+a)2=k2|02]] o/ (E+a)?— thow (7o)

(¢L,

v)de+ Y Zwe(gho)/(th)e(Uyz,a) e VI ()2 (y2=ho) gy,

0 oe{+,—} ¢cZ ho
for all ¢ € H,,,(Q) which we write briefly as Laug”)t = 7’(()”)5 + 7“(2) + r&g

Lemma 5.6. There exists ¢ > 0 such that

@)

/||US’%||H1(Q) dao < = forall t6y] > 2h.

Im

~

Proof: We decompose I,, into a finite union of closed intervals I C [,, with non-

intersecting interiors where I is one of the following two types.

First case: Let I C I,,, does not contain any of the propagative wave numbers &;. Then

(J)

L' is uniformly bounded with respect to o € I. We estimate the three terms 7.

on the

right hand side. The inequality of Cauchy-Schwarz and the trace theorem yields for every

ael,
1/2
||7’é12||H1(Q < C<Z 2V (t+a)?— k2(t|92| ho))
0¢ Lo,

where ¢ > 0 is independent of o and ¢. Furthermore, (30) implies
Irstlin@ < 1(Fa)(s g < ce™™ foralla€ L,

For r( ) we consider first [¢| > k + 1. Then |¢'VF~(He)22—ho)| — o=/ ((+e)* =k (32=ho) 4y g
thus

2

Z (o) /‘(th)z(yz,oé)} ‘6iw/k2—(€+a)2(y2—ho)| dyo

le>k+1

< D ho))? D /! Fgu)e(ya, )| dyz/ 2V etk mho) gy
|| >k-+1 e[ =k+1

< aldlinglEa )l g < e 2&W”H;M(Q)
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for all @ € [-1/2,1/2] by (30). The remaining finite sum is estimated as

Z (o) /|(th)£(y2’a)’ |€i\/k2—(€+a)2(112—h0)‘ dys
[|<k+1 ho

21 oo

< Y Jwlho) / (Fgo)elys, a)| dys < VQ’j_* Wl / / I(Fgo)(y, )| dya dy

[|<k+1
< c|lYllm e % forall o € [-1/2,1/2]

where we used (30) again. The restrictions of these estimates to aw € I and the uniform
boundedness of L_! yields the existence of ¢ > 0 with

N 1/2
@) i < o 30 e VETFE) Ty oo

0¢Lm

for all v € I and t[0,] > 2hy

Second case: Let I C I, contain no cut-off value (that is, I C int I,,,; that is, [{ + «| # k
for all ¢ € Z and « € I). In this case we wish to apply Theorem 2.7 (in the modification

of Remark 2.8) to the equation Lq al) =7y 7"(2) + 7% in the space H! (Q) of periodic

at — Ta,t a,t per

functions. We have to show that 7{31 is differentiable with respect to « and have to
bound the derivative. First we note that in this case of I there exists ¢y > 0 with
(l+a)>—k2>co(|f|+1) forall « € I and ¢ ¢ L,,. We begin with 7’&13 For a € I and

¢ ¢ L,, we have
‘ ieit(€+a)é1—\ / (£+a)2 =k (t|62|—ho)

A {+ N
th; — t|05] — ho)| e
1 (6—1—04)2—]62(’2’ 0)

< Cte—co(m‘*‘l)(t\éﬂ—ho) .

V/ (t+a)2 =2 (t|62|~ho)

This yields

K—&-a)@l—\/((—i—a)z kz(t|92\ ho) W}f(h’ﬂ”
804
e¢c
) 1/2
< Ct“wHpr <Z 6200(|£+1)(t02|h0)> < cte© co(t|62—ho) ||w||H;1)er Q)

0¢Lom

that is, H(?F((yl}/@aHH;ET(Q) < cteofl=ho) < pe=cotlf2l/2 for all o € T and t|6s| > 2hy.
The estimates of H(?F,SZ%/(?O(HH;ET(Q) for j = 2,3 follow the same arguments as for Hr((j;%HHl(Q)

using in addition that [(+«|/|\/k? — (¢ + «)?| is uniformly bounded with respect to ¢ € Z
and o € 1.

Therefore, application of Remark 2.8 yields an estimate of the form (37) where the second

term is replaced by cyt et for some ¢y, c3 > 0. Since we can decompose I, as a finite
20



union of closed intervals I of the first or second type with non-intersecting interiors? we

have an estimate of the form
N 1/2
Hu(()i%HHl(Q) S c1 ( Z e*t\/ (t+a)2—k? |92) + ¢ t e*C?,t
0¢Ln,
for all & € I,,, and t|65] > 2hg. Therefore, by the inequality of Cauchy-Schwarz,
A 1/2
/ ||US,%||H1(Q) da < c( Z /e—t\/(f-&-a)?_k? |62|da) 4 ocpte st
i (¢Lm

For large values of |¢], say |¢| > k + 1, we use the estimate /(¢ + «)? — k? > ¢y|¢| which
yields that the series over || > k + 1 decays exponentially to zero as ¢ tends to infinity.
For fixed ¢ ¢ L, with |¢| < k + 1 we make the substitution f = ¢(«a) = \/({ + «)? — k2.
Then

N

which tends to zero as 1/t%. Indeed, if ¥(I,,) = [a,b] with b > a > 0 then this follows
from

/e—t\/(4+a)2—k292|da _ / o~ 1510 g B < % / ﬁe—tﬁ\%ldﬁ
Im Y(Im)

Y(Im)

b
/B e Pdp = %(a e % — be_Sb) — l(e_Sb — e_sa) )
This ends the proof. 0

We go back to the decomposition (32) of u,, for @ € I,,, and consider the integrals (for
teLl,)

[ glera) byt 1 Ve dr

4m ; k2 — (0 + «)?
in H'(Qgr) (for some fixed R > 0) with the method of stationary phase. We recall
from Lemmas 5.4 and 5.5 that vy, is the total a—quasi-periodic field corresponding to
(l+a)z1—in/k2—(l+a)2zs

the incident plane wave e’ which is analytic with respect to « in the
interior of I,, and is also in WhH! (Im, Hl(QR)).

We define 9(s) = 50, + VE® — 52 |0,] for |s| < k. Then it easily seen that § = kf, is the

only critical point (that is, ¢'(5) = 0) and ¥(5) = k and ¢"(3) = —k—g2 < 0. There is
- . - 2

exactly one ¢ € Z and & € (—1/2,1/2] with § = kf; = £ + & We note that & # +; that

is, a is not a cut-off value by assumption on k6.

Then there exists exactly one interval I; such that & is in the interior of I; and (e L.

2Note that the cut-off values are no propagative wave numbers by assumption.
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Since vj,, is smooth in I;; the method of stationary phase is applicable to the integral
over I; which gives

_/ it[(f4+a) 01 ++/k2—(0+a)2|62 ] 1 da

s “Gtar

_ J ztk im/4 [ 21V 27Tk9 1/\/‘)
47T\/]€2

= ; 1Vt
v \/g via + o(1/V1)

as t — co. For £ € Lz \ {f} the function a — (£ + «)b; + /K2 — (0 + )2 |04 is

monotonous. Substituting 8 = ((+a) 614/k> — (£ + «)? |f5| and using partial integration

yields that these integrals decay as O(1/t). Therefore, by (32) and Lemma 5.6,

/uatda = ve\/t%vm + o(1/V1)

as t — oo in H'(Qpg). For the intervals I,, with m # m and ¢ € L,, partial integration
yields again that these integrals decay as O(1/t). Therefore, the integration can be done
over all of [—1/2,1/2], and the inverse Floquet-Bloch transform gives

LI,

1/2

ith
U = /ua,tda = 7%1}@7& + o(1/V1)

—1/2
in H(Qg). From Lemma 5.4 we observe that v; 5 is the solution of the &—quasi-periodic

scattering problem for the incident plane wave u™(z) = el+@r—iVk -+ — ikl
that is, v 5 = vy with the field vy from Theorem 5.2. If k6, is a propagative wave number

&; + £ for some ¢ € Z then fQOO g—iﬁéda@ = 0 for all corresponding modes gg € Xj by
Lemma 5.5. Finally we note that the propagating part u; ,r., tends to zero exponentially

by (29) and u; = @ on Q. This ends the proof of Theorem 5.2. O

6. THE CASE OF A LOCALLY PERTURBED PERIODIC INDEX

Now we consider the more general problem that the periodic refractive index n is per-
turbed by some function ¢ € L>(R?) with support in Q. The following result on unique-
ness and existence has been shown in [7].

Theorem 6.1. Let Assumptions 2.2 and 2.4 hold and, in the case q # 0, the additional
assumption that no bound states exist; that is, no non-trivial w € H'(R?) with Aw +
k*(n + q)w = 0 in R? exist; that is, k* is not in the point spectrum of —#qA. Then for
all f € L*(Q) there exists a unique solution v € H} (R?) of Au+ k*(n + q)u = —f in

R? which satisfies the open wavequide radiation condition of Definition 5.1. Furthermore,
the solution operator f v+ u|q is bounded from L*(Q) into H'(Q).

It is the aim to prove the following extension of Theorem 5.2.
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Theorem 6.2. Let Assumptions 2.2 and 2.4 hold and let § = ( Sg‘)ge) € R? be a fived

unit vector with 0| < %, that is, by < 0. In addition, let & = k6, = ksin® not be a
cut-off value in the sense of Definition 2.1 and assume that there exist no bound states.

Let wy = (-, —té) + wy be the unique solution of the scattering problem
(38) Aw, +En+q)w, = 0 inR*\ {—th},

of the point source at z = —16 for t|0y| > 2hg such that wi € H2 (R?) and w; satisfies the
open waveguide radiation condition of Definition 5.1. Then

(39) L lim [Vte ™ uw,] = vg+w in H(QR)
Y t—o00

for any R > 0 where again Qr = (=R, R) x (—ho, ho). Here, vy € Hy,,.(R?) is ezactly
the limit function as in Theorem 5.2; that is, vy solves the &—quasi- pemodz’c scattering
problem Avg + k*nvg = 0 in R? for such that the scattered field vi(z) := vg(x) — €02
satisfies the Rayleigh expansion (5) for |xs| > ho. If k@ = ksin@ is a propagative wave
number then vy satisfies in addition the orthogonality condition (36).

The function w € H} (R?) solves the source problem Aw + k*(n + q)w = —k*q vy in R?,
and satisfies the open wavequide radiation condition of Definition 5.1.

Proof: We define u; = uf + ®(-, —té) as in Theorem 5.2 to be the unique solution
of the unperturbed scattering problem Au, + k*nu; = 0 in R?\ {—tf} for the point
source incidence at z = —tf such that uf € H} .(R?) and v, satisfies the open waveguide
radiation condition of Definition 5.1. Then Theorem 5.2 implies that le‘““t\/_ tu; converges
in H'(Q) to the solution vy of the &—quasi-periodic scattering problem for the plane wave

of incidence 6. In the case that k6, is a propagative wave number vy satisfies in addition
the orthogonality condition (36). Then w; = w; — u; satisfies Awy + k*(n+ q)w; = —k*quy
in R? and the open waveguide radiation condition of Definition 5.1. The convergence of
%e‘ikt\/l_fut to vg in H(Q) yields convergence of %e‘ikt\/l_fu?t to w in H'(Q) because of the

continuous dependence of the solution on the right hand side. This ends the proof. ([l
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