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1. Introduction

Fractional calculus is a field of mathematics that is obtained from definitions of calculus integral and
derivative operators with arbitrary order. In the last few decades, fractional calculus has been used in science
and many branches of engineering [1, 2, 3, 4, 5, 6, 7]. The importance of fractional calculus led to the study
of various fractional differential equations (FDEs) analytically and numerically [8, 9]. For example, Nauman
and co-authors investigated a fractional-order system of malaria pestilence with the stability of the model

at equilibrium points in [10]. GPU-based modeling is considered with a parallel fractional-order derivative
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in [11]. The boundary-value problems containing fractional derivatives and fractional integral boundary
conditions were considered in [12]. Also, different definitions of fractional derivatives were used in FDEs [13].
To investigate some definitions of fractional derivatives, the interested readers are referred to [14, 15, 16, 17].
The distributed order operator is to be a middleman between fractional-order and integer-order operators
[18]. The generality of the single order and multiterm fractional differential equations is the cause of the
distributed order fractional differential equations [19]. Caputo [20] employed the distributed-order FDEs
to generalize the stress-strain connection in dielectrics. Bagley and Torvik [21, 22] used distributed-order
derivatives to deliver samples of the input-output connection of a linear time-variant procedure according
to commonness domain statements. This model was utilized in designing the movement of a strict plate
submerged in a Newtonian fluid concerning the nonnegative density function [23]. The time distributed-
order fractional models can describe procedures that don’t have a power-law scale on the entire time-domain
[24], such as the ultraslow distribution where a mass of particles is scattered at a logarithmic velocity [25].
To observe other details of distributed-order fractional equations the readers could see [26] and the references

therein. In this study, we assume the distributed order time-fractional reaction-diffusion model as follows
1
/ w(a) ¢Diu(x, t)da— Au(x, t) +u(x,t) = f(x,t), x = (x1,...,24) € QL CRY 0<t<T, (1.1)
0

with d = 1,2 and the initial and boundary conditions

u(x,t) = U(x,t), x €N, (1.2)

In this equation ;D¢ u(x,t) denotes the Caputo fractional derivative of u(x,t) which for & = 1 equal first

derivative and

1 P ou(x,s) ds
oDy t) = - 0 1 1.3

0 tU(X,) F(l—Oé)/O s (t_S)aa <a<l ( )
where I'(.) is Euler’s Gamma function and A is the d-dimensional Laplace differential operator. Also, the

continuous weight function w(a) has the following conditions

w(a) >0, (1.4)
0< fol w(a)da < oo. .

Some researchers studied the distributed order time-fractional diffusion model. In [27], a finite differ-
ence/spectral approach was presented for the numerical solution of a distributed order time-fractional diffu-
sion model with initial singularity on a two-dimensional spatial domain. The authors of [28] generated and
analyzed an efficient finite-difference/generalized Hermite spectral approach for solving the distributed-order
time-fractional reaction-diffusion equation on multidimensional cases with unbounded domains. The main
aim of [29] was to present an efficient numerical formulation for the numerical solution of this model with
local radial basis function and finite difference method. In [30], the authors applied the Laplace transform



scheme to obtain a new operational vector for the Riemann Liouville fractional integral of the Miintz-Legendre
wavelets. In [31] Legendre wavelet method has been suggested for linear and nonlinear distributed FDEs.
Ding et al. [32] proposed a second-order numerical scheme for the Riemann-Liouville tempered fractional
derivative with tempered Griinwald difference operator and its asymptotic expansion. Moghaddam and
co-authors [33] discussed a numerical approximation based on a linear B-spline scheme and the mid-point
quadrature rule to solve distributed-order PDEs. In [34] Jacobi-Gauss-Lobatto collocation technique was used
for the numerical solution of the Schrodinger equation with distributed-order time and Riesz space-fractional.
To see the more numerical scheme for distributed order FDEs see [29] and references therein. In the present
research study, the shape functions of the moving Kriging method will be applied to space discretization. The
new approximation scheme is collocation and local numerical technique. Similarly, this method is a meshless
scheme and can be used for numerical solution of different PDEs on regular and irregular domains in one and

two-dimensional types.

The rest of this article is formed as follows. In Section 2, some basic Preliminary are presented. In section
3, we construct the semi-discrete scheme for the distributed-order fractional term and the time variable. Also,
the stability and the convergence order of this scheme are investigated. The MK interpolation method has
been explained in Section 4 and implemented for the problem in Section 5 under study. In Section 6 some

examples are solved by the proposed method. The article ends with a conclusion in Section 7.

2. Preliminary

In this section, some definitions and preliminaries are explained.

Definition 2.1. Let dx is the Lebesgue measure on R?. Then, L?(Q) is the space of all measurable functions
g : 2 — R such that

/ lg(x)[2dx < . (2.1)
Q
The L?(Q) is a Hilbert space with the inner product

(.1 = | b, (2.2)

and the following norm,
1
9 2
nw=<4@@»w>. (23)
In this study, we consider the real-valued functions space as

H'(Q)={g:Q@—Rl g and gx€L*(Q)},  Hy(Q) ={g€ H(Q), gloa=0}. (2.4)



Definition 2.2. Let J € C*°([—1,1]), the M-point Gaussian-Legendre integration is given by

- 22M+1(M1)4 dQMJ(:U)
[ x)dx = ij (p5) 2M+1)(( M))E daM (2.5)

where
@; = 2 5 (2.6)
(1= p3) (Lhs(pi)

are weights Gauss-Legendre quadrature and p; are roots of Legendre polynomial Lys(x) in [—1,1].

So, the integral term in (1.1) will be approximated via the Gauss-Legendre quadrature rule as

<N
/w ) 6Dfu(x,t)do Zi @jw(ay) §DY u(x,t) + 0(4™M), (2.7)

Jj=1

p3+1
2

in which o; =

3. Time discretization

3.1. Time discretization scheme

T
To construct the finite difference technique for the distributed order fractional (1.1), let 7 = — be the
z

step size of time and define t,, = n7 , n =0,1,2,--- ,n;. The Caputo fractional derivative ;D77 u(x,t) in Eq.
(2.7) is approximated by the L2 — 1, method [28] in which o € [, 1] as follows

@

6DV u(x, tnto) Z T2 —a,) (nﬂ O3 (X, tn—i41) — UK, ) + O(73~max), (3.1)
where
L (140 — o] - L1+ o)t o) 1=0
2 — Q; 2 ’ ’
1
(n+1,a5) <Z+U)1_aj _§[<l+1+0)1_aj +(l+1+0)1_aj] l= 1"" 7n_1?
¢ =
l F5— I+ 140)*% = 2(+0)*% + (1= 1+ 0)2)
-y
1 1
—Bl+o)=% —(I-1+0)7%] — [(l4+0)2% —(I-1+0)*"%], [=n.
2 2— (&%}
(3.2)
Also,
u(x,t) = ou(x, tne1) + (1 — o)u(x, ty). (3.3)



Substituting (2.7), (3.1) and (3.3) in (1.1), results in

Z dl(n+1) (u(x, tnoit1) — u(x, tnl)> - A(Ju(x, tnt1) + (1 = o)u(x, tn))
=0

+ou(X, tng1) + (1 — 0)u(X, tn) = f(X, thio) + O(4™M 4 737 max),
(3.4)

M —Qy
where d\"t = > S
: i=120(2 — o)
Cr3~@max Eliminating the small term &7, yields

@jw(aj)cl(nﬂ’aj). Moreover, there is a constant C' > 0 such that £ <

Z dl(n+1) (ﬁ(xv tn—l+1) - ’&,(X, tn—l)> B A(Ua”+1 + (1 - U)ﬂ") + O.ﬂ"""l + (1 o O-)ﬂn - f”+a’ (35)
1=0
where @,, = 4(x,t,) is an approximation of the exact solution u(x, t,).

3.2. Stability and convergence of time discretization scheme

In this section, the stability and order of convergence analysis for the semi-discrete scheme (3.5) will be
demonstrated.
REMARK 1. Simplifying relation (3.4), one obtains

n+1
Zel(nﬂ)u(x, t) = Aou(x, tpp1) + (1 —o)u(x, ty)) + ou(x, tng1) + (1 —o)u(x, tn) = f(X, tnio) +E5, (3.6)
1=0

where
egl) = feél) = dél), n =0,
(n+1) _
el(n+l) — _d’ﬂl ) ) l= 0; (37)
D —dD 1=, nz 1
it l=n+1.
Lemma 3.1. ([85]) For n € NU {0}, we have
V<o, "o 1=01,--,n, (3.8)
and
n+1
StV =0, eV >0 (3.9)
1=0

Theorem 3.2. The semi-discrete procedure (3.6) is unconditionally stable and there is a constant C' > 0
such that

- < _ .
||un+1|| > Cog}zag)%t ||fn+cf|| (3 10)



Proof. Taking the inner product v = otip41 + (1 — )i, € H(Q) in (3.6), we get

n+1
Z (n+1) / U (otpy1 + (1 — o)y, )dx — / A(O’an+1 +(1- a)ﬂn) (0tnt1 + (1 — o0)ay)dx
1=0 @ (3.11)

[0 + (1 — 0)iin |2 = / Forto @iinss + (1 — 0)iin)dx.
Q

Using the integration by parts and boundary condition (3.11), results in

n+1
St >/ W(0ting1 + (1= 0)in)dx + |V (0tng1 + (1 = 0)in)|% + [|0tns1 + (1 — 0)in?
=0 (3.12)

= /Qf7z+o(0'an+1 + (1 - U)ﬂ’n)dx

Obviously ||V (ctint1 + (1 — 0)ay,) || > 0 and ||o@n41 + (1 — 0)@, > > 0. Then, one obtains

eg{:"ll) <Un+1,UUn+1 + (1 - U > Zeln+1 / ’U,l Uun+1 + (]_ — U)U )dX
(3.13)

+ / fnto(Olny1 + (1 — o)y )dx.
Q

The inequality (3.13) can be rewritten as

n ~ ~ ~ n 1 ~ ~ ~ ~ ~
%H )<un+1,aun+1 +(1- J)un> = 37(1++11)g/ a(unH —(1=o0)t, + (1 - J)un> (aunH +(1- U)un)dx
Q
(n+1)

€, - - Ty i
= fett <|oun+1||2 (1= oanl® + (1 - o) /Q i (41 + (1 - 0>Un>d><>

s - Z . / ul UunJrl + (1 - U)un dX+/ fn+(r UunJrl + (1 - U) )d
=0

(3.14)
Considering the Cauchy-Schwarz inequality, we have
(T—ll) G(T-ll) 6(7:_-5-11)
i |2 — (1 )it |2 < — L / (1= )i (e + (1 — o))
g g Q
-2 ( Y| i+ (- a)un>dx> o Mloins + (1= o)
1=0
n e(n+1)
=3 [l S )0 + (1 )i
1=0 /4 7
[ fntolllloting + (1 — o). (3.15)



For simplicity, we define

—ey n =20,
n n+1 _
Gt —e{" ) 1=0,---,n—1, (3.16)
e n+1) n>1,
enth) ntl (1-0), l=n,
o
considering Lemma 3.1, A(nH) > 0. Therefore, applying the relation (3.16) and Cauchy-Schwarz in (3.15),
results in
(n+1) () -
ol = S0 = ial < e [ oo + (1 )i
1=0

+ lfntollllotng + (1 = o)inll

<> " P llloin 1 + (1 — o) (3.17)
=0

F fnrollloting + (1 — o)in]|

= <Zéz(n+l)llﬂzll + fn+a||> (IJﬂnH + (1= J)ﬂnll>~

1=0
Multiplying the both sides of (3.17) by — i yields
enJrl
X (1-0)_ 1 (1) . (1-o0).
) = I al? < gy | Do ™l + W furol ) { N + =] ). (3.18)
€nt1 1=0
This inequality can be rewritten as
~ 1_0)~ n+1 1
sl - 1=, < (W ZE Ml + g | ol (3.19)
”+1 =0 en+1
So,
i =) 5(n+1) 3.20
sl < 15l + i S e + W) | fatoll- (3.20)
Cn+1” 1=0 €nt1

For n = 0, according to the relation (3.7) and Gronwall’s inequality, we have

(1)
— O') _ —@O _ 1 (1 — 0')
Gol| + ol + =5 I foll = |
egl) e(ll) g

] 1
l[a]] < |l

- 5 1
aoll + ol + 5 1o |
€1

3.21
exp(27) (3.21)

N 1
< loll + 1ol < ST max fusoll < Co max fusoll
61 61

0< 0<n



For n > 1, the Lemma 3.1 and the Gronwall’s inequality, implies that

~ (1 ) (n+1
sl < | iinl| + (M Z ] + (nm | fntol
n+1 =0 n+l
( o) ) 1 by ety 1
= Unl| + (n+1) Z_ez lall + gy (el ™ = == (1 = o))lfin | + 5 | ol
€ni1 = Cn+1 En+t1
1 < 41 1
= <5 2 e Pl + = | ol
€nt1 1=0 €nt1
1 n
n+1
< M nrollexp (20 30 =€)
n+1 =0
1 n+1
= WanJrUH eXP(2T€£L+1 ))
en+1
<
< 1 s ol
(3.22)
which confirms our assertion with C' = max{Cp, C }. O

Theorem 3.3. Assume that un,y1 and G,y1 are the exact and approxzimate solutions of problem (1.1),

respectively. Then, relation (3.6) is convergent with O(7?).

Proof. Subtraction of relations (3.6) and (3.5), results in

n+1

Z el(n+1) (Uz fﬁl) —A <a(un+1 *ﬁn+1) +(1-0) (unﬁn)) +0(un+1 7'&4”_’_1) +(170)(unfﬂn) =0 (3.23)
1=0

By definition of ¢, = u,, — @, and its replacement in relation (3.23), we get

n+1
S el Vg — A(0gars + (1= 0)an) + 0gnsr + (1= 0)gn = £5. (3.24)

From the inner product o¢,+1 + (1 — 0)g, in (3.24), one obtains

n+1

S ety / @(0ns1 + (1 — 0)gn)dx — / A(0Gns1 + (1= 0)an) (0Gns1 + (1 — 0)gn)dx
1=0 @ (3.25)

- 0Gun + (1= 0)gall? = / € (0nir + (1 — 0)gn)dx.
Q

Employing divergence theorem and using ||og,41 + (1 — 0)gn ||, |V (0¢ni1 + (1 — 0)gn)||> > 0, we get

n+1
S [l + 0 - a)dx < [ o+ o)a)ix (3.26)
=0



Also, we have

6ﬁﬁ+11)<qn+1,an+1+(1—0)qn> Zen+1)/ql(UQn+l+(l o)qn) dX+/€ (0Gn1+(1—0)gn)dx. (3.27)
=0

Using the Cauchy-Schwarz inequality and relation (3.16), results in

(n+1) (nt+1)
€n €, n+1 n
7;1 [0Gn41]l* — 7;1 1(1 = 0)gnl® < <Z€l gl + ¢z ||> <||0qn+1 +(1- U)Qn”)a (3.28)

=0

or equivalently,

(1-o0) 1 & 1 §
||qn+1|| < || e qn”‘f'WZeZ( )HQl”"’_WHga”
(1-o0) e n? (3.29)
- plntl —Q&max
<l o nll (n+1) Zel(n )”(Il” + (n+1)CT3 )
€nt1 1=0 et

In the case of n = 0, we have

1 _ 1 _ _
v < ool + gy O = gy €r s < gy, (3.30)
Cnt1 Cn+1
and forn =1,--- ,ny, it yields
lgntall < ( % ol + Z 67 o + s O
dn+1|| > dn (n+1) € qr CF=) T
€n+1 1=0 Cn+1
< 1 Cr3~%max oxp (27’ z”: —e(nﬂ))
= 1
e = (3.31)
1 o, +1
= 7)) C 3~ 0max exp(QTeSil ))
en+1
S ClT?’_amax.
Since the 0 < a < 1, this completes the proof. O

4. The MK interpolation

The MK interpolation method is used in order to construct shape function and its derivatives while
satisfies the Kronecker delta condition. For this purpose, the domain Q of problem (1.1) is discretized with
n' scattered points. Assuming that Qy is a sub-domain of € in the neighborhood of point x and contains
N(< n') points. So, the MK interpolation " (x) is defined as follows

N
= Z di(x)u; = P(x)u = <pT(x).A + rT(x)B> u, x € Qx, (4.1)
i=1



where ®(x) are the shape functions and matrices A and B are obtained as

A= (PTR-1P)~1PTR-!,

(4.2)
B=RYI-PA),
in which, I is an unit matrix and the entries of (N x m)-matrix P are computed as
pi(x1) o pm(x1)
pP= : (4.3)
pi(xn) o pm(xN)

where p(x) is a vector of complete monomial basis of order m as

pT(X) = [pl (X)ap2(x)7 s 7pm(X)}7 (44)
and according to the dimension of the problem is as follows
"

p(x) = [1,56,372,963,364] , m =5,

or
ph(x) = [1,z,y,2% ay,y?, 2%, 2%y, xp®, y%, 2t 2Py, 2P 2t gt m=15.

Moreover, R and 7(x) in relations (4.1) and (4.2) are given by

r(x1,x1) - r(x1,xN)
R= , (4.5)
r(xy,x1) - r(XN,XN)
and
rl(x) = [Mx,%x1) ... A(x,xn)], (4.6)

where A(x,x;) is called the correlation function and is adopted as

1—6s?+8sf —3sf, s <1
A, x;) = Sk Ss T Is, s s (4.7)
07 S; > 17
in which s; = M and r; is the size of support in the weight function.

5. Construction of the method

In this part, we establish a hybrid local collocation method based on the MK interpolation and finite
difference method to solve the problem (1.1). To do this, we review the relation (3.5) as

Zdz(n+1) (ﬂn—l-‘rl - ﬁn—l> = A(0Tnt1 + (1= 0)in) + Olinsr + (1 = 0)itn = foto, (5.1)
1=0

10



or equivalently,

n

A" Vi1 =0 (Aliggr — ting1) = dy i+ (1= 0) (A — ) = Y d" ™ (@n—141 — Tinit) + frvo- (5.2)
=1

So, the discretization in time variable is finished. To discretizate Eq (5.2) in space variables, we choose
several random distribution points such as {x1,Xs,...,x,} in the problem domain 2. Note that these nodes
must suitably spread in the domain. Now, regarding a subdomain around each node, these subdomains can
be of any preferred geometric shapes [36]. In addition, these subdomains overlap each other and cover the
whole problem domain. For every arbitrary point x5, we present the local weak form of (5.2) related to

subdomain Qy, of x; as

A5V @1 (%) = 0 (Alinr1(Xs) = Gng1(x5)) = Ay (%) + (1 = 0) (A (x5) — @n(x5))

- 5.3
S A (1 (%) — tni(Xs)) + Faro (%), (53)
=1

in which 4, (xs) = @(xs,n7). Now, suppose that there are only N points around x,. So, using (4.1), the

following MK interpolation for @ in 2, is resulted
i (x,1) =Y ¢;(x)i; = P(X)T(t), X € Q.. (5.4)

By duplicating this strategy for all points, the following matrix procedure will be obtained

KU, = KU, - Z dl(nH)C(fJn—Hl - fjnfl) +Foio, (5.5)
=1

in which F,, o = [f(x1, (n+0)7),..., f(x,/, (n+0)7)]T and U,y = [a(x1, (n+1)7),...,0(x,, (n+1)7)]T.

Also, the elements of these matrices are calculated as follows

Cij = hi(x)), Ky =dyTVei(x5) — o(Ai(xy) — vi(x5)),  Fi = f(xi, (n+ o)1),
Ky = dy Vwi(xg) + (1 — o) (A (x)) — vi(x;)).

Therefore, the full discretization of the problem is constructed. To explain the capability of the presented

method, some examples are considered in the next section.

11



6. Numerical results

In this section, some numerical examples are studied to examine the efficiency of the presented method.

To investigate the capability of the established method, the problem errors are computed as follows

Loo = [[u(x, T) = tn, (3, T)l| oo = max |u(x, T) — tn, (x, )],
xE

Ly = ||u(x,T) — i, (x,T) |2 = (/ (u(x,T) — @i, (x, T))2dx)%’

Q
and

(wx, T) = i, (x, 7)) :

Mz

1

=
Il

||U(X7T) 7ﬁnt(X7T)HRMS = M

Moreover, to show validity of the method, the time variable order is calculated as

Co = 1@,;(5;) (6.1)

(i)
where 7 and Fs are errors related to 71 and 7o, respectively.

EXAMPLE 1. For the first example, we study the following model in one dimensional case

1 2u(x
/0 w(a) §Dsu(z, t)da — % +u(z, t) = f(x,t), x € [0,1], (6.2)

4

in which @w(«) = I'(5 — a). The exact solution is u(x,t) = t*sin(x) and the initial and Dirichlet boundary

conditions are as follows

u(z,0) =0, initial condition,

u(0,t) =0, u(1,t) = t*sin(1), boundary condition.

We obtain the source term f from the exact solution. Table 1 reports the calculation at 7' = 1 with employing
21 uniform nodes in [0, 1]. Based on the calculation connected to the rates of convergence, we conclude that
the order is almost O(72). Ona can see that the computational results are agreement with the theoretical
results of Theorem 3.3. The outcomes of this table illustrate that the presented numerical procedure is

feasible and effective in one dimension case.

Figure 2 (left) depicts the absolute error for this example at various final times. Furthermore, the exact
and numerical solutions are depicted in Figure 2 (Right). Figure 2 and Table 1 reveal that the presented
method has good accuracy to obtain the numerical solution of this problem in one dimension case.

12



Table 1: The Lo, Lo and RM S errors and related convergence orders for Example 1 over ; with 7" = 1.

Fig. 1: The regular and irregular problem domains.

L,

Co

Lo

Co

RMS

Co

0.0400
0.0200
0.0100
0.0050
0.0025

5.5332F — 04
1.3105EF — 04
3.1130E — 05
7.4414F — 06
1.7982EF — 06

2.0780
2.0737
2.0647
2.0490

1.7400F — 04
4.1215F — 05
9.7918F — 06
2.3419E — 06
5.6693F — 07

2.0778
2.0735
2.0639
2.0464

1.2074E — 04
2.8598F — 05
6.7931F — 06
1.6238EF — 06
3.9241F — 07

2.0779
2.0738
2.0647
2.0489
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Fig. 2: The graph of absolute error (left) for T'= 1,2, 3, and graph of the exact and approximate solutions (right) for
Example 1 at 7' =1 with 7 = 0.0200.

ExXAMPLE 2. Consider the following equation

/0 (3 — a) ED%u(x, t)da — Au(x, ) + u(x, ) = £ sin(z) sin(y) <1n2t(1 - %) + 3> , (6.3)

subject to the homogeneous initial and boundary conditions as

u(0,y,t) =0, u(l,y,t) = t?sin(1) sin(y),
u(z,0,t) =0, u(x,1,t) = t? sin(x) sin(1).

The global domain is a square 7 = [0, 1] x [0, 1] in Figure 1. We use 361 uniform nodes in the interior of

Q; and 80 nodes in the boundary 9€2;. Also, the final time is T = 1 and the analytical solution is as follows
u(z,y,t) = t*sin(x) sin(y). (6.4)

We compute the Lg, Lo, and RMS errors between the exact and numerical solutions and list the results in
Table 2. Using the results of this table, the convergence order is almost O(72). This fact confirms that the

computational results support the theoretical results of Theorem 3.3.

Figure 3 shows the absolute error and approximate solution of Example 2. The step time and final time
are 7 = 0.005 and T = 1, respectively. According to Figure 3 and Table 2, the presented method has good

accuracy to obtain the numerical approximation of this example.

ExaMPLE 3. We consider the following model

1
/O (@) ED%u(x, )da — Au(x,t) +u(xt) = (1),  x=(2,y) € D, (6.5)
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Table 2: The Lo, Lo and RM S errors and related convergence orders for Example 2 over 2; with 7" = 1.

T Lo Co Lo Co RMS Co
0.0400 1.9453F — 04 — 1.9021F — 05 — 9.2635F — 06 —
0.0200 4.9613E —05 1.9712 4.8655F — 06 1.9669 2.3625F —06 1.9712
0.0100 1.2849F — 05 1.9491 1.2705E —06 1.9372 6.1185E —07 1.9491
0.0050 3.6965FE — 06 1.7974 3.6158F —07 1.8130 1.7602F — 07 1.7974
0.0025 8.6241F — 07 2.0997 9.0215FE —08 2.0029 4.1067F —08 2.0997

X
o
TN
~

Absolute error
[\e)

—_—o

0 o :
y 0 X y X

Fig. 3: The graph of absolute error (left) and approximate solution (right) for Example 2 at T'= 1 with 7 = 0.005.
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Table 3: The Lo, Loo and RM S errors and related convergence orders for Example 3 over Q2 with T = 1.

T Lo Co Lo Co RMS Co
1/200 8.8730F — 06 — 1.0072E — 06 — 4.1015F — 07 —
1/300 3.9574E — 06 1.9914 4.4920F —07 1.9914 1.8243F —07 1.9981
1/400 2.2308E — 06 1.9926 2.5322F — 07 1.9925 1.0312F —07 1.9830
1/500 1.4299FE — 06 1.9931 1.6201F — 07 2.0014 6.6097F —08 1.9932
1/600 9.9010FE — 07 2.0160 1.1204F —07 2.0228 4.5901F — 08 2.0000

with the analytical solution u(z,y,t) = t?(2° +y3) and w(a) = I'(3—a). Also, the initial condition, Dieichlet
boundary conditions and the function f can be extracted from the exact solution. The global domain is
irregular shape s in Figure 1. Moreover, the boundary of global domain has the following parametric

formula
{(z,y) € R? : &z =rcos(d),y = rsin(d), 6 € [0,2n], r =1+ tanh(cos(n6)) sin(n20) } , (6.6)

in which n; = ny = 3. The number of interior and boundary points are 342 and 126, respectively. Table
3 demonstrates the numerical results for Example 3. These results confirm that the convergence order is
almost O(72). This issue proves that the computational outcomes keep the theoretical results of Theorem
3.3. Figure 4 displays the absolute errors and numerical solutions on irregular domains. The results of Table
3 and Figure 4 indicate that the presented method has good convergence order and are agreement with the

exact solution.

EXAMPLE 4. In this example, we assume the following model

/0 (@) EDSu(x, )da — Aux, t) + u(x, £) = 3+ (h?tu _ %) _ 1) , (6.7)

in which @w(«) =T'(4 — «) and the global domain is Q3 (see Figure 1). The boundary of this domain has the

following parametric formula

{(x, y) €ER?:xz =rcos(f),y =rsin(d), 0 €]0,2x], r = 0.54/sin(56) + (1.1 — sin(50)3/2)} . (6.8)

We apply 126 points in boundary and 704 nodes in the global domain Q3. The analytical solution is u(z,y,t) =

t3e®Y. Also, the initial and boundary conditions are obtained by these information’s.

The first column of Table 4 is step time which decreases at each stage. In columns 2 , 4 and 6, we
have Ly, Lo, and RMS errors and related convergence orders at T' = 1. This table illustrates that the
presented numerical scheme has almost O(72) convergence order and shows that the computational results
are confirmed to the theoretical results of Theorem 3.3.
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Absolute error %107 Numerical solution at T=1
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Fig. 4: The absolute error (left) and approximate solution (right) on irregular domains for Example 3 at T' = 1 with
7 = 0.005.
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Fig. 5: The absolute error (left) and approximate solution (right) on irregular domains for Example 4 at T' = 1 with

7 = 0.005.
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Table 4: The L2, Loo and RM S errors and related convergence orders for Example 4 over Q3 with T' = 1.

T Lo Co L Co RMS Co
0.0400 5.2831F — 04 — 2.8456F — 05 — 1.6264F — 05 —
0.0200 1.2902F — 04 2.0338 7.7328E —06 1.8797 3.9719FE —06 2.0338
0.0100 3.1617E —05 2.0288 2.0600E — 06 1.9083 9.7335F — 07 2.0288
0.0050 7.9591FE —06 1.9900 b5.1789F —07 1.9919 2.4503F — 07 1.9900
0.0025 1.9478FE — 06 2.0308 1.2185FE —07 2.0875 5.9965F — 08 2.0308

Figure 5 represents the approximate solution and related absolute error on different irregular domains at
T =1 with time step 7 = 0.0400. From the outcomes of Table 4 and Figure 5, one observes that the current

numerical procedure has good accuracy and is efficient in the irregular domain for solving this example.

7. Conclusion

In this work, a flexible local collocation meshless method was used for the numerical solution of dis-
tributed order time-fractional reaction-diffusion equation. The Moving Kriging interpolation and L2 — 1,
method with the Gauss-Legendre numerical integration were employed to deal with this problem. Also, the
unconditionally stability and convergence of the proposed technique were investigated. Numerical results il-
lustrated that the order of convergence of this scheme confirmed the theoretical results. Some examples were
studied and they showed the accuracy and capability of the presented algorithm for solving such problems.
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