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Abstract

The nonlocal boundary value problem with eigenparameter dependent boundary conditions is studied in this paper. Firstly,
we give the asymptotic expressions of the general solution for the equation corresponding to the initial conditions with eigen-
parameters, then we prove the multiplicity of eigenvalues some properties of the eigenvalues and eigenfunctions. Finally, the
asymptotic formulas of eigenvalues and eigenfunctions are obtained under certain mild conditions. Our method is to incorporate
the perturbation theory and asymptotic analysis in the framework of classical Sturm-Liouville problems, which provides a new

sight for the investigating of the Sturm-Liouville problems with eigenparameter in boundary conditions.
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The nonlocal boundary value problem with eigenparameter dependent boundary conditions is studied in this paper. Firstly,
we give the asymptotic expressions of the general solution for the equation corresponding to the initial conditions with
eigenparameters, then we prove the multiplicity of eigenvalues some properties of the eigenvalues and eigenfunctions.
Finally, the asymptotic formulas of eigenvalues and eigenfunctions are obtained under certain mild conditions. Our method
is to incorporate the perturbation theory and asymptotic analysis in the framework of classical Sturm-Liouville problems,
which provides a new sight for the investigating of the Sturm-Liouville problems with eigenparameter in boundary conditions.
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1. Introduction

Eigenvalue problems with eigenparameter dependent boundary conditions is of great significance for dealing with a lot of
problems of mathematical physics and mechanics [4, 5]. It is well known that the Sturm-Liouville problem with eigenparameter
dependent boundary conditions is obtained by separating variables from partial differential equation such as wave mechanics
and thermodynamics [6]. The wide application of such problems in mechanics, physics and engineering has stimulated people’s
interest in research [6]-[9]. In [5], Fulton gave the asymptotic formulas for eigenvalues and eigenfunctions of the two-point
boundary value problems involving the eigenvalue parameter in the boundary condition at one end-point.

Browne and Sleeman [2] first studied the inverse nodal problem with eigenparameter dependent boundary conditions in the
following form:

=" (x) + a(x)y(x) = Ay(x), x € [0, 7]
(a0 + bo)y(0) = (coX + do)y'(0),

(al>\ + bl)y(l) = (C1>\ + dl)y’(l).

Where g(x) is a real valued continuous function and §; = (—1)'(aid; — bic;) < 0,i = 0, 1, cocy # 0. The asymptotic properties of
eigenvalues and eigenfunctions of the Sturm-Liouville problem with eigenparameter dependent boundary conditions are introduced
in detail in [1] and [3].

More detailed studies on such problems can be found in various literatures [10]-[16]. In particular, the authors in [11] considered
a Sturm-Liouville operator with eigenparameter dependent boundary conditions and transmission conditions at two interior points.
They got the asymptotic formulas of eigenvalues and the characteristic function, the completeness of its eigenfunctions was
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also involved. The authors in [17] considered the Sturm-Liouville problem
=y"(x) + a(x)y(x) = Ay (x), x € [0, 7]

subject to

¥'(0) =0, y'(m) + F(N)y(m) = 0.

Here g € [0, 7] and
fO) = avA+ VA At amV A A ER an£0, me Z*.

They gave the asymptotic expressions of the eigenvalues A\, for n sufficiently large, and the classical Ambarzumyan's theorem for
the regular Sturm-Liouville problem was extended to the case in which the boundary conditions are eigenparameter dependent.
By creating a new self-adjoint operator related to a Sturm-Liouville problem with eigenparameter dependent boundary conditions
and eigenparameter dependent transmission conditions, Sen constructed fundamental solutions and obtained the asymptotic
formulas for its eigenvalues and fundamental solutions in [18].

Nonlocal boundary value problems were abstracted from some practical problems in the fields of mathematical physics, biology
and biotechnology [19]-[23]. In recent years, the study of Sturm-Liouville problems with different types of nonlocal boundary
conditions has become a hot topic, more researchers have been devoted to such problems and obtained certain excellent results.
Eigenvalue problems with nonlocal boundary conditions of Bitsadze-Samarskii or integral type were considered in [24]-[26]. The
authors in [27, 28] investigated more complicated cases of the Sturm-Liouville problem with one classical boundary condition
and another nonlocal boundary condition. Typically, the Sturm-Liouville problem in three cases of nonlocal two-point boundary
conditions was considered in [27], Peciulyte and Stikonas proved general properties of eigenvalues and eigenfunctions. Besides,
the authors also described the qualitative behavior of all eigenvalues dependent on nonlocal boundary parameters. For the case
of g(t) =0, Stikonas in [29] obtained general properties of the characteristic function and spectrum for the Sturm-Liouville
problem with one classical and another nonlocal boundary condition. In order to obtain some new results of the spectrum of the
Sturm-Liouville problem with one Bitsadze-Samarskii type nonlocal boundary condition, the characteristic function method has
been used in [30].

Recently, Sen and Stikonas in [31] studied the asymptotic properties of eigenvalues and eigenfunctions for the following second
order nonlocal boundary value problems with potential function g(t) in differential equation

—u"(t) + q(t)u(t) = Au(t), t € (0,1)
u(0) =0,
u(1) =yu(§),

where v € R and £ € (0,1). The asymptotic formulas for eigenvalues and eigenfunctions of nonlocal boundary value problems
were obtained in [31] where general properties of eigenvalues were proved. However, there were relatively few studies on the
asymptotic distribution for eigenvalues and eigenfunctions of the Sturm-Liouville problem with one eigenparameter dependent
and another nonlocal boundary condition.

In this paper, we investigate the equation

—u"(t) + q(t)u(t) = du(t), t €[0,1] (1)

associated with three-point boundary conditions
u(0) ax+b
() cA+d’

u(1) = ru(g). (3)

Here g € C[0, 1], a, b, ¢, d are real numbers. Suppose r € R, £ € (0,1), p = ad — bc # 0.

This paper is organized as follows. In Section 2, the basic solution is estimated and it is obtained that the geometric multiplicity
of eigenvalues of problem (1)-(3) is simple. In Section 3, we calculate the asymptotic formulas of eigenvalues and eigenfunctions
of problem (1)-(3) under certain mild conditions.

In this paper, we will use the following symbols:

(2

R, ={s=x+iycC:x=0,y>0}, RI={s=x+iycC:x>0,y=0},
Cl={s=x+iyeC:x>0,y>0}, C,={s=x+iyecC:x>0,y<0}
R? = {s = 0}.

where Rs = R; URF UR?, C, = R; UCH UCS.

Copyright (© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009, 00 1-9
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2. Preliminaries

Lemma 1 If @x(t) is a solution of Eq.(1) satisfying the initial conditions
©ox(0) = ax+b, @(0) =cA+d, (4)

then @y (t) is uniquely determined by the existence and uniqueness theorem of the solution, and the function ¢(t, \) = @a(t) is
an entire function with respect to A by the continuous differentiability of the solution to the initial value parameter.

We denote the Wronskians W (y, z; t) = y'(t)z(t) — y(t)Z'(t), according to Liouville theorem, W (y, z; t) does not depend
on t and it is constant on [0, 1].

Lemma 2 Let A\ =52 s=x+iy. Then

for a # 0,
d" > d¥ Kk+1_Jylt
W(m(t) =as" g cos(st) + O(]s|" "), (5)
whereas if a =0,
d d< k lylt
W(px(t):scw sin(st) + O(|s|"e”"™), k=0,1. (6)

Each of these estimations holds uniformly for t as |\| — oo.
Proof: According to the constant variation formula, the solution of Eq.(1) satisfying the initial conditions (4) is

cs’+d

@x(t) = (as> + b) cos(st) + sin(st) + %/t sin(s(t — 7))q(T)px(T)dT. (7)
0

For k=0, a#0, let pa(t) = et F(t, \) and substitute it into (7), we get
2
. d . .
F(t,\) =(as® 4 b) cos(st)e "I + % sin(st)e M

+ é/otsin(s(t — 1) a(r)e M E(r, N,

Let U()\) = MaXo<t<1 |F(t, )\)

, we note that

lylt lylt

|cosst| < e |sinst] < e
So
) dl 1 [*
u(x) < las7[ + |b +[es| + |~ | + TSl la(T)lu(N)dT,
0

when |s| > 2f01 |q(T)|dT, we obtain

as?| + |b| + |cs| + | ¢
U(X)S| \ |\1| \ ‘5|<M||2
1—§f0 lq(T)ldT

where M is a constant independent of A, thus

ox(t) = " F (£, X)) = O(ls*e"™), (8)

substituting (8) into (7)
oa(t) = as® cos(st) + O(|s|e”™),

then (5) can be got by differentiating the above formula with respect to t. The proof for (6) is similar.
Theorem 1 The geometric multiplicity of eigenvalues of the problem (1)-(3) is simple.

Proof: Let X be the eigenvalue of problem (1)-(3) and a(t) be the corresponding eigenfunction. It follows from the
boundary condition (2) and the initial condition (4) that

ax+b ax+b|
cA+d cx+d|

0.

_ | ¥x(0) ¢x(0)
Wb 010 = |, v 0) (m)/(O)‘

Therefore, px(t) and P (t) are linearly dependent on [0, 1], so @a(t) is also the eigenfunctions of problem (1)-(3).

Math. Meth. Appl. Sci. 2009, 00 1-9 Copyright © 2009 John Wiley & Sons, Ltd.
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3. Main results
Suppose that g(t) = 0. Eq.(1) becomes u”(t) + Au(t) = 0. Accordingly, the characteristic equation is
b(s) = coss — rcos(s§) = 0. (9)

Next, we only consider the case |r| < 1.

Lemma 3 The roots of equation b(s) = 0 are all real.
Proof: Let s =x+ iy(y # 0). By Euler formula, we get

cos x cosh y — rcos(éx) cosh(€y) = 0,
sinxsinh y + rsin(éx) sinh(§y) = 0.

Then we calculate

(rw cos(Ex))2 + (rsin.h(éy) sin(fx))2 =1.

cosh y sinhy
Since
rcosh(&y) <1 rsm.h(gy) <1
cos hy sinh y

Thus we get a contradiction, which completes the proof.

Remark 1 Using the intermediate value theorem and Lemma 3, equation b(s) =0 has countable positive single roots my
for |r| < 1. We see that the roots of equation b(s) =0 is unique in the interval ((k — 1)w, ) and it can be expressed as
mi = m(r) = km — f(r), where 0 < fx(r) < w. Using Rolle theorem, there exists iy € (my, mk41) such that b' (k) = 0, that
is, the root of sinx — r€sin(éx) = 0.

For the case of g(t) # 0, substituting @x(t) into (3), we get the characteristic function of problem (1)-(3)
AX) = ea(1) — roa().

Then X is the eigenvalue of problem (1)-(3) if and only if A(X) = 0.
If a=0,
Ai1(s) := A(s) = scsins — rscsin(s€) + O(e”).

Now we introduce a function
1 . . _
A(s) = —2(0a(1) = rea(€)) =sins — rsin(s¢) + O(s] tel),
then the set of eigenvalues of problem (1)-(3) is identical with {X : A = 5%, scA(s) = pa(1) — roa(€) = 0}. When |r| < 1, the
asymptotic formulas of eigenvalues and eigenfunctions of problem (1)-(3) can be similarly referred to [31].

If a0,
No(s) = A(s) = as® cos s — ras® cos(s¢) + O(|s|e”),

next, we introduce a function
1 _
B(s) = —5 (x(1) = ra(§)) = cos s — rcos(st) + O(Is| "),

we see that B(s) is the analytic function of s and A»(0) = 0. Since we consider the asymptotic properties of eigenvalues, next
we only consider the zeros of B(s) = 0. For convenience, we write B(s) as follows:

B(s) = b(s) + bo(s) = cos s — rcos(s¢) + O(|s| *e), (10)

where b(s) = coss — rcos(s€), bo(s) = O(]s| *eP).

Theorem 2 The real eigenvalues of the problem (1)-(3) are bounded below.

Copyright (© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009, 00 1-9
Prepared using mmaauth.cls



Mathematical

Methods in the
Y. Gan, Z. Zheng, K.Li Applied Sciences
|

Proof: Suppose B()\) = B(s) and s = iy, y > 0.

eIS =+ efls e/s{ + eflsg

Bl-y) = S5 - rE 5 +ollsi e
-y Y 43 123
R S R
(14 e — re )y _ polé-1)y B
_ e+ 5 ) +O(y teh.

Since 0 < £ < 1, we have
lim B(—y®) = cc.

y—o0

Notice that there exists a yp such that é(—y2) #£0 for y > yo, i.e. if A < —yZ, then B()\) # 0. Hence A > —y2
Corollary 1 The number of negative eigenvalues of problem (1)-(3) is finite.
Theorem 3 Problem (1)-(3) has countable positive eigenvalues.
Proof: Let s =x, 0 < x € R. Note that, for k large enough, since |r| < 1, we get
|rcos(s€) + O(x™ )| < 1.

We know that cos x takes the local maximum at 2(k — 1)7 and the local minimum at (2k — 1)7. According to the intermediate
value theorem, equation B(s) = 0 has at least one root in every interval ((k — 1), k7) for k large enough, so equation B(s) = 0
has countable roots. Therefore, problem (1)-(3) has countable positive eigenvalues.

Lemma 4 For 0 <& <1,8>0.If cosx — réf cos(éx) = 0, then there exists k > 0 such that |sinx| — |r||sin(éx)| > k > 0.

Proof: Suppose 0 < v < 1. If a:=+/1—v2, then 0 < a < 1. Let consider several possible cases.
(i) For the case of cosx = 0, then |sinx| =1, we get

[sinx| — |r]|sin(€x)| > 1 —|r] =: k1 > 0.

(ii) For the case of cosx # 0, then cos(éx) # 0 and r # 0, so 0 < |cosx/cos(éx)| = |r|€P =1 —§, where § :=1 —|r|¢P,0 <
5 < 1. Then we get cos® x = cos?(¢x)(1 — §)?, correspondingly,

sin” x = sin?(€x) + 8(2 — §) cos®(£x) > sin®(€x) + & cos”(£x), (11)

therefore, |sin x| > |sin(€x)| and
0 < |sinx| —|sin({x)| < |sinx| — |r||sin(&{x)]. (12)

@ If |cosx| > v, suppose k2 = % > 0, since 0 < K2 < 1 and |cos(£x)| > | cos x|, then
§cos?(€x) > 8cos” x > 6v7 = 3k > 2Ko + K3 > 2Kal| sin(€x)| + K3,
and from (11)-(12), we obtain
sin? x > sin®(£x) + 2ka| sin(€x)] + k3 = (| sin(€x)| 4 k2)?,
thus |sin x| — |sin(éx)| > k2 > 0, it follows from (12) that
|sinx| — ||| sin(€x)] > k2 > 0.
@ If 0 < |cosx| < v, suppose k3 := (1 — |r|)ex, by (12), we get
|'sinx| — |r]|sin(§x)] > (1 —|r|)|sinx| > k3 > 0.

Therefore, taking kK = min{k1, k2, k3} > 0, we have |sin x| — |r||sin({x)| > k > 0.
As |sin my — résin(E€my)| > |sin my| — |r|| sin(€mk)|, we can get the following corollary.

Corollary 2 [f my is the root of Eq.(9), then there exists k > 0 such that |sinmy — résin(§my)| > k > 0 for k € N.

Lemma 5 Suppose0 < &€ < 1,8 > 0. Ifsinx — réP sin(éx) = 0, then there exists & > 0 such that | cos x| — |r|| cos(éx)| > & > 0.
(if B = o0, i.e.£? = 0, the conclusion still holds.)

Math. Meth. Appl. Sci. 2009, 00 1-9 Copyright © 2009 John Wiley & Sons, Ltd.
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Corollary 3 If i is the root of sinx — réP sin(€x) = 0, then there exists & > 0 such that | cos ik — r cos(é@)| > & > 0.

Corollary 4 Suppose x = by = km, k € N (in this case sin by = 0), then there exists & > 0 such that cos |bx| — |r|| cos(€bk)| >
k> 0.

Let Dx = {s: |x| < bk = km, |y| < b}, D; = Dk N Cs. Define a counter [, = 8D, N Cs, the corresponding counter I} is
simple closed curve in the plane Cy, where X = s? is the bijection from Cs to Cy.

Lemma 6 /f |r| <1, then there exists M >0 such that all eigenvalues of problem (1)-(3) are positive in the domain
{s € Cs:|s| > M}.

Proof: If s = bx +iy,y € [—bx, bi]. It follows from (12) that
Reb(s) = cos by cosh y — r cos(€bx) cosh(€y),

then
|b(s)| > |Reb(s)| >|cos bx|coshy — |r|| cos(€bk)| cosh(€y)

>(| cos bi| — |rl| cos(&(be)]) cosh y,

From Corollary 4, we obtain |b(s)| > & coshy > BieV!, where B; > 0.
If y = fak, x € [0, bi]. Since

|coss| = \/c052xcosh2y +5sin? xsinh?y = \/cos2 X +sinh?y = \/cosh2y —sin? x,

we get

|coss| > |sinhy|, |cos(€s)| < cosh(€y),

SO
|b(s)| > |sinhy| — [r| cosh(£y) > |sinhy| — cosh(&y).

Let consider h(y) := (| sinhy| — cosh(£y))e !, It can be found that there exists y*(£) > 0 such that h(y) > 1/4 for |y| > y*

elyl

by analyzing the function h(y), so |b(s)| > &-. Taking B = min{Bi, 1/4}, we have |b(s)| > BeV! for k large enough. And from
(9), |bo(s)] < cils|tell < BeM < |b(s)|. According to Rouche's theorem, equation b(s) =0 and B(s) = b(s) + bo(s) = 0
have the same number of zeros inside k. It has been discussed that b(s) = 0 has only one root between counters I',_; and I,
combined with Theorem 3, the roots of B(s) = 0 in this region are positive.
Let s be the root of B(s) =0, according to Lemma ??, s, is positive for k large enough. Next, we only consider the case
s=x>0,so
B(s) = coss — rcos(éx) + O(s ™). (13)

Since sk, me € ((k — 1)m, km), and when k — oo, sk, mx and km are equivalently infinite quantities. Define e, := s — my, it is
obvious that g4 = o(1). Since eigenvalues are real, from (5), we get

©x(t) = as” cos(st) + O(|s]). (14)

Theorem 4 Suppose q € C[0,1] and |r| < 1, then the asymptotic formulas of eigenvalues and eigenfunctions of problem
(1)-(3) have the form

sk =m+O0(k™),  uk(t) = am? cos(mit) + O(k)
for k large enough, respectively.
Proof: Substituting sk = my + &« into (13), we obtain
cos mi(1 + O(€})) — ex sin mx — rcos(Eme)(1 4+ O(e})) + réexsin(€my) = O(k™),
cos my — rcos(émy) — ex(sin my — résin(émy)) + O(ex) = O(k™ ).
Since my is the root of b(s) =0, i.e. cos mx — rcos(émy) = 0, we get

[sin my — résin(émyi) + O(ex)] (—ex) = O(k™1),

Copyright (© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009, 00 1-9
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which implies that g, = O(k™1).
Substituting sy = my + €« into (14), we get

uk(t) = @x, (1) =a(mi + €x)? cos((mx + €x)t) + O(k)
=(am + 2amiex + ae?) [cos(myt)(1 + O(e?)) — sin(myt)(ext)] + O(k)
=amj cos(myt) + O(k).

Next, we will normalize ux(t):

1 1
a? = / updt :/ [a*m}} cos®(myt) + O(k%)] dt
0 0
a’mj 1
= (1 + O(})> ,

1 V2

o [almy

+O(k™3).

Therefore, the normalized eigenfunctions have asymptotic formulas:

vi(t) = (% + O(k*)) (am? cos(myt) + O(K))

:l‘ﬂ%ami cos(met) + O(k™1).
k

If a> 0, then wi(t) = v2cos(mkt) +O(k™1); If a < 0, then w(t) = —v2cos(mit) + O(k™1).

In order to obtain more exact asymptotic formulas of eigenvalues and eigenfunctions, we assume that g € C*[0, 1], then the

following formulas hold.
t

/t 4(7) cos(2s7)dr = O(s ™), / g()sin(2s7)dT = O(s™).

Suppose Q(t) = %fot q(T)dT, Q(t) is obviously bounded. Substituting (14) into (7), we get

@ (t) = (as” + b) cos(st) + cs”+d sin(st) + é /tsin(s(t —7))q(7)(as” cos(sT) + O(|s]))dT,
where .
é /O sin(s(t — 7))q(T)as’ cos(sT)dT
=assin(st) /tCOS2(ST)q(T)dT — %as cos(st) /tsin(257')q(7')d'r
=assin(st)Q(t) + O(1),
1 /tsin(s(t —71))q(T)O(|s]))dT = O(1).
S Jo
So we get ,
on(t) = (a5 + b) cos(st) + =9 gin(st) + assin(s)Q(t) + O(1), (15)
then

Q(1)sins — rQ(¢)sin(s¢) 10

B(s) = coss — rcos(s€) + < (s™h. (16)

Next we define
Q(1)sins — rQ(€)sin(s€)

sins — r&sin(s§)

Fi(r. &, s) =

Theorem 5 /fq € C'[0,1] and |r| < 1, then the asymptotic formulas of eigenvalues and eigenfunctions of problem (1)-(3) have
the form

s = mi + Fi(r, & m)mit +O(k™), (17)
2 2
uk(t) = (ami + b) cos(myt) + (ka + d:rr’ am Q) _ amktﬁ) sin(mgt) + O(k) (18)
k
for k large enough, respectively.
Math. Meth. Appl. Sci. 2009, 00 1-9 Copyright © 2009 John Wiley & Sons, Ltd.
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Proof: Substituting sk = mx + €« into (16), we get

Q(1) sin mx — rQ(&)rsin(Emy)

my

— [(sin mi — résin(€mi) — (Q(1) cos(mi) — rQ(€)€ cos(mi))mi ] ex = O(k™),

cos mi — rcos(émy) +

since cos mx — rcos(émy) = 0, we have

—(sin my — rEsin(€my) + O(k~))ex = — L) Sin M ;Q(E)rsm(mk) +O(k™),
K

or

Ex = 7/‘1(!’, g' mk) + O(kil)

My

Substituting sk = my + €« into (15), we have

) <cm§ + d) .

u(t) =(amji + b) cos(mit) + | ——— ) sin(mkt)

+amy sin(met)Q(t) — amiert sin(myt) + O(1),

since g = %k’”k) + O(k™1), we obtain (18).

4.

Conclusion

This paper studied the nonlocal boundary value problem with eigenparameter dependent boundary conditions, the general
properties of the eigenvalues and eigenfunctions for such a problem were proved. Finally, we give the asymptotic formulas
of eigenvalues and eigenfunctions for second-order differential operator with eigenparameter dependent boundary conditions.

References

1. Freiling G., Yurko V. A. Inverse problems for Sturm-Liouville equation with polynomially dependent on the eigenparameter. Inverse Probl.
2010; 26.

2. Browne P. J., Sleeman B. D. Inverse nodal problem for Sturm-Liouville equation with eigenparameter dependent boundary conditions.
Inverse Probl. 1996; 12:377-381.

3. Yang C., Yang X. Inverse nodal problem for the Sturm-Liouville equation with polynomially dependent on the eigenparameter. Inverse
Probl. Sci. En. 2011; 19:951-961.

4. Atkinson F. V. Discrete and Continuous Boundary Problems. Acad Press Inc, New York, 1964.

5. Fulton C. T. Singular eigenvalue problems with eigenparameter contained in the boundary conditions. Proc. Roy. Soc. Edinb. 1980;
87:1-34.

6. Fulton C. T. Two-point boundary value problems with eigenvalue parameter contained in the boundary conditions. Proc. Roy. Soc.
Edinb. 1977; 77.

7. Collatz L. Eigenwertaufgaben mit technischen Anwendungen. Akad.. Verlagsgesellschaft Geest Portig, Leipzig, 1963.

8. Tretter C. Nonselfadjoint spectral problems for linear pencils N — AP ordinary differential operators with A-linear boundary conditions:

11.

12.

13.

14.

15.

16.

17.
18.

completeness results. Integral Equ. Oper. Theory 1996; 26:222-248.
Walter J. Regular eigenvalue problems with eigenvalue parameter in the boundary condition. Math. Z. 1973; 133:301-312.

. LiK., Sun J., Hao X., Bao Q. Spectral analysis for discontinuous non-self-adjoint singular Dirac operators with eigenparameter dependent

boundary condition. J. Math. Anal. Appl. 2017; 453:304-316.

Yang Q., Wang W. Asymptotic behavior of a differential operator with discontinuities at two points. Math. Methods Appl. Sci. 2010;
34:373-383.

Binding P. A., Browne P. J., Watson B. A. Sturm-Liouville problems with boundary conditions rationally dependent on the
eigenparameter, . J. Comput. Appl. Math. 2002; 148:147-168.

Binding P. A., Browne P. J., Watson B. A. Inverse spectral problems for Sturm-Liouville equations with eigenparameter dependent
boundary conditions. J. Lond. Math. Soc. 2000; 62:161-182.

Benedek A. I., Panzone R. On inverse eigenvalue problems for a second-order differential equation with parameter contained in the
boundary conditions. Notas Algebra Anal. 1980; 9:1-13.

Binding P. A., Browne P. J., Watson B. A. Sturm-Liouville problems with boundary conditions rationally dependent on the eigenparameter
|. Proc. Edinb. Math. Soc. 2002; 45:631-645.

Guliyev N. J. Inverse eigenvalue problems for Sturm-Liouville equations with spectral parameter linearly contained in one of the boundary
conditions. Inverse Probl. 2005; 21:1315-1330.

Yang C., Yang X. Ambarzumyan's theorem with eigenparameter in the boundary conditions. Acta Math. Sci. 2011; 31:1561-1568.
Sen E. A class of second-order differential operators with eigenparameter-dependent boundary and transmission conditions. Math. Math.
Meth. Appl. Sci. 2014; 37:2952-2961.

E Copyright (© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009, 00 1-9
Prepared using mmaauth.cls



Mathematical
Methods in the

Y. Gan, Z. Zheng, K.Li Applied Sciences
-

19.

20.
21.

22.
23.
24.
25.
26.
27.
28.

29.
30.

31.

Day W. A. Extensions of a property of the heat equation to linear thermoelasticity and order theories. Quart. Appl. Math. 1982;
40:319-330.

Gordeziani N. On some non-local problems of the theory of elasticity. Bull. Ticmi. 2000; 4:43-46.

lonkin N. I. The solution of a certain boundary value problem of the theory of heat conduction with a nonclassical boundary condition.
Differ. Equ. 1977; 13: 294-304.

Nakhushev A. M. Equations of Mathematical Biology. Vysshaya Schkola, Moscow, 1995.

Schuegerl K. Bioreation Engineering. Reations Involving Microorganisms and Cells, volume 1. John Wiley and Sons, 1987.

Ciupaila R., Jesevitiiite Z., Sapagovas M. On the eigenvalue problem for one-dimensional differential operator with nonlocal intergral
condition. Nonlinear Anal-Model. 2004; 9:109-116.

Gulin A. V., lonkin N. I., Morozova V. A. Stability of a nonlocal two-dimensional finite-difference problem. Differ. Equ. 2001; 37:960-978.
Sapagovas M. P. The eigenvalues of some problem with a nonlocal condition. Differ. Equ. 2002; 38:1020-1026.

Pediulyte S., Stikonas A. Sturm-Liouville problem for stationary differential operator with nonlocal two-point boundary conditions.
Nonlinear Anal-Model. 2006; 11:47-78.

Petiulyte S., Stikoniene O., Stikonas A. Sturm-Liouville problem for stationary differential operator with nonlocal intergral boundary
condition. Math. Model. Anal. 2005; 10:377-392.

Stikonas A. The Sturm-Liouville problem with a nonlocal condition. Lith. Math. J. 2007; 47:336-351.

Stikonas A., Stikoniené O. Characteristic functions for Sturm-Liouville problems with nonlocal boundary conditions. Math. Model. Anal.
2009; 14:229-246.

Sen E., Stikonas A. Asymptotic distribution of eigenvalues and eigenfunctions of a nonlocal boundary value problem. Math. Model.
Anal. 2021; 26:253-266.

Math. Meth. Appl. Sci. 2009, 00 1-9 Copyright © 2009 John Wiley & Sons, Ltd.
Prepared using mmaauth.cls



	1 Introduction
	2 Preliminaries
	3 Main results
	4 Conclusion

