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1 | INTRODUCTION

Abstract

This paper is concerned with the time-decay rates of the strong solutions of the three-
dimensional non-isentropic compressible magnetohydrodynamic (MHD) system.
First, motivated by Pu—Guo’s result [Z. Angew. Math. Phys. 64 (2013) 519-538], we
establish the existence result of a unique local-in-time strong solution for the MHD
system. Then, we derive a priori estimates and use the continuity argument to obtain
the global-in-time solution, where the initial data should be bounded in L!'-norm and
is small in H2-norm. Finally, based on Fourier theory and the idea of cancellation of
a low-medium frequent part as in [Sci. China Math. 65 (2022) 1199-1228], we get
the optimal time-decay rates (including highest-order derivatives) of strong solutions
for non-isentropic MHD fluids. Our result is the first one concerning with the optimal

decay estimates of the highest-order derivatives of the non-isentropic MHD system.
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In this paper, we are interested in the optimal time-decay rates of the strong solutions to the Cauchy problem of the non-isentropic
compressible MHD fluids equations, which are formulated as follows:

p;+div(pu) =0
(pu), + div (pu ® w) — i Au — (py + ) Vdiva + VP (p,0) = curlH x H,

pe, [6,+ (- V) 0] + 0P, (p,0)divu = kA + ¥ (u) + v(curlH)*,

ey

H, — curl (u X H) + curlcurlH = 0,

divH = 0,

where the unknown functions p = p (f,x), u = u(#,x), 8 = 0 (t,x) and H = H (¢, x) denote the density, velocity, temperature
and magnetic field of the MHD fluids, respectively. Here (f,x) € R, X R3. In addition, P = P (p, f) represents the pressure,
u, and p, stand for the viscosity coefficients which satisfy p; > 0 and 2u; + 3y, > 0. c¢,, k¥ and v represent the specific
heat at constant volume, the coefficient of heat conduction and the magnetic diffusivity, respectively. In addition, the classical
dissipation function ¥ (u) is expressed as follows

3

3
¥ (u) = Z (0w’ +0,u’) +u22(0iui)2.

i=1




2 | Huang ET AL

To investigate the well-posedness of Cauchy problem of the system of equations (), we shall pose the initial data
(p-u,0,H) (0,x) = (p° (x),u’ (x),6° (x), H (x)) . )

Let g and  be constants, then (p,u,6,H) = ( 5,0, 9, 0) is an equilibrium state solution of the system (). In the rest paper, we
assume that p = 1 and 8 = 1 for the sake of simplicity.

At present, the incompressible/compressible MHD equations have been widely investigated, see”?%%
and the references cited therein. In particular, for the compressible MHD system, there are many mathematical progress in
the existence, stability and convergence rates of the solutions. Here we only list some of them, which are related to our study
for the global well-posedness and decay estimates of the solutions of Cauchy problem. The interested readers can also refer
to I ILELELELEA A PR EE LR for details.

B8,8,[,8,8,10,[1,02,03,04,05,08

o Well-posedness for the MHD system. For the isentropic case, Chen—-Tan” studied the Cauchy problem of compressible
MHD equations with the initial data being close to a constant equilibrium state and proved the global existence of the
smooth solutions. Hu-Wang™ established the global existence and large-time behavior of the solutions. In addition, the
global existence of weak solutions for isentropic case can be also extended to the non-isentropic case™. Later on, Xu et
al.*" studied the Cauchy problem for the multi-dimensional (N > 3) non-isentropic full compressible magnetohydrody-
namic equations. Besides, they proved the existence and uniqueness of a global strong solution when the initial data was
close to a stable equilibrium state in critical Besov spaces. For the stability of MHD fluids, Jiang—Jiang® investigated the
nonlinear stability and instability in the Rayleigh-Taylor problem of stratified compressible MHD systems.

o Time-decay rates for the MHD system. Matsumura and Nishida®*%*> have done some outstanding early work on the
global existence and uniqueness of the initial value problem of compressible Navier-Stokes equations when the solution
is perturbed near the equilibrium state. In particular, when the initial perturbation is sufficiently small in H3 N L'-norm,
Matsumura and Nishida®™ gave the following decay estimates

o= 1wy (Oll 2 S (A +1)75.

Moreover, the compressible MHD fluid model, as the relevant promotion of the classical Navier-Stokes system, is also
one of the goals widely concerned by mathematical experts at home and abroad. In the case of isentropic, Tan—Wang"“®
concluded that when the initial perturbation belongs to H '"mH=* withl >3ands € [0, %) the higher-order derivatives
for the solutions to the MHD flows enjoys the following optimal decay estimate

[V -tLumo|| sa+n T 0<k<i-1.
The initial perturbation is bounded in L9-norm with g € [1, 6/5) and is small sufficiently in H3-norm, Pu-Guo® obtained
the decay estimate of classical solutions for non-isentropic case in R3:

3(L_L)_k
m%sca+nﬁﬂz)a k=0, 1.

”Vﬂp—Lme—LHxﬂ

Gao et al.®™ further improved the above result®™, and get that
3(-1)-4
[ViHO| , <ca+nlT k=23,

Recently, Wang—Wen" investigated the full compressible Navier—Stokes equations with reaction diffusion, and gave the
results of global well-posedness and some optimal decay estimates of the solutions in the whole space. Inspired by Wang—Wen’s
results, this paper expects to obtain the decay estimates of the highest-order derivatives of the strong solution of compressible
MHD fluid system in the case of non-isentropic. Therefore, the goal of this paper is twofold.

o First, making use of a priori estimates and the continuity argument, we establish the existence result of the global-in-time
solution of non-isentropic MHD system based on the local existence result.

e Then, by establishing the energy functional, we fully explore the hidden equivalent information. Meanwhile, we further
use the semigroup structure of the system and spectral methods to analyze the linearized system so that we can obtain the
optimal convergence rates of solutions for the Cauchy problem (I)—(I).

Before stating our main result, let us introduce some notations throughout this paper.
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1.1 | Notations

(1) To begin with, we will review the notations of L? spaces, Sobolev spaces and the corresponding norms. L? ([R3) with
1 € p < oo stands for the usual L? space whose norm is expressed by ||| ,; H* (R3) with 1 < s < oo stands for the usual
Sobolev space whose norm is expressed by ||-|| ;s; A® denotes the pseudo-differential operator defined by

ANf=F! (|4=|Sf), for s € R,

where f and 7! (f) stand for the Fourier transform and the inverse Fourier transform, respectively.
(2) We shall introduce a frequency decomposition. Choose two smooth cut-off functions ¢, (§) and ¢, (), which satisfy

0< ). (& <1(£€R) and

1, < 2, 0, < Ry,
¢o(:):{ €1 < rof ¢1(§>:{ 151 < R

09 |§|>l"0, 1’ |§|>RO+15
. 1 1
where some fixed constants r, and R satisfy 0 < r; < min { 3V om 2 } and
U+ puy + 1
R, > max<{2 M,z . 3)
H

Definition 1. Let ¢, (D, ) and ¢, (D, ) be the pseudo-differential operators with respect to ¢ (¢) and ¢, (&), respectively. For
any function f (x) € L? (IR3), we then define the low, medium and high frequent part of f (x) by
1@ =00 (D) f), [ )= (1~ (D)~ (Dy)) [ )

and

M@= (D,) f (),
respectively. Here we denote D, as D, = — (9, .0, .9, ).

1 > TXy?
Notice that f (x) can be expressed as
F) =1+ "0+ ", @
where we define fX (x) := f/(x)+ f" (x)and fH (x) := f" (x) + f(x).

(3) Basic notations: for any integer > 0, V! denotes usual /-order spatial derivatives. When ! < 0 or [ is not a positive integer,
V! is usually written as A/. We will use m < n to denote m < cn, where c is a positive constant. We also employ m & n to express
mSnandm 2 n. And ¢; (i = 1,2, ..., 10) stand for some general positive constants, which may vary in different estimates. We
also use (-, -) to represent the inner product in L? (R?), i.e.

(f,h):/f(x)-h(x)dx, forany f (x),h(x) € L* (R%).
Rfa

For simplicity, we set 9, = d, (i = 1,2,3) and denote 97 = o, af:;afjj for multi-indices @ = (a,, @, a3). And let [|(m,n)||, :=
[lm|l ; + ||nll ;, where m and n belong to Z.

1.2 | Main results
We consider the global existence of the solutions when the initial data
(p,u, 0, H) (0,%) = (p° (%), u’ (x),6° (%), H’ (x))

of the non-isentropic compressible MHD system (Il) is slightly perturbed near the equilibrium state in the three-dimensional
case, and obtain the optimal decay rates of the strong solutions of the system (). Our main result is as follows:

Theorem 1. Let 6° = p° — 1 and ®° = #° — 1, assume that (o-o,uo, oo, HO) € H? (IR3), there exists a constant ¢, > 0, such
that if
” (Go’uo, @O,H0)|

ey S0 5)
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then the Cauchy problem of (I)-(J) with initial data (po,uO,QO,HO) admits a unique and global-in-time solution

(pt,x),u(t,x),0( x),H(t,x)), which satisfies
p—1€C’([0,00); H* (R*)) nC' ([0,00); H' (RY)),
u, 0—1, He C° ([0,00); H* (R?)) nC' ([0, 00); L* (R?)).
Furthermore, if the initial data satisfies
“ (0'0, u’, e, HO) |'L](R3) < +00,
then there exists a constant C > 0, such that for any # > 0, we have the following decay estimates

<CU+17i7, k=0,1,2.

“vk (p—1,u,0 —1,H) () @)

(6)

@)

Remark 1. Although the standard energy mathod is essential to solve the large-time behavior of the solutions, as far as we know,
the decay rates of the highest-order derivatives of the solutions for the system can not be obtained directly and effectively by using
the energy estimate method alone. Therefore, this paper provides a new strategy to study the large time behavior of the strong
solutions of compressible non-isentropic MHD system, and obtains the optimal decay rates of the highest-order derivatives of
the system. Furthermore, we note that this method is also applicable to the decay rates of the highest-order derivatives of most
fluid systems that deal with compressible situations in three-dimensional space, such as liquid crystals, viscoelastic, capillaries

and other complex fluids.

Next, we will briefly describe the difficulties encountered and the corresponding methods taken in proving the main theorems.

e Specifically, the difficulty of proving Theorem [ is how to obtain the optimal decay estimates of the highest-order deriva-

tives of strong solutions of MHD system. However, if we do not judge the existence of the solutions in advance, but skip
the global existence of the solutions to directly study the large time behavior of the strong solutions. This is obviously
meaningless. Fortunately, Matsumura and Nishida gave the proof of the existence of the initial value problem for the
equations of motion of viscous and heat-conductive gases as early as®™, which provided us with a guiding idea. And the
techniques used can be easily applied to the case of three-dimensional MHD system. Therefore, we can use the fixed point
theorem and iteration technique to prove the local existence of strong solutions.

Here we mainly introduce the key steps to prove the global existence of strong solutions. In the first step, we establish the
following two energy functionals

&) = % (lldllip + ||ll||§{1 + ||®||§,1 + ||H||21) +a / Vo -udx
and :
£,(t) = % <||v20 iz + ”Vzu’ ZLZ + “v%a“iz + “VzH”sz) +ay / VVo - Vudx.

R3
Furthermore, the standard energy method is used to estimate the L H; -norm and the norm of the 2nd-order derivative
of strong solutions (p (¢, x),u (¢, x), 0 (¢, x) , H(¢, x)) for the system (0). By using the equivalence condition

EM+E WM~ (c.u,0,H)3,

and integrating with respect to ¢, the upper bound of our expected a priori estimates can be obtained. Based on this, through
the standard continuity argument, the local-in-time strong solutions of the system can be extended to the global-in-time
strong solutions, and the global existence of the strong solutions can be proved.

The above proof of the global existence of strong solutions is a conventional and standard practice. However, as we
mentioned in Remark [, the optimal decay rates of the highest-order derivatives of strong solutions for the system can not
be obtained directly by the standard energy method. Therefore, it is a difficult problem to be solved urgently.

In this regard, we will adopt the following strategies.

Step 1: we observe the implicit equivalence relationship

2
2

&, () —(xz/VVGL - Vudx ~ ||V2 (c,u,, H)

R3
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by eliminating the interference term /R3 VVeo - Vudx in &, (2).

Step 2: by applying the above results of a priori estimates, we can further draw a conclusion that the L2-norm of the
highest-order derivatives of the strong solutions for the system can be controlled by the initial data (0'0, u’, @°, HO) and
the L? estimates of the 2nd-order derivative of the low-medium-frequency parts (o%, ut, ©L, HL).

Step 3: we consider the linearized system, transform it into Fourier space, and then use the semigroup decomposition
theory. By tedious calculation, the estimates of eigenvalues 4; (j = 1,2,3) and the semigroups e "AUED in low, medium
and high frequency can be obtained.

Based on the above key steps, we can solve the optimal decay rates of the highest-order derivatives of strong solutions for
the system.

The rest of this paper is organized as follows. In Section [, we give some preliminaries for later use. In Section B, we reformu-
late the nonhomogeneous system (1), which is transformed into a perturbation form (EZ2)—(E3). In Section B, we state the local
existence of the solution for the system, establish the a priori estimates of the solution, and then prove the existence of the global-
in-time solution. Moreover, the proof of Proposition D and Theorem D are given in Subsection B2, respectively. Finally, we
establish some decay estimates for the linearized system, and thus obtain the optimal time-decay rates for the nonhomogeneous
system in Section B.

2 | PRELIMINARIES

In this section, we will introduce some important lemmas, which are frequently used in the sequel. Now let us recall some
well-known Sobolev inequalities.

Lemma 1 (***"). Let f € H? (R3), we have
DNl <cllfllg for2<r<6;

G 1 1w < UVANL NVELS <ellV £l

@1ii) || fllzs < clIV Sl 2, where ¢ is a positive constant.
Besides, we have the following estimate on the product of the two functions.
Lemma 2 (*). Let g and & belong to the Schwartz function class, then for k > 0, we have
k < k k
[VE@m],, < el |[V4a]|, + ]| V4], 10l ®)

where 1 <r,ry,r; < ooandr; (i =1,2,3,4) satisfy

11,1 1.1 ©)
r rl 1”2 r3 1”4

L

We then recall the following Gagliardo-Nirenberg inequality.

Lemma 3 (*). If 0 < i,j < k, then we have

1-8 s

IVl e S IV F | o (10)

[v¢s

L%

i 1 J 1 k 1
— === )(1-=6 ———)6. 11
3 q <3 41>( )+<3 112> (o

In particular, if ¢ = oo, then 0 < 6 < 1 is required.

with 0 < 6 < 1, and it satisfies

By using the above lemma, we can easily prove that

Lemma 4 (*2 Lemmad.2) T et (¢, ®) be a smooth function of ¢, ® with bounded derivatives of any order. If ||(c, ©®)|| L) S 1
holds, then for any integer i > 1, we have

”VI ((,0 (6’ 8))||Lp(R3) S ||VI (O-’ ®)||LP([R3)’ (12)
where 1 < p < +c0.

To prove the decay estimates of the solution, we further introduce the following basic inequalities
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Lemma 5 (). Assume a,,a,,a; € Randa, > 1,0 < a; < ay,a; > 0, then for t € R, we have

t
/(1 +1—1) (1 + 1) dr < C(a;,a,) (1 +0)7, (13)
0
1
/(1 +17) e 4 dr < C (ay,a3) 1 +07, (14)
0

where C (a,,a,) ,C (a,,a3) are positive constants that depend only on a,, a,, a;.
By combining the definition of ( Lo, fmx), (x)) and Plancherel theorem, we get the following conclusions.

Lemma 6 (™). Let f € H™ (R?), then for any given intergers i, j and k, we have
1

i ol j—i|| i £l i +h k £h
HVJf L2 SV{) ”Vf 2’ ”VJf L2 < Rl(;—j ”V / 2’ as)
forr], < ol a9 < [94, o
where i < j < k < m. In addition, it hold that for some constant , > 0 and R, > O,
PN e < Ve < RONS™ o (17)

3 | REFORMULATION OF THE SYSTEM

For the convenience of proving Theorem [Il, we first need to reformulate the system (0)—(). Notice that divH = 0, and by direct
calculation, we can easily get the following identities

curleH:H-VH—H-VTH:diV(H®H)—%V(lle), (18)
curlcurlH = VdivH — AH = —AH (19)

and
curl@xH)=MH: - V)u-(u- V)H - Hdivu. (20)

Without loss of generality, we take ¢, = k = v = 1 and P, (1,1) = P,(1,1) = 1. Thanks to (IR)—(0), the system () can be
rewritten as follows:

-

p; +div(pu) =0,

+
[ —

P (p,0) P,(p,0
u+u Vo Dau- 000G, B0,
p p
_MH-V)H _H-V'H
) ) . @1)

0P, (5.0
0, +u-vo+ 2200 on = Lag+ Ly + Lcurm?,
p p p p

H,—(H-V)u+ (u-V)H+ Hdiva = AH,
divH = 0.

Next, let

c=p—1, u=u, @=0-1, H=H,
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and then the system (0)—(2) is equivalent to the following perturbation form

0; + diva = NI’
u, — gy Au — (py + pp) Vdiva + Vo + VO = N,

10, — AG® + divu = N, (22)
H - AH= N,
divH=20

with the initial data

(6,u,0,H) (0,x) = (¢°,u’,0°, H’) (x)

=(p"-1Lu’ 0 - 1,H°) (x), (23)
where the nonlinear terms J\f, (1 £i < 4) are defined as follows
er = —div (cu),
N, =-u-Vu-h,(6,0)Vo — h, (c,0) VO
3 +g (c) (H-VYH-H-V'H) - g, (0) (4, Au+ (4, + ) Vdivu), (24)

Ni=-@-V)0 —g,(0)AB® + g (¢) (¥ (w) + (curlH)?) — h; (¢, ©) divu,
Ny= H-V)u-(u-V)H - Hdivu

and the nonlinear functions of (o, ®) are written as

1
gl(G)—G—H,
[0}
I ( G))_Pg(a+1,®+1) |
Jh (c.0) = — , (25)
Py(c+1,04+1)
h(6,0) = —m8M8M8 1,
2(0,0) c+1
O+1HP(c+1,0+1
hio.0y= @ DG ),
c+1

\

4 | GLOBAL WELL-POSEDNESS FOR THE NONLINEAR SYSTEM

In this section, we will prove the global well-posedness of the solution stated in Theorem [, that is, the global existence and
uniqueness of the solution for the system ()—(2). For this problem, our strategy is to combine the local existence result and a
priori estimates. And then, by using the standard continuity argument, we accomplish the proof of the global well-posedness.
Specifically, the local existence of the solution will be given in subsection Bl In addition, the results of a priori estimates and
the global existence will be proved in detail in subsection B34, respectively.

4.1 | The global existence of the solution
To begin with, we define the solution space for the system (Z2)—(Z3) by
QO,7T) := {(o-,u,G),H) |0' eC’(0,T;H* (R*))ncC' (0,T; H' (RY)),
uw,® HeC’(0,T; H* (R*))nC' (0,T; L* (R?)),
Vo€ L*(0,T;H' (R*)),Vu,VO,VH € L* (0,T; H* (R%)) }, (26)

forany 0 < T < +o00.
In the following discussion, we will present the local existence of the solution and some a priori estimates one by one. It is
critically important to prove the global well-posedness for the system. The details are as follows:
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Proposition 1 (The local existence). Assume that (¢*,u’,®°,H°) € H? (R?) and

inf {0’ +1,8"+1} >0,

then there exists a constant T, > 0 depending only on ” (6% u’, 0% H°) ||H2, such that the system (Z2)—(Z3) with initial data
(6°,u’,©° H") has a unique solution (¢, u, ®, H) € Q (0,7} ) satisfying the estimates for any € [O, Tl]

inf {c+1,06+1} >0

xeR3,0<<T,

and
1

s

H2

t 2
(o, u, &, H) (O]l 11, / IV @0, B Oladr [ < /e (o u’, 6%, HO)
0

where ¢; > 0 is a constant.

Proof. We can easily use iteration technique, the fixed point theorem and the maximum principle to prove the proposition, please
refer to"+". O

Proposition 2 (A priori estimates). Let (0, T) be given by (Z8) for some 7' > 0. Assume that the Cauchy problem of (Z2)—
(23) with initial data (¢°, u’, ©°, H’) has a solution (¢, u, ®, H) € Q (0, T), then there exist a small enough constant ¢ > 0, such
that if

C=: sup |(c,u,0,H)(D]ly <e, (27

0<I<T
then for any ¢ € [0, T], we have

t

(o u. 0. H) ()], + / (1V6 @I2, + IV (. 0. H) (|13, dz
0

<o || (¢°,u’, @, H') (t)| (28)

2
H?’

where ¢, > 0 is a constant that does not depend on T'.

Remark 2. Some remarks concerning Proposition D are listed as follows:

o It is worth noting that ¢, depends not only on 7', but also on € and ¢,. In addition, if the initial data (00, u’, @, HO) also

satisfies ” (ao,uo, 0% H) ”H2 < min {e/\/c_ €/+/c ¢, }, then we can deduce the global existence of the solution, see
Theorem D.

e Under a priori assumption (1), by using Sobolev imbedding inequality, we can easily deduce

%<p+1,0+1<%. 29)
We further obtain
|82 ()], |y (6,0)], |hy (0,0)|, |73 (0,0)] < c5 (|| +1O]) (30)
and for any integer k, > 0, k, > 1,
|6, @) < e, 31)
|89 @) |1 ) @.0)], |1, (0.0)| < e, (32)

where c; is a positive constant.

With Propositions -2 in hand, we easily get the following global existence result, the proof of which will be provided in
subsection E3.
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Theorem 2 (The global existence). Let (0'0, u’, @9, HO) € H? (IR3 ) . There exists a positive constant ¢, such that if

€, < min {e/\/c_,e/\/clcz}, (33)

then the Cauchy problem of (Z2)—(P3) with initial data (00, u’, @0, HO) has a unique, global-in-time classical solution (¢, u, ®, H)
and for any ¢ > 0, we have

t

(e, u.0,H) DI} + / (Ve OI%, + IV (0,0, H) (0)]1%,,)d7 < ¢, 6}, (34)
0
where €, is defined by

6 = | (" u’. 0% H)| | < oo (35)

H2

4.2 | Proof of Proposition 2

This subsection is devoted to the proof of Proposition [, in which the essential step is to establish some energy estimates of the
solution (o, u, @, H). Thus the proof can be divided into two parts:

o First, we will pay attention to the energy estimate on the lower-order derivatives of the solution, see Lemma [ for details.

e Second, based on the energy method, the estimate about the highest-order derivatives of the solution (o, u, ®, H) will be
established, see Lemma B for details.

Lemma 7. Let

1
& = 5 (Ilollf, + Il + 1015, + IHIG,) +a / Vo - udx, (36)
R3
then we have
d a u (my+my)
ZEO+ Vol + IVl + ———— divully,
1 1
+ 5 IO, + 5 IVHIG, <0, 37)

1 11 (nte)
6(#1"’/‘2) " 3py’ 37 4

where 0 < @; < min { } is a given constant.

Proof. To start with, applying V* to (22),—(22),, and multiplying the resulting identities by V*o, V*u, V¥®, V¥H respectively,
summing them up, and then integrating over R3 by parts, we can obtain

i (1ol 9ol [0l [vull, ) . o*valf,
+ (1 + 1) ||deivu||2Lz + ”V"VG)”ZLZ +||vivn ZLZ
= (VFe, VEN)) + (VEu, VEN,) + (VFO, VENG) + (VEHL VAN, . (38)

Next, by taking (V(Z2),, u) + {(I2),, Vo), we have
%/u- Vodx + / Vo> dx = ||dival|3, + g, /Au -Vodx — / VO - Vodx
R3 R3 R3 R3

+ (;41 + ﬂz) / Vdiva - Vodx
R3

+/VNl'udx+/N2'V6dx
R3

R3

5
=: ||divul|?, + ) K. (39)

i=1
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For a given constant a; > 0, we can utilize Young’s inequality to get

a 5 3051;4% 5
a Ky =au; [ Au-Vodx < €||V0||L2+T||Au||“,

R3

1. = < a 2 3a, 2
aKy=—-a, [ VO-Vodx < E”VU”L2+7”V®”L2

[R3
and

3“1(/41 "‘/42)2

a
0K = ay (uy + ) [ Vaivu- Vodx < L IVol, + =25

R3
And then, we add up a; X (BY) to (B8) with k = 0, 1. This togother with (EI)—(E2) implies that

1d
==1lloll3,, + llull?, + 1®13,, + HI3,, +2a, [ Vo -udx
2dt

R3

4 ve? Vul2 divull, + [[VOI2, + | VH]|?
+ > IVl + p i U||H1+(141+M2) ldivual|3,, + [[VOI7, + [IVH] %,

2
3o, u? 3a 3ay (1) + Ha) . .
< —— lIAullg, + == IVO}, + ————[IVdivul[}, + a, [|divull7,
+/V6-VN1dx+/a~Nldx+/Vu-V./\fzdx
R3 R3 R3
+/u-J\f2dx+/V@-VN3dx+/®-N3dx
R3 R3 R3
+/VH-VN4dx+/H-./\f4dx+al/u-V./\f]dx+(x,/VU-dex
[R3 R3 R3 R3
2 10
3a, u? 3a 3ay (4 + Ha) . .
= — LilAul?, + 71 IVel?, + — IVdivall}, +a; [ldivall}, + ) S;.

i=1

o2
[IVdiva]|7, .

(40)

(41)

(42)

(43)

Now, we turn to estimate the nonlinear terms S; (1 < i < 10) on the right hand side of (E3). For the term S|, by applying

integration by parts, Holder’s inequality, Young’s inequality, Lemma 0-2 and (), we deduce that

S =- / Vo - V (div (ou))dx
RS
<ec ||V20'HL2 IV (cw)| >

2

<c| V2|, (1ol ullw + 1Vull2 ol )
2

<ce “v 0'”L2 IV (e, wll -

<ce <||V20'

Similarly, S, can be estimated as follows

2 2
L TIVEwl, ).

S, = —/adiv (cu)dx
R3
<cllollzs IV ewll ¢
<c llollze (Vo2 lull s + llollizs IVl 2)
<ce ||V (o, wl3 .

(44)

(45)
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Next, for the term S;, by using the definition of N. »» Holder’s inequality, Young’s inequality, Lemma 00, () and (BO)—(B),
we get

CA =/Vu-V (—u-Vu—h,(6,0)Vo - h,(5,0)VO) dx

R3
+/Vu-V(gl(a)(H-VH—H-VTH))dx
R3
+/Vu-V (=g, (0) (uAu+ (p; + pp) Vdivu) ) dx
R3
<[ v2u] . (19ullz full o + 1 @, ©)]] < V6112 + [|2 (0. ©)] . VO )
+e||V2u|, (ller @] o 1B IVHL: + [|&y @] || V0], )
<ce <||v (0,u,0,H)|%, + Hv2u i) . (46)
Similarly to (B6), S, can be estimated as follows
S, =/u- (—u-Vu—h,(6,0)Vo - h,(6,0)VO) dx
R3
+/u- (g (c)(H-VH-—H-V'H)) dx
R}
+/u- (=g, (o) (uAu+ (p; + py) Vdivu)) dx
R}
<c llullgs (IVall 2 lull s + |2y (0,0)|| 5 IVl 2 + Ay (6,0)]| 12 IVOIl 12)
+ellulls ([le @) s 1B IVH: + 8 @)« || V0], )

<ce (uv (0. u.©.H)}; + |V

2
L2> : @7)

Thanks to Holder’s inequality, Young’s inequality, Lemma -2, (Z7) and (BO)—(B), the estimates of S5 and S can be given as
follows:

S5 = / VO -V (-(u-V)®-g,(0)AO + g, (o) (¥ () + (curlH)*) — h; (0, ®)divu) dx

R3
<c[v?e|,. (Il 19012 + [lg @]« | V20, + 13 (0. O] . Va2 )
+e||v26) . (ller @l I1Vull 1Vull s + [|g) (@] IVHILo IV :)

<ce <”V2 (u,0, H)

v @)HL) 48)
and
Se = / O (—-V)®—g,(0) A0 + g, (o) (¥ (w) + (curlH)*) — h; (,0) divu) dx
4
<cll®ll e (Ilull2 1Vl : + g @], [0, + I1As (0. O] 1Vl )
e l1©1 6 ([l @] 1Vull 2 1Vull s + |[g) @] 1o IVHI - I VHIL )

<ce <||v (u, 0, )|, + ||V2®||2L2> . 49)
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For terms S; and Sy, we similarly derive that

5'7=/VH-V(H-Vu—u-VH—Hdivu)dx
R3

<c

|V2H

B (IHl o IVl g2 + [l o [IVHI 2 )
2
12

Sg =/H-(H-Vu—u-VH—Hdivu)dx
[R3
<c 1=l s (IH]l s 1Vull 2 + flull s [IVH] 2)
<ce |V (w, W3,

<ce (nv (wH7, + | v°H

and

Next, by Holder’s inequality, Young’s inequality and Lemma -, we can conclude

59=—a1/(divu)-./\fldx
R3

<C(X1 ||diVu”L2 ”‘N.l 12

<ca [[Vull > (IVullz2 lloll s + ull s Vol )

2
SCC(IG ”V (0-7 u)”LZ
and

S0 Lcay ||Vo|l 2

Mol

<ca; [IVoll gz (lull g IVull gz + ||y (0,0)]| L VGl 12 + || 12 (0, ©)]| 1 VOl 2)

+eay [[Vol| 2 (||g1 ©)| L~ I1Hl s IVHII 2 + [|g2 (0)]] 1 || V70

2
2 )’

)

<caye <||V (0. w0, 1)}, + |Vu|

where the definitions of NV; and N, are used.
Finally, putting the estimates (B4)—(E3) into (E3) yields

d
¥, ol + il + O3, + IHI3, + 24, / Vo - udx
R3

a) 2 2 . 2 2 2
iy IVollZ, + uy IVull?, + (4 + up) ldivull3,, + VO, + [IVHI|3,,

3oy 7 3ay () + 1)

2
+e(l+ay)e <||V(a,u, e,H)|2, + HV2 (c,u,0,H)

2 3a, 2 . 2 . 2
< |Au]l;, + — Ivel;. + IVdivu|l7, + a; [|dival|;,

2
)’
where «, is a fixed constant satisfying

0<a <mind L L 1lmtm ]
6(/"14‘#2) 3 3 4

Obviously, this implies that (Bf) holds.

Now we turn to the energy estimate on the highest-order derivatives of the solution.

Lemma 8. Let
2

&=:1 <||vza|| A L o ) e ||vzH||;) +a, [ V¥ Vudx,

R3

L

(50)

(G

(52)

(33)

(54)

(35)

(56)
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it holds that
ie,, (1) + @ IVVolP, + M ||V2divu||iz
‘VZVu ”V2 HV2
<3 Livvel?, + w ||Vdivu||iz +ce HV2 (57)

1 1 Hithy 1
6u” (i)’ 4 76

where 0 < @, < min { } is a given constant.

Proof. Firstly, applying V? to (I2),~(Z2),, and multiplying the resulting identities by V?c, V?u, V20, V2H respectively,
summing them up, and then integrating over R? by parts, we can obtain that

124 vl

2 2 2

+ (i + ) | V2aivu|| |+ | v2ve| | +||vivH||

= (V?6,V2N}) + (VU VP N,) + (V?0, V2 N3 ) + (VPH, VPN, ) . (58)
Secondly, we multiply V(£2), by VVe. By using (£2), and Young’s inequality, we get

%/VVG-Vudx+/|VVa|2dx
R3 R3

=u1/VV6-VAudx+(/41+/42)/VV0'-VVdivudx
R3 R3
/vva VV@dx+/|Vd1vu| dx+/(VV0' VN, + Vu - VVN, )dx

R3 R3

2 2
<! 3ui 3(p + 1) .
5 19Vl + — IVAull}, + ————[IVVdivulj,

vl [l fven f o oeva]

L2

U’l\)

Z||vvels;, + ||Vdivu||L2 + / (VVo - VN, + Vu- VVN)dx. (59)
R3
By taking a fixed constant a, > 0, we then sum up a, X (89) and (B8) to obtain

[\)

Al e[l + ool [von], + 20 f vver vuas

R3
+ ”V Vu” (1y + 3 Hvzdwu(r +||v2ve)” +”V2VH” +—||VV¢7||
Pl 2”‘ IVAu|?, + 3(”lf)nvmwny 22 |vvelp,

+a, ||Vd1vu||L2 +(V2e, V2N + (VU VPN, ) + <V2®, VAN3)
+(VH,V’N,) + oy / Vu-VVNdx + a, / VVo - VN,dx
R3 R3

2
3o 3o, (1) + 1)
=i —— IVAull}, + —————

|V Vdivu|l?,
6
432 ||VV®||L2 +a, [[Vdivull?, + ) Q,. (60)

i=1
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Next, we will continue to estimate the nonlinear terms Q; (i = 1,2, ...,6) on the right hand side of (B). By integration by
parts, Holder’s inequality, Lemma -3 and Young’s inequality, Q; can be bounded as

Q, <c L/ V2o - V2 (odivu)dx + / Vi - V? (u-va)dx]
3

R3
2 2 :
<e|v2a] . (]|vo]| . ncivull . +

|V2divu”L2||cr||Lm>
+c Hv%”; lldival| . + CHV20'||L2 ||v2 (u- Vo) - V2Vo - u“LZ
2
<c Hvz"”u lldival] . + ch%”Lz ||a||H2||V2divu||L2
we|[ Vo, (770l Vol + 190l o] )
2 2
<ce (”v%”ﬂ + HV2 (G, u)||L2> : 61)

Making use of (B)—(B2), (B) in Lemma B, integration by parts, Holder’s inequality and Young’s inequality, Q, can be estimated
as follows:

0, <c<|<V3u,V(u-Vu)>|+’<V3u,V(h1 (6,®)Va)>|+|<V3u,V(h2(6,®)V®)>|>
+e <|<V3u,V (g2 @) Aw))| + [(Vu,V (1, + 12) & 0) Vdivu)>|>
+e (|(Vu.V (g1 @) H-VH))| + (V0. V (g, @) H- VTH))|)
<e||v2u] . (IVall el Vull,s + il | V2] )
+c’v3 H |5 (.0~

(
e 7. (I 0. Ol
(
(
N

v2 ’ +]|VA, (0, 0)|| . IVoll s )

v2®H +||Vhs (0, 0)|| s IVOl 5 )

+e|V2ul , (lle @] <72l +[|Ver @] sl Aull»)
+ch3 H g2 (@] IV Vdivull 12 + || Ve, (0)| 1o | Vdivul| )
+e|| Vu|| , (ll&s @I IV H - VEDI 2 + [ Ve, @)]] o IH - VHII )

<ee <”V2 o[} + vl ). (62
By a argument similar to (62), we can deduce that
Q, <c <|(v3®, V(u- V®))| + |(v3®, Y (& (o) A@))( + |(v3®, v (e, (0)‘P(u))>|>
+e (|(v20.9 (5, () (curll)?) )| +|(V?0, V (1 (0, ©) divu) }|)

<e||v*e . (vullsIvell,: + lull||v>e) )

+e[[v°0). (IVg: @] 18I + [l82 (@] = IV 2O )

rel[ 7], (IVs @llus| Vo7, + s @ [v7w7] )

+e|v2e||,, (198 @)l corti?]| , + g, @]l ||chr1H||Lf,||VH||L3>
(

+|| V26| . (IVhs 0.0 lIVull s + |13 (0. O ..

vil..)

<ce <||v2 (,u,0, H)H; +[|v* w.e, H)Hi) (63)
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and
Q, <c[(V*H.VAL)|
<e (|<V3H, VH-Vw)|+ [(VHV @ VID)|+ [(VH.V (Hdivu)>|>

vl )

vl,.)

<e[| vH]|, (1VHIVul, + IHI,

+c|vH| L (IVull VR + -

2 2
<ce (|vu[}, +[v:@m], ). (64
For the term Q5, we also have

Qs=—a, / Vdivu - VN dx
R3
<cay ||Vdivul 2| VN2

2 2 2
<ea][VPull, (|70l telee + 2] o

<caye ” v? (o, u)||2L2 . (65)

For the term Q¢, we use (8) in Lemma B, integration by parts, Holder’s inequality and Young’s inequality. This together with
(B0)—(B2) deduces that

Qs <cay[|[VVo |l 12||[VN|| 12
<ca2”v26”L2 (”v (u-Vu+ h, (6,0) Vo + hy (5,0) VO

g (o) (H- VH + H- VTH) + g, (0) (Au + Vdivu)) ”L)

vl,.)

VZGHLZ + ”Vhl G ®)||L6”V5||L3)

IVull ol Vall s + flul
171 (. O]

(
(
+ca, ’V 6“ <||h2 (0,0)||,-
(
(

<ea| Vo] .

+ca2HV2 ”

v2e|| , + VA, (0.0)] .IVell, )
veay|[ V20|, (Iler @ < IVHILIVEIL: + g, @) 18- | V2H]) )
+eay| V2|, (V81 @] o 11l I VH 1)

veas[ Vo], (e @l [V'0] . + 1V @ [v20] )

Scape <||v2 (0,0, H)||2L + ||V3u||2Lz> . (66)
Hence, by putting (BI)—(BA) into (B0), it yields

Zdt{”w ” +[|v2u ” +HV2®H +HV2H” +2a2/VV6 Vua’x}

R3

#1 Mz

+2 LML + 4 ‘vzv ”

(/41 #a)
4

where a, > 0 is a fixed constant satisfying

+
O<ay<mind 4, L itk 1L (68)
611 6 (uy + uy) 4 6

This completes the proof of Lemma B. O

[veaival, + 5 [veve],, + 3

5 [veval,,

<5 IVVeI, + IVdivallZ, +ce || V2 @ 0.1 (67)
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With the help of Lemma [-8, Proposition [ can be proved as follows
Exploiting the definitions of £ and &, and Young’s inequality, we can easily deduce that there exists a constant ¢, > 0, such
that i , ,
o (e, u, 0, M)}, <&@+ &, @) <cylli(o,u,0,H)[y,, (69)
which implies
&0 +&, 1~ (0,0, W7, (70)
Summing up (B2) and (B7), and then integrating the resulting inequality over [0, z], we obtain (E8) for the sufficiently small €.
This completes the proof of Proposition [.

4.3 | Proof of Theorem 2

Under a smallness assumption (H) and a priori estimates given in Propositon [, we can extend the local existence of the solution
in Proposition M to the global-in-time solution. The idea of proof is similar to®’. Next we give the proof for reader’s convenience.
Step 1: First, we assume that the initial data satisfy €, < ¢/ \/c_1 . With Proposition [ in hand, there exists a unique solution

(o,u, 0, H), which satisfies
G, 1= sup [0, u, 0, H) )l < /66 < e. (1)

0<t<T*

More importantly, if € also satisfies €, < €/4/c;c,, then by Proposition [, we have

€ </, 6y <e/y[er.
Step 2: Note that T* depends only on €, we take the initial time as 7™, then the system () with the initial data
(c,u,®, H) (T*) still has a unique solution on ¢t € [T*,2T*]. Also, ¢, does not depend on ¢. Using Proposition [l again, we get

€, := sup [[(6,w,0,H) (D)l < /e, <e. (72)

T*<t<L2T*

Making use of (1) and Proposition I, we further get
sup (10, w0, 0, H) )l 2 < /e, €y < €/4/cy.

T*<t<2T*
Obviously for 0 < t < nT*(3 < n), we repeat the process above.

Consequently, under the condition (B3), we can extend the local-in-time solution to the global-in-time solution. This completes
the proof of Theorem 2. Since the proof of uniqueness is standard, we ignore it here. Interested readers can also refer to™.

5 | PROOF OF DECAY-IN-TIME ESTIMATES

Under the premise that the global existence and uniqueness of the solution are guaranteed, it is meaningful to study the decay-
in-time of the system (0)—(2). Next, we turn to discuss the long time behavior of the solution for the system.

5.1 | Some decay estimates for the linear system

Based on the observation of cancelling the low-medium frequent part of the solution, the following lemma can be obtained

Lemma 9. It holds that

”V2 (0,u,®,H)”2L2 <ce ' ||v? (%, u’, ©°, HO) i
t
+e / e=-0 || 2 (GL,UL,(’F)L,HL)(T)”ZdeT, (73)

0
where ¢ > 0 is a constant.
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Proof. To begin with, we multiply V(Z2), by VVc*, use (22), and integration over R? by parts to obtain

—/Vva - Vudx —yl/VAu VVade+(;41+,uz)/VVd1vu VVeoldx
R3 R3
—/vve)-vvade+/(Vdivu-Vdivu - VVo - VVoh)dx
R3 R3
—/(VNIL-Vdivu—V./\fz-VVaL)dx. (74)
R3
Similarly to (E0)—(E2), by using Young’s inequality, it yields

(11 + 2)

d H
—E/VVGL-Vudx <71||VAu||2LZ+ 5

R3

, 1
IVVdivuly, + 2 [V VeI,

+[|Vdivall%, + 1 HVdivuL(

2
IIVNzlle : (75)

2
Lz) . (76)

By taking a fixed constant a,, we add up a, X (I3) to (&2). This together with (IZf) and Lemma B yields that

4 _ L % vz
= [Sh(t) az/VVG Vudx]+ . “v &

R3

22 + (M+3) [vvet|’.

1
3 IVVol2, + = |VNL

5|
From Plancherel theorem, (b)) and Lemma D, we can get

VL] VA < ce (92 om0+ [

H1 0o [lo2n||?
+ zrfq)”v |+

% [ve

2
L2

) ||vzd1 ||2 e,

2
4 ” 2 “V
Hy+ 1

+ a (#1 + ﬂz)

2

IVVdivul2, + ca, <“VVO’L||2LZ + ||VdivuL“2LZ>

+ce(l+ay) “V2 amn

With the frequency decomposition (@) in hand, we further put 5 R} || V>u* || 12 iRé Vet ||2L2 on the both sides of (Z2) to get

%[gh (t)—az/VVO' Vudx]+ HV2

R3

R

+ 2R |VPu

L2

(/41 + /42

[vaial. + 585 [ve],
< (3 + - ) IIVVG)ll <(M1 7 ) +a2> ||VdiVll||iz 2/41 IV Au ”

+ a (M1 + Mz)

2
+ ‘l‘R?) ”VZGLHZ +ce(l+ay) ”V2 (o,u,

+31vel,

1\

IVVdivull2, + ca, vaaLH; + (%Ré + caz) ”vZuL ?

L2

(78)
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4(py+uy+1
(l 2 )’4

}, hence we have
Hy

Furthermore, notice that ¢ is small and R(Z) satisfies R(Z) > max {

% Sh(t)—azk[VVG - Vudx +—”v2 16 0”V2 %”Wu
e L T L I A M

c|v? (o*,ut, 08 1) . (79)

On the other hand, by using the frequency decomposition (B) again, we obtain
&, (t)—az/VVaL~Vudx
R
=5 (Il ol el o vy, ) e [ vt v
R3

where the definition of &, (¢) have been used.
For the second term on the right hand side of (B), by utilizing integration by parts, Young’s inequality and Lemma B, we get
a, / VVe" . Vudx = - a, / Vo' - Vdivudx
R3 R3
a Al L% o2
<= =
<7 |[ve"| . + 5 Ivdivull},

@ 2 |I?
S?”VO- 2+

2
L 8D)

ar} ’Vzu
2

where the fact 0 < a, < é have been used.
More importantly, by combining (IZ9) with (B0), it is easy to deduce that

E, () —a, / VVet (82)
R3
Thanks to ([[9) and (2), there exists a suitable constant c¢5 > 0, such that
% &, (t)—az/VVaL~Vudx +¢5| &, (t)—az/VVaL~Vudx
R3 R3
2 L gL
<c|v? (et ut0 H)L2 (83)
Thus, by using Gronwall’s inequality, we immediately obtain
E, () —a, / VVol - Vudx
R3
e | &, (0)—a2/VV0'OL-Vu0dx
R3
t
2
+c / e ||V2 (oF,ut 08 HY) ()| d7, (84)
0
which implies ([3) . O

In this subsection, what left is to calculate the estimate of the low-medium frequent part of the solution. To this end, we need
to analyse the asymptotic expansions about 4; (|¢]) and "€ in the low, medium and high frequency, respectively.
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First of all, in view of the clear understanding of the system (Z2)—(I3), we decompose the velocity u, and let m = A~ ldivu,
M = A~ 'curlu with (curlu), ;=0 jui — 0,w/. Then the following system can be derived from (Z2)—(I3)

ra, +Am = N,
m; — (Zyl + ,uz) Am — Ao — AO = P,,

30, — AB® + Am = N, (85)
H, - AH = N,
(o,m,0,H)(0,x) = (¢, m’,0°, H’) (x).

Besides, M = A~ !curlu satisfies

{M, - AM = A~ curl N, (86)

M (0,x) = M° (x),
where P, := A7'diviN,, m® := A~'diva® and M° := A~'curlu®. Due to the identity A = Vdiv — curlcurl, we get the relation
u = A~' (Vdivu — curlcurlu) = —A~'Vm + A~ curl M. (87)

Moreover, we observe that M satisfies the form of standard heat equation. For the heat equation, by direct calculations, we can
obtain the following lemma, see %,

Lemma 10. For the solution M of the linearized equation of (Ef), then there exists a constant ¢ > 0, such that

|7 @8] <cer |00, (89)

for all |§|2 > 0, where M stands for the Fourier transform of M.

Now let’s go back to the linear system of (89). First, by performing Fourier transform at x on both sides of the linear system,
we have

o, +|&|m=0,
i, + (240 + 00) 1E17 = 1215 = 1216 = 0. )
O, +[£°0 + ¢l /i = 0,
H, +[¢PH =0,
that is, R R R
+ANEDV =0 (90)
with the initial data V (0) = <80, 0, @, ﬁO>T, where V = <8, 7, 0, ﬁ)T and
0 |&] ) 0 O
Adeh = (I)él (2u +|§u|2) €l |‘§||§2| 8 o)
0 0 0 &P
By solving the ordinary differential equations, the solution of the system (B0) can be expressed by
V = AUV (0) . 92)
And then, by performing inverse Fourier transform, we immediately have
VoOy=A®V(©), 93)

which satisfies A (1) V =: F~! (e—rﬁ(lé hV (cf)). Thus, we get the solution of the linear system of (83).

On the other hand, let the eigenvalues of the matrix (EI) be 4;(j =1,2,3) and —&)2, according to the semigroup
decomposition theory proposed in®*, we can rewrite the semigroup e~"4(¢D as follows

3
oAU — Z P () + el (&), O
j=1
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where the projectors P; (j = 1,2, 3) and P, satisfy
Apds— el V1P +(do+45) €] g 0
(41=42) (41 =43) (A=1)(A—43) (A=) (4-43)
el (ot d)IEl PIel+r (ot d) 2]l 4hods  —(hotds) =G4 DIEP
Py =| (h-)(di-4) (1=42) (i =4s) (i=4)(h=4) : (95)
-l (Aa+43)IE1+G+DIEP hads (At As—1)EP el 0
(Ai=4)(A1=43) (21=42) (A1 =13) (Ji=22)(M1=23)
0 0 0 0
MAs—lEl yIEP+(+43)1¢] 12 0
(Ao=41)(A2—43) (A=4)(4—23) =) (Fa—23)
v GO 1 5 e GO | e e CORZ0Y ) i I I
P, =| (=4)(4—1) (h=4)(A—43) (,12_/11)(,12_,132) i (96)
-l (A+4:)E1+G+D) g1 I+t DI
(ha=41)(%2=45) (A2=4)(A=45) (A=4)(22=13)
0 0 0 0
A A —lél PIEP+H(A+4,) 1€ —le? 0
(43=41)(43=42) (43=41)(A—14,) (A3=41)(43=4,)
“rleP=(Ath)lEl PP+ (ht+h)-2]leP+hd  —(hi+d)IEl -G+ DIEP 0
Py = (h=4)(A-4) (A3=41)(4=4) (A=41)(A5—42) (Cn)
—leP (M+A) e+ +DIEP A+ (h+ay-1)lEP+lel 0
(4=41)(43-4) (A=) (23—1,) (s=21)(As—22)
0 0 0 0
and
_ (O3x3 O3
Pa= <01><3 1) ©8)

with a positive constant y 1= 2u; + p,.
With the help of (84)-(R1), by tedious calculations, we also obtain the asymptotic expansions of A U= 1,2,3), see® for
details.

Lemma 11. (1) If |&] satisfies || < r, then the eigenvalues 4;(j = 1,2, 3) of A (]&]) have the following expansion
Ay =—blel +0(lgl*)
Ay = —bylél* +i (by €1 + O (I€F)) (99)
Ay = —by|E =i (b31€1+0 (|f|3)) .

(2) If || satisfies ry < [§] < Ry, then for some constant ¢ > 0, the eigenvalues 4,(j = 1,2,3) of .2(|4‘;|) have the following
spectrum gap property
Re (4;) < —c. (100)
(3) If [&] satisfies |£] > Ry, then the eigenvalues 4;(j = 1,2, 3) of ./T(|§|) have the following expansion

1 2
——+0 :
2uy + py (lél )

b = -l +0(1), aon
Ay == (2 + 1y) l€]* +0(1),

Alz

where r,, R are fixed constants defined in (B), and all b, (i = 1, 2, 3) are real constants.
Next, with Lemma [l in hand, we have
Lemma 12. Let r, R, be given in (B), then there exists some constants ¢, cg > 0, such that
ce™ i f el <
| 40| < Jees,if ry < 1< Ry, (102)
ce™,if |&] > Ry,

where ¢;, c¢g depend only on ry, Ry, y; and p,.
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Proof. Please refer to™ for the proof. O

Based on the above estimates on 4; (j = 1,2, 3) and e~*4U¢), we can further estimate for the low-medium frequent part of the
solution.

Lemma 13. Assume 1 < p < 2, then we have
3(1 1 k
[V (a0 V)|, <ct+07 6 v o, (103)
for any integer k > 0.

Proof. From the Plancherel theorem, (82) and Lemma [, we can deduce that
1

”V" (oF, mb, O HE) (1) (i&)* (a n/1\Lé\LI-/I\L>

L? _’ 2
L§

- /'(i.f)k (ﬁ,rﬁ,(ﬁ,}ﬁ)(né)

R3

o=

2
dé

1

A A 2 :
< / |§|2"’(8,m,®,H)(r,é) dé

\¢I<R,

1

2
<ec &2 emest dé

O<IEISRy

2
+c / |§|2ke—c7|§| 1

\&l<ry

By applying Holder’s inequality and Hausdorff—Young’s inequality to (I04), it is easy to get

<3, 7,0, ﬁ) 0, &)

1

2
déf . (104)

(8, 0, ﬁ) 0, &)

HV" (c*,m", 0" H") (t)”L2 <e(1+ t)‘%(%‘ﬁ)‘%

(8, 7,0, ﬁ) 0, &)

L
_z<1_1>_z
el +n272)7 ’(ao,uo,G)O,HO) . (105)
By a similar argument, by using (B¥) in Lemma [0, we have
kmt < G150
“v M (t)||L2 <e(l+1) Nl (106)
Obviously, combining (I3) with ([0A), we get (TO3). ]

5.2 | Optimal time-decay rates for the nonlinear system

In this subsection, we will establish the optimal time-decay rates of the solution for the nonlinear system (Z2)—(I3). To this end,
we denote V (¢) = (6 (1) ,u(r), O (1), H())", then the nonlinear system (£2)—(23) is equivalent to the following form

V,+AV = N (V) (107)
with the initial data
Vo = V(0),
where N (V) =: (N, Py, N3, N

By using Duhamel’s principle, the solution of the nonlinear system can be rewritten as below

V(t)=A(t)V(O)+/A(I—T)N(V)(r)dr. (108)

0
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Moreover, with the help of Lemma [3, we immediately have the following conclusion.

Lemma 14. Let the assumption of Lemma [ be satisfied, then there exists a constant ¢ > 0 such that

[VEVE @) . <est o DIV )l + e / a+r-o W w@), e
0

+c6/(1 +— D) N (V) (@) d7 (109)

[STEN

for any integer k > 0.

In what follows, we will employ Lemma B and Lemma 4 to get the optimal time-decay rates of the solution. The details are
listed as follows

Lemma 15 (Optimal time-decay rates). Let the assumption of Theorem [ be satisfied. Then the global solution (o, u, ®, H) (x, 1)
of the system (Z2)—(I3) obtained from Theorem D enjoys

3k
”V" (6,u,0,H) (t)||L2 <e(l+ t)_(‘_‘+5>, k=0,1,2 (110)
for any ¢ € [0, 00).

Proof. To begin with, we denote

2
H@ = sup Y (1+7)i*

V¥ (o,u,0,H) ()| . (111
o<t k=0 L2
Clearly, H () is non-decreasing, and for 0 < 7 <7, 0 < k < 2, we have
3,k
[V ewem@| , <+ o ), (112)
where ¢y > 0 is a constant that doesn’t depend on e.
Step 1. Now we estimate the terms on the right side of (I09). From Hoélder’s inequality, (IT2), we can get
[N V)@ Sli(e, 0,0, W) 1[IV (0,6, 0, W)l 2 + llo]] 12 ||V (u, 9)( L
+[|Vull?, + I VHI[,
<SeH () (1 +7)75. (113)
Similarly to the above estimate, it is easy to calculate that
IV V) @l Sl w0, B IV (0,0, 0, Bl + lloll | V2 0.0 ,
IV (| 1V (u, H)|[ o
Sl w0, Wl V2 0.0, 0,1, +lloll,| v @.0)] ,
HIY @l [V B,
l-w, 1y l+w _(z*‘le)
SeTTHITTI (1 +1) \4AT (114)

where w, € (O, %) is a fixed constant.
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This together with (I9) and Lemma B deduces that
3,k ; 3,k 5
||kaL (z)||L2 <e(l +t)_(3+5)||V(0)||L1 +c/(1 rr— o () e (1 +7)idr
0
t
7,3
+c/(1 1) e TTHIT () (1 +T)‘(E+Z’”')dr
3
_(2"',2) 1-w 1+w
Sc(1+0) V2 (VO + eH (1) + e "™ H!*™ (1)), (115)
for 0 < k < 2. Putting (03) into (3) in Lemma B yields
t
2 2 1
V2V @), < ||V VO, + e (IV Ol + €7 1) / eI+ 1) e
0
t
Fee2 2T () / e=U=I(1 4+ 1) 3 dxr. (116)
0
From (I16), we use Lemma H again to obtain
2 7
V2V, <t +07 (IVOIR 0+ @)+ 2731227 ) (117)
By using (&) and ([8) in Lemma B, one has
2 2 2
k kyL kyrh
[Vl <e vt of, +e vV ol
2 2
kyL 2
< ”V \% ”Lz +e ”V V||L2. (118)
Hence, by putting (IT3) and (T7) into (IIX), we have
2 (2
Hv"v (t)“u <el+1 (3% (IV O3, + EH? () + €727 H271 (1)) (119)
for 0 < k < 2. Since € is small, by the definition () of H (), there exists a constant c,,, such that
c
H (1) < % (I, w,©,H) (O[3, + €*H* (1) + 2T H* 71 (1)) (120)
where ¢, is independent of €.
For the last term on the right side of (I20), by Young’s inequality, we get
l—-w, = 14w =)
C10€2—2‘w] H2+2wl (t) < 2 1 Cllo 1 2 1 € +o H4 (t)
1 -, ﬁ .
=: > ¢ +CH (1). (121)
For convenience, we define W, as follows
) 1 —w, ﬁ
W, i= ¢y ll(o,u,0,H) (O)HHzﬂL‘ + 7 o (122)
Thus, by combining with (I2Z0)—(21]), we can obtain
H? (1) S Wy + C.H* (). (123)

Step 2. Next, we only need to prove H (f) < c. Assume H? (t) > 2W), for any ¢ > ¢, with a constant ¢, > 0. For one thing, we

note that (1) € C° [0, +c0) and H? (0) is small, then there exists #, € (0,1, ), such that
H? (1y) =2W),.
In addition, by (Z3), we can get
H? (15) < Wy + C.H* (1),

(124)
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that is, w
H? (1) « ——2> .
( 0) h I- C€H2 (t())

We take a small constant €, such that C, < ﬁ. In other words, C,H? (to) < % holds. This fact together with (IZ5) implies that
0

(125)

H? (1) < 2W,. (126)

Obviously, (IZ4) contradicts with (IZ8). Thus, for any 7 > f;, We always have H? () < 2W),. And because H (t) is non-
decreasing, for any t € [0,4+c0), we have H (f) < c. Finally, by combining with (IT2), We complete the proof of Lemma
3. O
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