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Abstract

We develop a mathematical model to study the effects of non-pharmaceutical interventions (NPIs) on the dynamics of an
epidemic. The level of intervention is assessed as a fraction of the population being isolated and depends on the level of
incidence of the epidemic in the population. We perform the mathematical analysis of the model and show that, depending
on the choice of the prevalence-dependent isolation function, it is possible to create new endemic equilibria and to change the
stability of the disease-free equilibrium for which the epidemic vanishes. The model is then applied to the case of the covid-19
pandemic. Several NPI management strategies are considered. In the case of a NPI intensity increasing with the level of
infection, it is possible to avoid the initial epidemic peak of great amplitude that would have occurred without intervention
and to stabilize the epidemic at a chosen and sufficiently low endemic level. In the case of a NPI intensity decreasing with the
level of infection, the epidemic can be driven to extinction by generating an “Allee” effect: when the incidence is below a given
level, the epidemic goes extinct while above it, the epidemic will still be able take hold at a lower endemic level. Simulations
illustrate that appropriate NPIs could make the Covid-19 vanish relatively fast. We show that in the context of the covid-19
pandemic, most countries have not chosen to use the most efficient strategies.
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FIGURE 1 Reduction of the number of infections due to NPI. Infected individuals are represented in blue, and symptomat-
ic/presymptomatic in orange. (a) Without NPI, four infections occur. (b) With NPI, a proportion v = 0.5 of individuals
(shaded area). The number of infection is reduced to (1 — ©)? = 0.25 of the number of original number of infections.
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(@) Active cases (b) Cumulative cases (including reinfections)

FIGURE 2 Evolution of the epidemic in the absence of NPI v = 0, for 1 /y = 200 (blue), 400 (green) and compared to a model
without reinfection (y = 0, red dashed curve). (a) active cases per 100,000 (b) and cumulative cases per 100.000. The initial
conditions is (S(0) = N — 1, E(0) = 0, 1(0) = 1). Parameters values are f = 1.2, k = 0.27, and a = 0.67.
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FIGURE 3 Comparison of constant control strategies: v = 0.8 (blue), v = 0.5 (orange), v = 0.3 (purple), v = 0.2 (green).
Parameters values are f = 1.2,k = 0.2, & = 0.5and y = 1/200. N = 50,000,000. The initial condition is 1(0)=300 per 100,000.
(a) comparison of functions v and &, with stable (solid circles) and unstable (empty circles) equilibria. (b) evolution of the
number of active cases /. An insert show the details of the region 0 < 7 < 50. (¢) Evolution of the number of cumulative cases.
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(@) Functions v and ¢ (b) Number of active cases (/)

FIGURE 4 Comparison of strategies lowering the endemic equilibrium. Chosen functions are ¢ : I + v,/ /(I + 100), with
vy = 0.8 (blue), vy = 0.5 (orange) and v, = 0.3 (purple). Parameters values are f = 1.2, k = 0.2, @ = 0.5 and y = 1/200. The
initial condition is 1(0)=300 per 100,000 individuals. (a) comparison of functions v and &, with stable endemic equilibria (solid
circles). and an unstable DFE (empty circle). (b) evolution of the number of active cases I per 100,000 individuals.
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FIGURE 5 Comparison of control strategies which create an Allee effect. Chosen functions are piecewise linear maps, decreas-
ing from 0.8 to 0 from / = 0to I = 1, and equal to 0 elsewhere, with 1,,,. = 300 (blue). /,,,, = 50 (orange) and /,,,, = 500
(purple). Parameters values are § = 1.2, k = 0.2, @ = 0.5 and y = 1/200, for a population of 50,000,000 individuals. The
initial conditions is .S, = 60,000, E, = 800, /, = 100 for 100,000 individuals. (a) comparison of functions v and &, with a sta-
ble (solid circle) DFE and unstable (empty circles) endemic equilibria. (b) evolution of the number of active cases /. The early
dynamics is depicted in insert. (¢) Phase portrait. Stable equilibria are represented by a solid sphere, and unstable equilibria by
a di; d. in colors corresponding to their respective maps v. Surfaces indicate the basin of attractions of the stable endemic
equilibrium, the colors corresponding to their respective maps. The grey plane delimits the volume of possible initial conditions
(S+E+I+RZ<N).
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FIGURE 6 Epidemiological dynamics and NPI

2 for UK, France, Germany and New-York City. Left: time evolution
of the number of new cases, admission to hospitals, and NPI intensity v. Middle: phase portrait of NPI intensity v vs new cases.
Right: phase portrait of NPT intensity v vs hospitalizations. For each point clouds, a linear regression has been performed in
order to see if a linear relationship could be exhibited.
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FIGURE 7 Comparison of the different NPI strategies: constant control (blue). decreasing function (purple and orange) and
lower endemic equilibrium (green). Parameters values are f = 1.2, k = 0.2, « = 0.5 and y = 1/200, for a population of
50,000,000 individuals. The initial diti is 1(0) = 100 per 100,000. (a) comparison of functions v and &, with stable (solid
circles) and unstable (empty circles) equilibria. (b) evolution of the number of active cases /. Insert: an additional dynamic for
the initial condition $(0) = 45.000, E(0) = 200, /(0) = 800 for the orange strategy. (c) NPI intensity v(1).
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that in the context of the covid-19 pandemic, most countries have not chosen to use
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1 | INTRODUCTION

We present here a theoretical approach aiming at evaluating the effects of some Non Pharmaceutical Interventions (NPI) such
as lockdown, social distancing or teleworking in order to limit the number of cases. We discuss their ability to fulfill some
requirements such as keeping the number of cases at a level low enough to be managed by hospitals, or maintaining a lockdown
at a level low enough to avoid consequences that are too damaging to the economy. We are also looking for NPI measures in
order to bring about the eradication of the epidemic. In SIRS and SEIRS classical epidemic models, there exist a disease free
equilibrium (DFE) and a single endemic equilibrium (EE) which can be positive depending on the values of the parameters. A
basic reproduction number of the epidemic R, is defined and represents the number of people infected by a single infectious
person during his illness. According to the value of this parameter, there are two cases. Either R, is smaller than 1 and the
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epidemic goes extinct, i.e. the DFE is globally stable while the EE does not exist, or else the epidemic takes hold, i.e. R is
greater than 1, the DFE is unstable and the EE is globally stable.

The aim of this work is to propose NPI protection measures depending on the number of infected people to control and erad-
icate an epidemic. Therefore, a proportion of protected people is defined by function v(I'). Such infected dependent protection
measures significantly allows modifying the global phase portrait by creating several endemic equilibria depending on the par-
ticular choice of the function v(I). We will particularly consider choices of protection function which allow bringing about the
extinction of the epidemic. In particular, we will focus on a class of protection functions which generate an "Allee" effect. The
Allee effect is well known in population dynamics and ecology,!. The weak Allee effect keeps the population growth rate quite
low but positive at low density, while the strong Allee effect induces a negative growth rate below a certain threshold, 23, The
latter corresponds to a situation where the population goes extinct when its density is below the threshold. The Allee effect is
aimed to take into account the difficulties for mating, or still the absence of cooperative behavior between individuals at low
density causing the eradication of the species. In order to grow, the initial population must be at a sufficiently high density above
this threshold. In the case of an harvested population, a high price of the resource due in particular to its scarcity can also induce
an Allee effect. Equivalently, such an effect could happen in epidemiology context, when the number of infected people is too
small to start a wave of infection.

A judicious choice of functions v([I') allows generating two endemic equilibria, one at a low level, denoted EE1, and the other
at a higher endemic level denoted EE2. By analogy, the case where EE1 is unstable while EE2 is stable corresponds to an "Allee"
effect. According to the basins of attraction of equilibria, we can create a situation where any initial condition chosen below the
level of infection of EE1 can lead to the eradication of the epidemic whereas for any initial condition above, the epidemic settles
and stabilizes in the long term at the level of EE2. In this work we focus on a class of functions v(I) allowing to generate such
an Allee effect as well as any other class of functions allowing to cause the extinction of the epidemic.

The article is made up of seven sections. After an introductory part, section 2 presents a general SEIRS epidemic model
with infected dependent control, the mathematical analysis of the epidemic model, such as existence of endemic equilibria and
stability properties. In section 3, we discuss the application of the model to the SARS-CoV-2 epidemic. In section 4, we compare
several infection-dependent NPI strategies. Among these, we present a constant level strategy, a strategy to avoid a large-scale
epidemic peak and to stabilize the epidemic at an endemic level low enough to avoid congestion in hospitals and strategies that
allow generating an Allee effect which permits to provoke the extinction of the epidemic below some endemic threshold. Section
5 is devoted to identify which strategies have been used againts covid-19. Section 6 presents a discussion of the results with a
comparison of the different strategies showing the advantages, limitations and costs of each one. We conclude in section 7.

2 | A SEIRS MODEL WITH NPI DEPENDING ON THE NUMBER OF INFECTED PEOPLE

In the following model, the population is distributed among four compartments which are almost equivalent to those of a classical
SEIRS model: a compartment S with susceptible individuals, a compartment E with exposed individuals, a compartment
with both asymptomatic (infectious without symptoms onset) and pre-symptomatic (infectious before symptoms onset or test)
individuals. A compartment R contains individuals that have been removed from the infection dynamics, i.e. asymptomatic
individuals after recovery, and symptomatic individuals, who are assumed to be quarantined as soon as they get aware of their
condition (symptoms onset or positive test). We assume a constant total population N = S + E + I + R since the time scale of
the epidemic is small compared to the one of population growth.

We consider an epidemic focus, such as a country where the epidemic has just started. It is normally necessary to take
into account the urban mobility of individuals in the dynamics of the epidemic. We cite the work”, in which aged structured
individuals are supposed to move between their place of residence, workplaces, universities, schools, public places, shopping
centers and more places,® and”. In a previous model®, we also took into account the daily movements of people between their
home and the various places where they are required to move and where they are more or less protected from contact with
infectious persons as well as lockdown and protection by masks following the work by,

We assume individuals can switch between a normal state and a state in which they are removed from the dynamics because
of NPI such as isolation, lockdown or social distancing. Thus NPI result in a proportion v of the population being in the state of
isolation. We emphasize on the fact that maintaining a proportion v of the population in state of isolation does not mean that the
population is separated in two groups (one group with individuals that stay in normal state, and the other with individuals that
stay isolated), but that individuals can change state as long as this proportion remains constant. A NPI that imposes two days
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of teleworking per labour week (five days) would result in a proportion v = 40% of isolated people working from home every
day. However people may be in a different state every day. In the following sections, v will refer to a more general definition of
NPI intensity that will not only apply to lockdown or teleworking but also to social distancing or mask wearing, by assuming
that any measure is equivalent to a percentage of time spent in isolation. It should be noticed that measures such as lockdown,
stay-at-home or curfew apply to the whole population, independently of their infection status.

Infected individuals follow the natural process of the disease corresponding to a classical SEIRS model, i.e exposed individuals
can become infected after an incubation time i Infected individuals are removed after an average time i, either because they
recovered, or because they have been tested or are symptomatic, and thus quarantined. They lose their immunity after a time
%. The number of newly infected individuals per unit of time for the population in a classical SEIRS model is given by the

expression f % where f is the transmission rate of the disease for one infectious individual in a population with only susceptible
individuals. Since the same NPI rules apply to susceptible and asymptomatic/presymptomatic individuals, only a proportion
1 — v of both .S and I is involved in the disease transmission. Thus this expression must be replaced by ﬂw. Figure|l
illustrates the reduction of the number of infections: without NPI, four infections occur. With NPI, a proportion v = 0.5 of the
population is isolated (shaded area) and cannot be infected or infect others. Compared to the case without NPI, infections can
only occur between two persons outside of the shaded area, thus the ones with a red cross cannot occur anymore. The number
of infection is reduced to (1 — v)> = 0.25 of the original infections.
The modified SEIRS model reads

= =Bl - v T + YR,

% = g —u)z% — kE, 0
d—f = kE —al,
R

= al —yR.

Individuals who present onsets or who have been tested are supposed to be definitively isolated and removed from the dynam-
ics, thus belonging to the removed class R. To summarize, v represents the proportion of isolated individuals for whom the
status is unknown, while the isolation of individuals who have been recognized as infectious is part of the removal process
corresponding to the term af (see section [3.1]for more details on «). The parameters are summarized on Table[I |

TABLE 1 Parameters used in model

Parameter Interpretation

p infection rate

k transfer rate from exposed to infected. 1/k is the
average incubation duration.

a 1/a is the average time spent in the
infectious state.

Y transfer rate from recovered to susceptible. 1/y is the
average time before losing immunity.

v intensity of NPI, measured as the equivalent

proportion of the population in isolation.

Now, let us consider effect of NPI which depend on the number of infected individuals, i.e. we impose that the proportion of
individuals v([I) in state 1 depends on the intensity of the epidemic, i.e. the number of infected individuals I.
Since the dynamics of R can be deduced from the ones of .S, E and I, the dynamics is governed by the system
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&= =P — D) +y(N =S —E-1D),
% = (1 — u(DP*3F - KE, )
S = kE-al.

The resulting model is a SEIRS model with a modified transmission rate that reflects the NPI intensity which changes with

the number of infected individuals. One way to derive the previous SEIRS model would also be to consider the version of the
baseline confinement model in® and to assume that the proportion v(I) of isolated people depends on the number of infected

people 1. However, the classical SEIRS models can only have one endemic equilibrium while the model with NPI can have

several endemic equilibria and a different dynamics. The model obtained with constant v is similar to the one in®,

2.1 | Disease Free Equilibria

In mathematical epidemiology, Disease Free Equilibria (DFE) are defined as equilibria for which no individual is infected by
the disease, i.e. I = E = 0 in our model. Instability of the DFE usually corresponds to a value of the basic reproduction number
R, greater than 1 and is associated to the occurrence of an epidemic wave'l?, Equilibria of systemverify al —yR =0, which
implies R = 0 at a DFE since I = 0. Finally S = N — E — I — R = N, which makes (V, 0, 0) the unique Disease Free
Equilibrium of model 2]

2.2 | Endemic equilibria

Interior endemic equilibria (S*, E*, I'*) verify:
(L= oI = y(N = 8" — E* = I),
(1 — o(I")* - = kE*, 3
kE* = al*.

The equilibrium susceptible population can be expressed in terms of the infected one:
S*:N—<1+ﬁ+9>l*. @)
ky

The infected population I* verifies the following expression:

%(1—“1*))2 <N— <1+%+9> 1*) = a. (5)

Let us define the function o such that for I > 0,

H=1- 1 ) (6)

\/R0_£<§+i+;)1

N

where R = g is the basic reproduction rate of the SEIRS epidemic. We deduce from equation li that at endemic equilibria,

the equality

o(I*) = 0(I") )

holds. For a given control function v associated to a given set of mitigation measures, the set of endemic equilibria can be

determined by finding the solution of equation (7). In other words, each time that the graph of the chosen function v intersects
the function 9, it corresponds to an endemic equilibrium, as it will be illustrated in the next section.

Function 0 is a monotonously decreasing function and intersects the abscesses axis at the classical endemic equilibrium

Ipp = /}(750—_11#), reached in absence of mitigation measures (v = 0). We also note that H(0) = 1 — \/;To As shown in the

N

a k' y

following subsection, the disease free equilibrium (DFE) is stable if and only if v(0) > 1 — L.

VR
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2.3 | Stability analysis
We now study the dynamics of the SEIRS model by finding the stability of the equilibria (DFE and endemic equilibria). For the
sake of simplicity, we assume that v is C! around the equilibria. The Jacobian matrix for the SEIRS Model (2)) reads:

LU —uDPT =y =y =21 —0(1)*S -y + 2L (H(1 = (1)1 S
J= %(1 ) ]@(1 o(I))2S — 2fvu/(1)(1 —ov(InIs |. (8)
0 k —a

2.3.1 | Local stability of the DFE
For the DFE, (N, 0, 0), the Jacobian reads

-y —r =y — B(1 — v(0))?

Jpre =10 —k B -0v(0)* [ 9)
0 k —-a
We are ensured to find one negative eigenvalues, A, = —y < 0. We consider the remaining minor matrix J,; y:
—k p(1 - v(0))
Imin = < k —a . (10)

We find that its trace, Tr(J ;) = —k — a is negative and that the determinant, det(J,,;5) = k(a — B(1 — v(0))?) can be
positive or negative. It is positive when v(0) > 1 — —L_. Under these conditions, the DFE is stable and it is possible to generate

VRy

an Allee effect.

2.3.2 | Local stability for an endemic equilibrium

For any interior equilibrium (S*, E*, I'*), the Jacobian matrix simplifies by incorporating equilibrium expressions (3):

kE* kv (I*)E*
—y =Ky gl
T
* = - v . 11
J - kK a- 2(1—1}(1*)) (11)
0 k —a

The characteristic equation reads as follows:

B +a i +ad+a;=0, (12)
with:

a1=<a+k+y+k§>>0, (13)

200 T* *
k2 (I*)E ’ (14)

( —v(I*))

k2 /1* E*

v'(I7) (15)

(13 =L
(1 = o))
The Routh-Hurwitz conditions a; > 0 and a; > 0 are always verified for a positive interior endemic equilibrium. If v/ (I*) > 0,
it is easy to check that the last Routh-Hurwitz condition is also verified. Indeed, after simplification, a;a, > a; reads:

()

+}/(k+a)<a+k+y+kSi>+2k2(a+k+

(a® + k*

kE *)Mw. (16)

S* —ov(I*)

It is always verified for a positive endemic equilibrium when v/(I*) > 0. In other words, if the level of protection increases
with the number of infected individuals, the endemic equilibrium is stable. It is still true when v/(I*) < 0 and |/ (I*)| is small.
In other cases (v/(I*) < 0 and |o'(I*)| is larger than a given threshold), the equilibrium is unstable.

As a consequence, the stability of endemic equilibria is independent of the stability of the DFE, and equilibria with the same
stability can coexist.
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2.4 | Numerical simulations

In the following sections, analytical results are supported by simulations. Simulations are performed in Maple using a Fehlberg
fourth-fifth order Runge-Kutta numerical scheme (RKF45)1!. For ODE systems in epidemiology, it is important to ensure that
the numerical results are accurate and carry the qualitative properties of the solutions. Some studies focused on numerical meth-
ods dedicated to epidemiology, such as'? or'l3. However, like other papers relying mostly on the analytical study of the systems
(equilibria, stability, asymptotic dynamics) such as'#, we do not provide a complete proof of the convergence analysis (consis-
tency, stability), as simulations are used mainly to illustrate the dynamics. All simulations outputs appear to be qualitatively
consistent with the analytical results, as well as the numerical values (equilibria).

3 | APPLICATION TO THE COVID-19 EPIDEMIC

The onset of the Covid-19 epidemic was brutal with very high peaks of contamination leading to the saturation of intensive
care units. In the United States, the occupancy rate of intensive care beds reached over 60% in the most populous states and
large cities?. In France, the number of beds able to accommodate severely ill patients requiring intensive care in hospitals is
limited to around 5,000 beds and the number of respirators available seemed also insufficient in view of the foreseeable arrival
of seriously ill patients. In the absence of any measures, a very significant proportion of the population would have been infected
after the epidemic wave. As a result, several governments in the world have decided to put in place NPI such as lockdown, social
distancing or teleworking in order to limit the number of cases and keep hospital admissions of seriously ill patients below the
hospital capacity threshold. This policy has been adopted by many countries and has worked with some success and limitations.
Anyway hospitals were under very strong pressure leading sometimes to the saturation of intensive care units1® despite such
measures. The evaluation of the effects of NPIs is a central question which has been studied in previous works such as''Z in Italy,
or in'* where the authors evaluate how successful were the governmental measures in Rohingya Refugee Camps.

However, lockdown has had disastrous consequences for the economy, generating waves of unemployment, causing consider-
able budget deficits for the states, with very serious difficulties for those in need. Some countries have chosen to set up a partial
lockdown while maintaining activity or have opted to end the lockdown early enough to limit the disastrous consequences for
their economy, especially in Northern Europe. Many countries remain extremely cautious in this area, fearing the occurrence
of successive epidemic waves after lockdown. The question of the end of lockdown is therefore crucial and it is important to
develop scientific methods allowing to control this phase by limiting the damage.

NPI have been set up in order to rapidly address problems such as intensive care units overload and hospital pressure. However
they were not specifically thought as a long term answer to a long lasting epidemic (several years), that may be caused by
reinfection. It is commonly admitted that immunity usually lasts at least six months, but there is still uncertainty about a possible
loss of immunity that would happen later on. As of today, a few cases of reinfection have been reported!®. In'’?, the author spots
that reinfection is possible but the bigger question is "if reinfections are going to happen, how frequently are they happening?".
In a preprint, Ward et al.2Y observe a decline of antibodies in UK patients, which led to a fear of a possible loss of immunity.
Furthermore, the appearance of new variants also increases the possibility of reinfection2122,

3.1 | Dynamics without protection measures: parameters estimation based on Covid-19

23124125 26127128

Much work has been devoted to modeling the covid epidemic: in China, in Japan and in Algeria?=Y, We also cite"!
in which the authors studied the effects of different quarantine and protection measures on the dynamics of the epidemic with
a mathematical model, and*? for Canada. Only a few works have been devoted to modelling the epidemic in the hypothesis of
reinfection, such as?3 or24,

The question of reinfection quickly rose with the onset of the pandemic, as it was unclear if immunity could be lost®>, The
loss of immunity or the risk of reinfection is an important question in epidemiology, as for HIV=®, In the context of Covid-19,
few cases of re-infections have been observed, 8, but most studies prior to fall 2021 suggested a long-lasting protection (> 90
days,*%, > 6 months“%) but couldn’t totally exclude the possibility of reinfections after a longer time or because of mutations.
However, the appearance of new variants shed a light on massive reinfection occurrences. Evidences that variants could elude
immune responses were found?!2Z. Several new variants (English, South African, Brazilian, Delta, Omicron) have been able to
develop and even replace the original virus. These variants can be more virulent, more contagious and for some of them even
more resistant to vaccines (see“2 for the Brazilian variant,# for UK and South Africa). It has been found recently that omicron
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variant might evade antibodies induced by infection or vaccination*!, In#? it is suggested the relative risk of reinfection has
risen to 81%. Long term reinfections due to new variants or loss of immunity have become a realistic hypothesis. In this general
context, we consider a SEIRS model with the possibility of re-infection in the long term, with a reinfection rate y. For the Covid
19 epidemic, we use the same general SEIRS model presented in the previous theoretical section. Since it is a highly simplified
model which relies on strong assumptions, it may not be suitable for a realistic description or prediction of the current pandemic.
However, it can provide useful qualitative information about the evolution of the disease in the context of possible re-infections,
and about the benefits and disadvantages of different NPI strategies.

Parameters of the model can be estimated from various medical and statistical reports about Covid-19.

As of 2022, if the proportion of asymptomatic is pretty much well known (50% in*2, 40% in the meta-analysis performed in#),
there is no clear consensus about the role of asymptomatic carriers on the dynamics of the population. Some studies account for
more than half infections are due to asymptomatic carriers®, while other suggest that asymptomatic transmission is marginal
or due to a misclassification of presymptomatic cases as asymptomatic*®#7, Because of those uncertainties, we do not take into
account separate compartments for asymptomatic and symptomatic people in this work for the sake of simplicity. Instead we
consider a class I which includes both symptomatic and presymptomatic carriers (Symptomatic carriers are included in the R
class since they are supposed to be isolated as soon as they are aware of their condition). As a consequence, the average time
spent in the infectious class 1/« lies somewhere between the average infectious time for presymptomatic carriers 1/a, and the
one for asymptomatic carriers 1/a,,i.e. 1/a € [1/a,,1/a,]. It was found in 48 that infectiousness can occur from 2.3 days (95%
CI, 0.8-3.0 days) before symptom onset, with a peak at 0.7 days (95% CI, 0.2-2.0 days) before onset. We estimate a rough lower
boundary for 1 /a, > 1. The same study found a significant decline of infectiousness 10 days after onset. Other studies suggest
that an infection more than 5 days after symptoms onset is very unlikely*?. We thus set an upper boundary for 1/a, < 7.3. As
a consequence, we estimate that the parameter « lies in the interval [0.13, 1].

As a consequence, we choose to set @ = 0.67 in this model. The model we obtain does not differ qualitatively from a model
with an explicit asymptomatic compartment and provide a similar dynamic, with a marginal quantitative difference. On the
contrary, such an approach allows avoiding the use of too many parameters on which there is a lot of uncertainty, thus following
the principle of parsimony. Additional information obtained by using an asymptomatic compartment would have not be useful
considering the scope of our study, and it would have come with a much higher prior uncertainty.

Following the estimation of a, we set parameter k to 0.27 day™' since the average duration between infection and symptoms
onset is 5.2 days®.

Ry = g has been estimated between 2 and 6 for most countries, with most probable values in the range 2-3°!. Some other
studies suggest even higher values (between 3.5 and 6,°%). In the following simulation, we decide to set § = 1.2 in order to
obtain R, = 2.4. In section[5] we will estimate § for each case study based on incidence time series obtained from data sources.

It is to be noted that estimates of the previous parameters (a, f, k) may be very inaccurate. In the case of Covid-19, one may
find inconsistencies about indicators estimations between different studies: they depend on many factors (country, population
density, local habits, culture, genetics), may vary in time (seasonal effects, new variants), or may be based on different protocols.
Nevertheless, we have sought to make a reasonable choice of parameters among those found in the literature. If there may
be much uncertainty about the numerical values that we obtain from simulations, the qualitative results are robust despite the
inaccuracy of the parameters estimations.

Finally, there is a major uncertainty about parameter y at the time being. The average duration after which immunity is lost
is 1/y. Values between 60 and 365 are used in®?. As of today, immunity is assumed to last at the very least 200 days, so we
consider several possible values of 1/y larger than 200.

Figure 2 | compares several dynamics in the total absence of protective measures, for a country population of 50,000,000
individuals for different values of y. In the absence of NPI (v = 0), the dynamics follows the one of a classical SEIRS model,
tending towards the endemic equilibrium with decreasing oscillations. Note that it differs from the one of a classical SEIR model
without reinfection (y = 0, red dashed line curve). In the latter, the epidemic eventually vanishes after one wave of infection.
Also note that there is very little differences between the first peaks for the different values of y.

It is known that in the absence of any protective measure against the epidemic, a large proportion of the population is infected
after the first peak, in a proportion ranging from 0.8 to almost the entire population depending on the value of R, 2°¥2%, The
aim of this work is precisely to show that by using adequate protective measures it is possible to greatly limit the level of infection
and even to cause the disappearance of the epidemic in a relatively short time.
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Figure [2"] shows that considering different values for y lead to the same qualitative dynamics. Despite the large range for
7, the amplitude of the first peak is similar, while the second one is shifted in time but has a similar amplitude (Figure 2 ).
Reinfection naturally causes an infinite growth of the cumulative cases (Figure[2 b) that occurs by stages.

The number of active cases I per 100,000 at the equilibrium decreases with 1/y. However Figure illustrates that if no
control measures are taken, it remains high for a large range of values. Whatever the value of parameter y, the first epidemic peak
is very high and it is essential to take protective measures to limit the number of cases and even to stop the epidemic quickly.

4 | POSSIBLE STRATEGIES AGAINST AN EPIDEMIC WITH REINFECTION

We now present several possible strategies to fight the epidemic when it starts. Based on the mathematical analysis of the general
SEIRS model, we consider three main classes of epidemic NPI strategies: a first one consisting in a constant control, a second
one stabilizing the epidemic at a sufficiently low target endemic level, a third one aiming at the eradication of the epidemic. In
order to compare the various strategies, all simulations shown from now on use the same set of epidemiological parameters:
p=12,k=02,a =05 N = 50,000,000 and y = 1/200. All indicators (I, cumulative cases) are presented for 100,000
individuals to be consistent with indicators found in the literature.

4.1 | Strategy 1: constant control

We compare some constant control strategies with different intensities v,,, shown in Figure|3 | The 6(1) function is represented
in red as in all the following figures. Each intersection with a constant v function defines an endemic equilibrium, case of the
purple and green function. Two outcomes are possible: if v, is high enough, the epidemic goes extinct (Figure [3_p), since the
DFE is stable and there is no endemic equilibrium (v = 0.8: blue and v = 0.5: orange, Figures[3_h). The number of active cases
per 100,000 falls below 1 in around 80 days for v = 0.5 and around 20 days for v = 0.8. If v, is low, the system tends towards
a stable endemic equilibrium, since the DFE is unstable (v = 0.3: purple and v = 0.2: green). In the latter case, the number of
active cases I shows oscillations and stabilizes around the endemic equilibrium. Peaks appear, corresponding to different waves
of infection. As v, increases, the value I* at the equilibrium gets lower, peaks gets lower and more distant in time. The number
of cumulative cases keeps increasing as people gets reinfected, its value eventually become larger than the total population.

4.2 | Strategy 2: NPI intensity increasing with the number of cases

This is the most natural strategy, since the intensity of measures usually increases with the level of epidemics. Many governments
choose to have a light level of social distancing at low level of incidence, and more effective measures at higher levels.

The dynamics presents an unstable DFE and a unique endemic equilibrium. To illustrate this, we choose a family of increasing
monotonic maps v(I) v : I — vyl /(I +100) for different values of v, = 0.8, 0.5 and 0.3 (see Figure []) The intersection with
the curve 0 defines a unique endemic equilibrium 7* which is locally asymptotically stable. The value of I* decreases with vy:
I'* is respectively around 220, 128 and 67 for v, = 0.3, 0.5 and 0.8. High values of v, lead to a rapid decrease of the epidemic,
while a low value (purple curve) still allow large amplitude peaks, that may not be manageable by hospitals.

Since the number of cases decreases with the target endemic level, this strategy may turn useful to keep the epidemic low
enough to prevent hospital congestion with a lower level of active cases. Unfortunately it is not possible to reach the extinction
of the epidemic.

4.3 | Strategy 3: Seek to extinguish the epidemic

A necessary condition to end the epidemic is to have a stable DFE, which requires that v(0) > ©(0). It requires a high NPI
intensity at low level of cases I, contrary to strategy 2. This can be achieved by using any function v > 9, such as a sufficiently
high constant control, as shown previously. A key element in our work is that since 0 is decreasing, it is much more important to
keep v at high levels when [ is low than when [ is high. Indeed, the extinction of the epidemic can be achieved with a decreasing
function, with low intensity NPI when I is high, but high intensity NPI when I is low.
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Figure[5_|depicts the case of a decreasing control function v (purple curve). Two other control functions (orange and blue) are
represented, in order to see what would happen if the parameters were misevaluated. More specifically, we choose the following
family of piecewise linear maps:

u:I.—){%(]_Iim) HOST< T (17)
0 itl,,. <I.

with vy = 0.8 and 1,,,, = 200 (blue), 50 (orange) and 500 (purple) (see Figure ).

The purple map drives the epidemic to extinction (Figure [5_b). Blue and orange maps create a lower unstable endemic
equilibrium and a higher stable endemic equilibrium, generating an "Allee" effect: depending on the initial conditions, the
epidemic may disappear or tend towards the high endemic equilibrium. The basins of attraction of the endemic equilibria for the
different measures are represented in their respective colors in Figure[S k. Stronger measures lead to smaller basin of attraction
for the endemic equilibrium.

Such a strategy may be less natural since it means higher intensity measures when [ is low than when [ is high. However
the intensity is still lower than in strategy 1, and it can provoke the extinction of the epidemic, what cannot be achieved with
strategy 2. Furthermore, the extinction of the epidemic occurs in a relatively short time compared to the measures taken by most
governments varying in intensity and which have been spread over more than a year.

S | CASE OF THE COVID-19 PANDEMIC: ESTIMATION OF NPI INTENSITIES AND
IDENTIFICATION OF THE STRATEGIES CHOSEN BY SEVERAL COUNTRIES

We now estimate the time evolution of NPI intensities v(¢) for several countries in order to find a match with one of the previous
strategies discussed in the previous section. To that purpose, we use incidence (and equivalently the total number of new cases)
and hospital admission (if available) data collected from John Hopkins University’s |Github repository and Our World in Data.

We simulate the evolution of the incidence using the SEIRS model defined in Section 2] using a time varying NPI intensity
v(t). Accordingly to Section we use the following set of parameters: « = 0.67,k = 0.26,y = 1/200. We use the initial
exponential phase of the epidemics to fit parameter f. During this initial phase, we assume that no NPI has been set up, hence
v(f) = 0. We then estimate f by fitting the incidence curve obtained from the model with data using Least Square Method. We
then assume that f is constant and that v(¢) evolves with time after the initial exponential phase. We use data time series from
February 2020 and no later than October 2021 in order to avoid the effects of new variants like delta and omicron that would
make the assumption of a constant # highly irrelevant. We then fit v(r) week by week using Least Square Method and smooth
the results by taking the mean over 7 days. We then intend to identify the strategies used by comparing the values of v with
the incidence and try to exhibit a tendency. Since incidence may be underestimated during the first wave of the epidemic, we
also compare v to the number of admissions in hospitals (when data is available), which is supposed to be a scaled and slightly
shifted version of the real incidence curve. It then may provide a more reliable estimation of the real incidence rate, up to a
multiplicative constant. Moreover, NPI were often set in order to avoid hospitals and ICUs saturation, which also makes this
indicator more relevant than observed incidence. Figure[6_|show the results obtained for United Kingdom, France, Germany and
New York City. This figure shows time evolution of new cases, hospitalizations and v(t), as well as the phase portraits v vs new
cases and v vs hospitalizations. Results for a few other countries are shown in Appendix. Note that we replaced the incidence
rate by the number of new cases, which is just a scaled version which is of the same order than hospitalization number, which
makes the figure easier to read.

It appears that NPI intensity is not highly linearly correlated to new cases or hospitalization, apart from France (R?> = 0.40),
which could be associated to Strategy 2. For other countries, the value of v appears to be relatively constant with the new cases
or hospitalizations, hence they can be associated to Strategy 1. Other countries shown in appendix exhibit a constant or slightly
increasing tendency, except for Russia, which exhibits a slightly decreasing tendency, which can be considered as constant. For
United Kingdom, v seems to slightly decrease with the number of cases, but is constant with hospitalizations, which certainly
illustrates that hospitalization works better than the measured incidence rate.

All those examples illustrate that strategies 1 and 2 appear to be more natural than strategy 3, and thus are chosen by most
countries.


https://github.com/CSSEGISandData/COVID-19/blob/master/csse_covid_19_data/csse_covid_19_time_series/
https://ourworldindata.org/covid-vaccinations
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6 | COMPARISON AND DISCUSSION OF THE EFFECTS OF VARIOUS NPI STRATEGIES
ON THE DYNAMICS OF THE EPIDEMIC

We have shown that we can control an epidemic when it starts by imposing a level of NPI which depends on the number of
infected persons each day. In the absence of protective measures, a peak of infected cases reaches over 6,000 cases per 100,000
and lasts for around 150 days. We now compare the different strategies to control the epidemic: strategies 1 (blue), 2 (green) and
3 (purple and orange), see Figure[7 h. All strategies have the same maximum intensity v, = 0.6. Blue and purple always cause
the epidemic to end since the only equilibrium is the DFE. The green strategy leads to a low endemic equilibrium. The orange
strategy leads either to an endemic equilibrium or to the extinction of the epidemic depending on the initial condition (Figure
D).

The benefit of the orange strategy over the purple one is its lower intensity. It comes along with the risk of the dynamics ending
trapped at the endemic equilibrium if the initial condition is unfavourable, i.e. when NPI are set up too late (insert of Figure[7 b).

We set a threshold (here less than one case per 100,000) under which we consider that the epidemic has gone extinct. When
the number of cases falls under this threshold, we assume that it is not necessary to maintain any NPI. The duration and the
time evolution of NPI intensity is represented in Figure[7 . The green strategy keeps the epidemic at low level: it requires a
moderately intense but never ending NPI. Strategy 1 (blue, constant v = 0.6) is the most effective and has the shortest total NPI
duration but may be difficult to implement from the start. It drives the epidemic to extinction in 39 days. It should be noticed
that 0.6 already represents a high intensity NPI such as a lockdown, that may be difficult to set up in practice, or which at least
requires some time to be achieved. For the same initial condition, NPI for purple and orange strategies last respectively 43 and
49 days. They have the advantage to propose NPI with a gradually increasing intensity that reaches the maximum value at the
end of the epidemic, which gives health authorities more time to set it up. Overall, their duration seem reasonable compared to
the one of the blue strategy.

Based on this findings, it seems more profitable to seek to get rid of the epidemic using a purple or orange strategy (Strategy
3). However, it may seem counter-intuitive in the sense that it is necessary to strengthen the NPI intensity as the number of
infected decreases in order to achieve the eradication of the epidemic in some time frame. As shown in the previous section,
most countries have adopted Strategy 1 (blue) or 2 (green) instead. When the health situation worsens, the level of measures
is reinforced for some weeks in order to return to a lower level of virus circulation, resulting in successive epidemic waves. In
France, three lockdowns have been established. For each lockdown, its intensity has been reduced when the epidemic peak has
diminished sufficiently so as not to saturate the hospitals but without maintaining it long enough at a high level to bring about
the eradication of the epidemic. These successive confinements have generated astronomical infectious and economic costs.
Epidemic waves seem to endlessly followed each other unless a vaccination policy can achieve collective immunity.

To summarize, our results indicate that lockdowns should be strengthened and absolutely not released when the incidence
drops, until the epidemic actually ends. Doing the contrary leads to a new increase of the number of cases towards an endemic
equilibrium.

In our opinion, these epidemic control methods could be used locally for medium-sized cities that can be isolated for a period
of at least one to two months by prohibiting or very strictly controlling the entry and exit of people from this city. The application
of these classes of strategies would require the use of a significant number of tests allowing a good estimation of the numbers of
infected people at the time when the control must be implemented. It requires to properly position the various endemic equilibria
created by the epidemic control function. In the context of Covid 19, our work suggests that strong, short and early measures
are more effective than mild but long-lasting ones. We think that those results may be of interest since some countries like Israel
expect to live permanently with the disease.

7 | CONCLUSION

In this work, we studied a SEIRS epidemic model with reinfection and illustrated the results with an application to Covid-19
pandemic. We analyzed the effects of several kinds of infection-dependent NPIs on the dynamics of the epidemic and on the
characteristics (existence and stability) of Disease Free and endemic equilibria. We showed that NPI strategies could be divided
into three main classes, and highlighted their benefits and drawbacks, such as their ability to put an end to the epidemic, the
amplitude and duration of the peaks and the feasibility of the considered measures. We found that constant NPI strategies are
effective to extinguish the epidemic but may be too intense to be practically usable. Strategies with NPI intensity decreasing with
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the number of cases I may also put an end to the epidemic by creating an Allee effect, while being easier to set up. However,
they can lead to a large epidemic peak or a (lower) endemic equilibrium instead of extinction if they are not set up carefully.
Finally, the most intuitive strategy (NPI intensity increasing with the number of cases) proved to be the least efficient while
being unable to put an end to the epidemic.

Many countries decided to use strategies 1 or 2 against Covid-19, as we showed in Section [5] They have been reluctant to
set high intensity NPIs at low virus circulation levels or during the early stages of the pandemic since doing so may have been
greatly unpopular and a major restriction of liberties. However our work suggests that the final cost may have been reduced.
Even if our results may be considered with care due to the many assumptions we made in our model, we think to have provided
a good illustration that (1) delaying the response to a problem eventually results in a highest social and economical cost, and
(2) people are nevertheless inclined to use that kind of sub-efficient strategy. We believe that such a conclusion holds for other
major problems we are facing nowadays, in particular for the ones related to climate change.

As a perspective, we could study a network of several cities connected by the movement of individuals from one city to another
by rail or by plane. It would be interesting to study the coupling of epidemic management methods depending on the number of
infected people in the different cities. We refer to* and>>, for disease spread in meta-populations.

In the future, we plan to reconsider our model by considering two compartments for asymptomatic (A) and infectious (I)
in a future SEAIRS version. However, we hope and we are inclined to think that our conclusions obtain through a theoretical
approach on the effectiveness of the various strategies can be useful for practical case studies, as density dependent protection
strategies could be used to target a sufficiently low level of endemicity or find a strategy to put an end to the epidemic while
considering constraints such as social cost or hospitals capacity.
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8 | FIGURES LIST

FIGURE 1 Reduction of the number of infections due to NPI. Infected individuals are represented in blue, and symptomat-
ic/presymptomatic in orange. (a) Without NPI, four infections occur. (b) With NPI, a proportion v = 0.5 of individuals is isolated
(shaded area). The number of infection is reduced to (1 — v)> = 0.25 of the number of original number of infections.

FIGURE 2 Evolution of the epidemic in the absence of NPI v = 0, for 1/y = 200 (blue), 400 (green) and compared to a model
without reinfection (y = 0, red dashed curve). (a) active cases per 100,000 (b) and cumulative cases per 100,000. The initial
conditions is (S(0) = N — 1, E(0) = 0, I(0) = 1). Parameters values are f = 1.2, k = 0.27, and « = 0.67.

FIGURE 3 Comparison of constant control strategies: v = 0.8 (blue), v = 0.5 (orange), v = 0.3 (purple), v = 0.2 (green).
Parameters valuesare f = 1.2, k = 0.2, « = 0.5and y = 1/200, N = 50,000,000. The initial condition is I(0)=300 per 100,000.
(a) comparison of functions v and 0, with stable (solid circles) and unstable (empty circles) equilibria. (b) evolution of the
number of active cases I. An insert show the details of the region 0 < ¢ < 50. (c) Evolution of the number of cumulative cases.

FIGURE 4 Comparison of strategies lowering the endemic equilibrium. Chosen functions are v : I — vyl /(I + 100), with
vy = 0.8 (blue), v, = 0.5 (orange) and v, = 0.3 (purple). Parameters values are f§ = 1.2, k = 0.2, « = 0.5 and y = 1/200. The
initial condition is 1(0)=300 per 100,000 individuals. (a) comparison of functions v and 0, with stable endemic equilibria (solid
circles), and an unstable DFE (empty circle). (b) evolution of the number of active cases I per 100,000 individuals.

FIGURE 5 Comparison of control strategies which create an Allee effect. Chosen functions are piecewise linear maps, decreas-
ing from 0.8 to O from I =0to I = I,,,. and equal to O elsewhere, with I, ., = 300 (blue), I,,,. = 50 (orange) and 1, = 500
(purple). Parameters values are § = 1.2, k = 0.2, « = 0.5 and y = 1/200, for a population of 50,000,000 individuals. The
initial conditions is .S, = 60,000, E, = 800, I, = 100 for 100,000 individuals. (a) comparison of functions v and 0, with a sta-
ble (solid circle) DFE and unstable (empty circles) endemic equilibria. (b) evolution of the number of active cases I. The early
dynamics is depicted in insert. (c) Phase portrait. Stable equilibria are represented by a solid sphere, and unstable equilibria by
a diamond, in colors corresponding to their respective maps v. Surfaces indicate the basin of attractions of the stable endemic
equilibrium, the colors corresponding to their respective maps. The grey plane delimits the volume of possible initial conditions

(S+E+I1+R<N).



Nguyen-Huu ET AL | 13

FIGURE 6 Epidemiological dynamics and NPI strategies for UK, France, Germany and New-York City. Left: time evolution
of the number of new cases, admission to hospitals, and NPI intensity v. Middle: phase portrait of NPI intensity v vs new cases.
Right: phase portrait of NPI intensity v vs hospitalizations. For each point clouds, a linear regression has been performed in
order to see if a linear relationship could be exhibited.

FIGURE 7 Comparison of the different NPI strategies: constant control (blue), decreasing function (purple and orange) and
lower endemic equilibrium (green). Parameters values are § = 1.2, k = 0.2, « = 0.5 and y = 1/200, for a population of
50,000,000 individuals. The initial conditions is 1(0) = 100 per 100,000. (a) comparison of functions v and 0, with stable (solid
circles) and unstable (empty circles) equilibria. (b) evolution of the number of active cases I. Insert: an additional dynamic for
the initial condition .S(0) = 45,000, E(0) = 200, 1(0) = 800 for the orange strategy. (c) NPI intensity v(?).

FIGURE 8 Epidemiological dynamics and NPI strategies for different countries. Left: time evolution of the number of new
cases, admission to hospitals, and NPT intensity v. Right: phase portrait of NPI intensity v vs new cases. For the point cloud, a
linear regression has been performed in order to see if a linear relationship could be exhibited.
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