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1 Introduction

The following coupled Kirchhoff-type fractional differential problem with p-Laplacian
is investigated in this paper.

A(u(t))
(

tDα
T (

1
~1(t)p−2 φp(~1(t)0Dα

t u(t))) + `1(t)φp(u(t))
)

= λ fu(t, u(t), v(t)) + µgu(t, u(t), v(t)),

B(v(t))
(

tD
β
T (

1
~2(t)p−2 φp(~2(t)0Dβ

t v(t))) + `2(t)φp(v(t))
)

= λ fv(t, u(t), v(t)) + µgv(t, u(t), v(t)),
u(0) = u(T ) = 0, v(0) = v(T ) = 0,

(1)

where

A(u(t)) =
(
â + b̂

∫ T

0
~1(t)|0Dα

t u(t)|p + `1(t)|u(t)|pdt
)p−1

,

B(v(t)) =
(
ĉ + d̂

∫ T

0
~2(t)|0Dβ

t v(t)|p + `2(t)|v(t)|pdt
)p−1

,

â, b̂, ĉ, d̂ > 0 and p > 1 are constants, 0Dα
t , 0Dβ

t and tDα
T , tD

β
T are the left and right

Riemann-Liouville fractional derivatives of order α, β ∈ ( 1
p , 1] respectively. φp(s) =

|s|p−2s(s , 0), φp(0) = 0, ~1, ~2 ∈ L∞([0,T ],R) with ~0
1 = ess inf[0,T ] ~1(t) > 0,

~0
2 = ess inf[0,T ] ~2(t) > 0, `1, `2 ∈ C([0,T ],R) with `0

1 = ess inf[0,T ] `1(t) > 0,
`0

2 = ess inf[0,T ] `2(t) > 0, f (t, u(t), v(t)), g(t, u(t), v(t)) : [0,T ] × R2 are C1 functions,
fs and gs denote the paitial derivatives of f and g with respect to s, λ, µ are two
positive real parameters.

The variational method and the critical point theorem have yielded substantial
results in the study of the existence and multiplicity of solutions to fractional order
differential equations in recent years. Of these, two main types of fractional order
differential equations have been extensively studied. One type is called the fractional
advection dispersion equation, which was developed thanks to the modelling of con-
taminant transport in groundwater by Fix et al. in [1]. We can turn to the literature
for additional investigations of this type of problems, such as [2–6]. In [2], Jiao et al.
originally demonstrated that critical point theory is a useful tool for investigating the
existence of solutions to the fractional advection dispersion equation below.

d
dt

(1
2 0D−βt (u′(t)) +

1
2 tD

−β
T (u′(t))

)
+ ∇F(t, u(t)) = 0, a.e. t ∈ [0,T ],

u(0) = u(T ) = 0,
(2)

where 0D−βt and tD
−β
T are the left and right Riemann-Liouville fractional integrals of

order 0 ≤ β < 1 respectively, F : [0,T ] × RN → R is a given function and ∇F(t, x) is
the gradient of F at x. A differential equation with mixed fractional order derivatives
is another type; see, for example, [7–11].
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Unlike the two types of fractional order differential equations listed above, the
Kirchhoff-type fractional order differential equations discussed in this study have re-
ceived less attention to my knowledge. (see [12–16] and references therein). In these
articles, just certain asymptotic conditions for the non-linear terms on the right-hand
side of the equation are given to derive the existence and multiplicity results for the e-
quation’s solutions, ignoring the geometric conditions for the non-linear terms, which
are addressed in this paper. For instance, Chen et al. deduced in [12] that the following
equation has at least one non-trivial weak solution when f (t, x) is (p2−1)-superlinear
or (p2 − 1)-sublinear in x at infinity and possesses infinitely many nontrivial weak
solutions when f (t, x) is (p2 − 1)-sublinear in x at infinity.


(
a + b

∫ T

0
|0Dα

t u(t)|pdt
)p−1

tDα
Tφp(0Dα

t u(t)) = f (t, u(t)), t ∈ (0,T ),

u(0) = u(T ) = 0,
(3)

where a, b > 0 and p > 1 are constants, 0Dα
t and tDα

T are the left and right Riemann-
Liouville fractional derivatives of order α ∈ ( 1

p , 1], respectively, and φp : R → R
is p-Laplacian defined by φp(s) = |s|p−2s(s , 0), φp(0) = 0. and f ∈ C([0,T ] ×
R,R). In contrast to equation (3), we investigate a new complex equation (1) and
explore the case of two equations with the non-linear term including two perturbation
parameters, as well as the nonlocal terms A(u(t)), B(v(t)) on the left-hand side of
the equation. The variational structure of equation (1) becomes more complex and
difficult to investigate as a result of these factors. As a result, our work complements
and improves Chen et al. [12] and Kang et al. [16]. Specifically, when â = ĉ = 1,
b̂ = d̂ = µ = 0, `1(t) = `2(t) = ˜̀are constant functions then equation (1) is equivalent
to the following equation


tDα

T

( 1
~1(t)p−2 φp(~1(t)0Dα

t u(t))
)

+ ˜̀φp(u(t)) = λ fu(t, u(t), v(t)),

tD
β
T

( 1
~2(t)p−2 φp(~2(t)0Dβ

t v(t))
)

+ ˜̀φp(v(t)) = λ fv(t, u(t), v(t)),

u(0) = u(T ) = 0, v(0) = v(T ) = 0.

(4)

In [7], Using a three-critical point theorem, Li et al. discovered that there are at least
three weak solutions for the type of problem mentioned above.

The idea behind this article is as follows. In Section2, some important definitions
and lemmas are given in this section. In Section 3, we conclude that there are at least
two different weak solutions to the equation (1) by combining Lemma 5 and Lemma
6, rather than using the traditional mountain pass theorem as in [2,10,12,13,16], and
then Theorem 1 is used to show that the problem has at least two non-trivial solutions
based on geometric considerations. Finally, we bring the paper to a close in Section
4.
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2 Preliminaries and lemmas

In this section we give some important definitions and lemmas to facilitate the dis-
cussion in subsequent articles, and we also establish the problem (1) function space
and variational structure.

Definition 1 ([17,18]) Let function u(t) be defined on [a, b]. The left and right Riemann-
Liouville fractional derivatives with order 0 < γ̃ ≤ 1, respectively are defined by

aDγ̃
t u(t) =

d
dt aDγ̃−1

t u(t) =
1

Γ(1 − γ̃)
d
dt

∫ t

a
(t − s)−γ̃u(s)ds,

tD
γ̃
bu(t) = −

d
dt tD

γ̃−1
b u(t) = −

1
Γ(1 − γ̃)

d
dt

∫ b

t
(s − t)−γ̃u(s)ds.

Definition 2 ([17,18]) Let 0 < γ̃ ≤ 1, and u ∈ AC([a, b]), Then, the left and right
Caputo fractional derivatives with order γ̃, respectively are defined by

c
aDγ̃

t u(t) = aDγ̃−1
t u′(t) =

1
Γ(1 − γ̃)

∫ t

a
(t − s)−γ̃u′(s)ds,

c
t Dγ̃

bu(t) = − tD
γ̃−1
b u′(t) = −

1
Γ(1 − γ̃)

∫ b

t
(s − t)−γ̃u′(s)ds.

Lemma 1 ([17,19]) Let γ̃ > 0, p ≥ 1, q ≥ 1, 1
p + 1

q ≤ 1 + γ̃ or p , 1, q , 1,
1
p + 1

q = 1 + γ̃. If u ∈ Lp([a, b],R), v ∈ Lq([a, b],R), then∫ b

a
(aD−γ̃t u(t))v(t)dt =

∫ b

a
(tD
−γ̃
b v(t))u(t)dt.

Let C∞0 ([0,T ],RN) be the set of all functions u ∈ C∞([0,T ],RN) with u(0) = u(T ) = 0

and the norm ‖u‖∞ = maxt∈[0,T ] |u(t)|, ‖u‖Lp = (
∫ T

0 |u(t)|pdt)
1
p .

In the following we establish the function space and variational structure of prob-
lem (1).

Definition 3 Let 0 < α ≤ 1 and 1 < p < ∞. The fractional derivative space Êα
0 =

C∞0 ([0,T ],R) with the weighted norm

‖u‖Êα
0

=
( ∫ T

0
~1(t)|0Dα

t u(t)|pdt +

∫ T

0
`1(t)|u(t)|pdt

) 1
p
. (5)

Remark 1 ([3]) For u ∈ Êα
0 , we have u, 0Dα

t u ∈ Lp([0,T ],R). It is well know that the
space Êα

0 is a reflexive and separable Banach space.

Lemma 2 ([20]) Let 0 < α ≤ 1, 1 < p < ∞. For any u ∈ Êα
0 , we have

‖u‖Lp ≤ Λ̃1‖u‖Êα
0
, (6)

moreover, if α > 1
p with 1

p + 1
q = 1, then

‖u‖∞ ≤ Λ̃∗1‖u‖Êα
0
, (7)

where Λ̃1 = Tα

Γ(α+1)(min{~0
1,`

0
1})

1
p

, Λ̃∗1 = Tα− 1
p

Γ(α)((α−1)q+1)
1
q (min{~0

1,`
0
1})

1
p

.
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Analogous to the definition and properties of Êα
0 , we define the fractional derivative

space Êβ
0 = C∞0 ([0,T ],R) with the weighted norm

‖v‖Êβ
0

=
( ∫ T

0
~2(t)|0Dβ

t v(t)|pdt +

∫ T

0
`2(t)|v(t)|pdt

) 1
p
. (8)

Similar with (6) and (7), we have

‖v‖Lp ≤ Λ̃2‖v‖Êβ
0
, (9)

moreover, if β > 1
p with 1

p + 1
q = 1, then

‖v‖∞ ≤ Λ̃∗2‖v‖Êβ
0
, (10)

where Λ̃2 = T β

Γ(β+1)(min{~0
2,`

0
2})

1
p

, Λ̃∗2 = T β− 1
p

Γ(β)((β−1)q+1)
1
q (min{~0

2,`
0
2})

1
p

.

Now, for any u ∈ Êα
0 , v ∈ Êβ

0 , we define a space Êβ
α = Êα

0 × Êβ
0 with the norm

‖(u, v)‖Êβ
α

= (‖u‖p
Êα

0
+ ‖v‖p

Êβ
0

)
1
p , ∀(u, v) ∈ Êβ

α.

Define ‖(u, v)‖∞ = maxt∈[0,T ] |u(t)| + maxt∈[0,T ] |v(t)|. When α, β > 1
p , we have

‖(u, v)‖∞ ≤Λ̃∗1‖u‖Êα
0

+ Λ̃∗2‖v‖Êβ
0
≤ Λ̃∗(‖u‖Êα

0
+ ‖v‖Êβ

0
)

≤2
p−1

p Λ̃∗‖(u, v)‖Êβ
α
, (11)

where Λ̃∗ = max{Λ̃∗1, Λ̃
∗
2}.

Lemma 3 ([21]) For α, β ≤ 1, and 1 < p < ∞. The fractional derivative space Êβ
α

is a reflexive separable Banach space and compactly embedded in C0([0,T ],R) ×
C0([0,T ],R).

Lemma 4 ([20]) Let 1
p < α, β ≤ 1, 1 < p < ∞. Assume that the sequence {uk}

converges weakly to u in Êα
0 or Êβ

0 , i.e., uk ⇀ u, then uk → u in C([0,T],R).

Definition 4 The function (u, v) ∈ Êβ
α is a weak solution of problem (1) if the identity(

â + b̂‖u‖p
Êα

0

)p−1
∫ T

0

1
~1(t)p−2 φp(~1(t)0Dα

t u(t))0Dα
t x(t)

+ `1(t)|u(t)|p−2u(t)x(t)dt

+
(
ĉ + d̂‖v‖p

Êβ
0

)p−1
∫ T

0

1
~2(t)p−2 φp(~2(t)0Dβ

t v(t))0Dβ
t y(t)

+ `2(t)|v(t)|p−2v(t)y(t)dt (12)

− λ

∫ T

0
fu(t, u(t), v(t))x(t) + fv(t, u(t), v(t))y(t)dt

− µ

∫ T

0
gu(t, u(t), v(t))x(t) + gv(t, u(t), v(t))y(t)dt = 0

holds for any (x, y) ∈ Êβ
α.
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Define the functional ϕ̂λ, Φ̂, Ψ̂ : Êβ
α → R as follow:

ϕ̂λ(u, v) = Φ̂(u, v) − λΨ̂ (u, v), (13)

Φ̂(u, v) =
1

b̂p2

(
â + b̂

∫ T

0
(~1(t)|0Dα

t u(t)|p + `1(t)|u(t)|p)dt
)p
−

âp

b̂p2

+
1

d̂p2

(
ĉ + d̂

∫ T

0
(~2(t)|0Dβ

t v(t)|p + `2(t)|v(t)|p)dt
)p
−

ĉp

d̂p2
(14)

=
1

b̂p2
(â + b̂‖u‖p

Êα
0
)p −

âp

b̂p2
+

1

d̂p2
(ĉ + d̂‖v‖p

Êβ
0

)p −
ĉp

d̂p2
,

Ψ̂ (u, v) =

∫ T

0
f (t, u(t), v(t))dt +

µ

λ

∫ T

0
g(t, u(t), v(t))dt. (15)

Clearly, ϕ̂λ, Φ̂, Ψ̂ ∈ C1(Êβ
α,R) and for all (u, v) ∈ Êβ

α, we have

〈ϕ̂′λ(u, v), (x, y)〉 = 〈Φ̂′(u, v), (x, y)〉 − λ〈Ψ̂ ′(u, v), (x, y)〉, (16)

〈Φ̂′(u, v), (x, y)〉 =
(
â + b̂‖u‖p

Êα
0

)p−1
∫ T

0

1
~1(t)p−2 φp(~1(t)0Dα

t u(t))0Dα
t x(t)

+ `1(t)|u(t)|p−2u(t)x(t)dt

+
(
ĉ + d̂‖v‖p

Êβ
0

)p−1
∫ T

0

1
~2(t)p−2 φp(~2(t)0Dβ

t v(t))0Dβ
t y(t)

+ `2(t)|v(t)|p−2v(t)y(t)dt, (17)

〈Ψ̂ ′(u, v), (x, y)〉 =

∫ T

0
fu(t, u(t), v(t))x(t) + fv(t, u(t), v(t))y(t)dt

+
µ

λ

∫ T

0
gu(t, u(t), v(t))x(t) + gv(t, u(t), v(t))y(t)dt. (18)

Therefore, the critical point of functional ϕ̂λ is a weak solution of (1).

Definition 5 ([22]) Let E be a real Banach space and ψ ∈ C1(E,R). we say that ψ
satisfies the Palais-Smale condition(denoted by P.S.condition), if any sequence {uk} ⊂

E for which {ψ(uk)} is bounded and ψ′(uk) → 0 as k → 0 possesses a convergent
subsequence.

Lemma 5 ([23]) Let E is a real Banach space and ψ ∈ C1(E,R), and ψ satisfies the
P.S.condition. Assume that there exist u0, u1 ∈ E and a bounded open neighborhood
Ω of u0 such that u1 ∈ E \ Ω and

max{ψ(u0), ψ(u1)} < inf
v∈∂Ω

ψ(v).



Multiple Solutions for a Kirchhoff-type Fractional Coupled Problem with p-Laplacian 7

Let

σ = inf
j∈Γ

max
s∈[0,1]

ψ( j(s)),

where Γ = { j| j ∈ C([0, 1], E) : j(0) = u0, j(1) = u1}. Obviously, σ is a crit-
ical value of ψ, i.e. there exists u∗ ∈ E such that ψ′(u∗) = 0, ψ(u∗) = σ with
σ > max{ψ(u0), ψ(u1)}.

Lemma 6 (Theorem 38.A, [24]) For the functional ψ : B ⊆ E → R with B not
empty, α̃ = minu∈B ψ(u) admits a solution in the following hold:

(i) E is a real reflexive Banach space;
(ii) B is bounded and weak sequentially closed, i.e., for each {uk} ⊂ B such that

uk ⇀ u as k → ∞, we have u ∈ B;
(iii) ψ is weakly sequentially lower semi-continous in B, i.e., for each {uk} ⊂ B such

that uk ⇀ u as k → ∞, we have ψ(u) ≤ lim infk→∞ ψ(uk).

Theorem 1 (Theorem 1.3, [25]) Let E be a real Banach space. Φ̂, Ψ̂ : E → R be two
continously Gâteaux differentiable functionals such that infE Φ̂ = Φ̂(0) = Ψ̂ (0) = 0.
Assume that there exist r ∈ R and ũ ∈ E, with 0 < Φ̂(ũ) < r, such that

(i)
supΦ̂(u)≤r Ψ̂ (u)

r < Ψ̂ (ũ)
Φ̂(ũ)

,

(ii) for each λ ∈ Λ :=] Φ̂(ũ)
Ψ̂ (ũ)

, r
supΦ̂(u)≤r Ψ̂ (u)

[, the functional ϕ̂λ = Φ̂ − λΨ̂ is unbounded

from below and satisfies P.S.condition.

Then, for each λ ∈ Λ, the functional ϕ̂λ = Φ̂ − λΨ̂ has at least two distinct critical
points in E.

3 Main Results

In this section we study multiple solutions of problem (1) by Lemmas 5, 6 and The-
orem 1.

Theorem 2 Let 1
p < α, β ≤ 1, 1 < p < ∞, f (t, 0, 0) = g(t, 0, 0) = 0. Assume that

(H1) for any t ∈ [0,T ], (u, v) ∈ Êβ
α there exist nonnegative constants L̃, θ̃1, θ̃2 with

max{̃θ1, θ̃2} <
1
p2 such that

0 < f (t, u(t), v(t)) ≤ θ̃1

(
fu(t, u(t), v(t))u(t) + fv(t, u(t), v(t))v(t)

)
, |(u, v)| ≥ L̃,

0 < g(t, u(t), v(t)) ≤ θ̃2

(
gu(t, u(t), v(t))u(t) + gv(t, u(t), v(t))v(t)

)
, |(u, v)| ≥ L̃.

(H2) for any t ∈ [0,T ], (u, v) ∈ Êβ
α such that

lim
|u(t)|→0

f (t, u(t), v(t))
|u(t)|p

= 0, lim
|v(t)|→0

g(t, u(t), v(t))
|v(t)|p

= 0.
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(H3) for any t ∈ [0,T ], (u, v) ∈ Êβ
α, there exist a constant γ̃ > p2 such that

lim
|u(t)|→∞

f (t, u(t), v(t))
|u(t)|̃γ

= ∞, lim
|v(t)|→∞

g(t, u(t), v(t))
|v(t)|̃γ

= ∞.

Then, problem (1) admits at least two weak solutions.

Proof We complete the proof by three steps:
Step I. we show that ϕ̂λ : Êβ

α → R satisfies the P.S. condition.
First, assume that {(uk, vk)}∞k=1 ⊂ Êβ

α is a sequence such that

|ϕ̂λ(uk, vk)| ≤ C̃, ϕ̂′λ(uk, vk)→ 0 as k → ∞. (19)

where C̃ > 0 is a constant. we prove that {(uk, vk)}∞k=1 is a bounded sequence in
Êβ
α. From the continuity of f (t, u(t), v(t))− θ̃1 fu(t, u(t), v(t))u(t)− θ̃1 fv(t, u(t), v(t))v(t),

g(t, u(t), v(t))−θ̃2gu(t, u(t), v(t))u(t)−θ̃2gv(t, u(t), v(t))v(t) for any t ∈ [0,T ], |(u, v)| ≤ L̃,
and (H1), there exist constants c̃1, c̃2 such that

f (t, u(t), v(t)) ≤ θ̃1

(
fu(t, u(t), v(t))u(t) + fv(t, u(t), v(t))v(t)

)
+ c̃1,∀|(u, v)| ∈ R2,

g(t, u(t), v(t)) ≤ θ̃2

(
gu(t, u(t), v(t))u(t) + gv(t, u(t), v(t))v(t)

)
+ c̃2,∀|(u, v)| ∈ R2,

which together with (13), (14), (15) and (19), we have

C̃ ≥ϕ̂λ(uk, vk)

=
1

b̂p2

(
â + b̂‖uk‖

p
Êα

0

)p
−

âp

b̂p2
+

1

d̂p2

(
ĉ + d̂‖vk‖

p

Êβ
0

)p
−

ĉp

d̂p2

− λ

∫ T

0
f (t, uk(t), vk(t))dt − µ

∫ T

0
g(t, uk(t), vk(t))dt

≥
1

b̂p2

(
â + b̂‖uk‖

p
Êα

0

)p
−

âp

b̂p2
+

1

d̂p2

(
ĉ + d̂‖vk‖

p

Êβ
0

)p
−

ĉp

d̂p2

−max{̃θ1, θ̃2}
(
λ

∫ T

0
fuk (t, uk(t), vk(t))uk(t) + fvk (t, uk(t), vk(t))vk(t)dt

+ µ

∫ T

0
guk (t, uk(t), vk(t))uk(t) + gvk (t, uk(t), vk(t))vk(t)dt

)
− λ̃c1T − µ̃c2T

=
1

b̂p2

(
â + b̂‖uk‖

p
Êα

0

)p
−

âp

b̂p2
+

1

d̂p2

(
ĉ + d̂‖vk‖

p

Êβ
0

)p
−

ĉp

d̂p2

−max{̃θ1, θ̃2}
(
(â + b̂‖uk‖

p
Êα

0
)p−1‖uk‖

p
Êα

0
+ (ĉ + d̂‖vk‖

p

Êβ
0

)p−1‖vk‖
p

Êβ
0

− 〈ϕ′λ(uk, vk), (uk, vk)〉
)
− λ̃c1T − µ̃c2T

=
(
â + b̂‖uk‖

p
Êα

0

)p−1( 1

b̂p2
(â + b̂‖uk‖

p
Êα

0
) −max{̃θ1, θ̃2}‖uk‖

p
Êα

0

)
+

(
ĉ + d̂‖vk‖

p

Êβ
0

)p−1( 1

d̂p2
(ĉ + d̂‖vk‖

p

Êβ
0

) −max{̃θ1, θ̃2}‖vk‖
p

Êβ
0

)
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+ max{̃θ1, θ̃2}〈ϕ̂
′
λ(uk, vk), (uk, vk)〉 −

âp

b̂p2
−

ĉp

d̂p2
− λ̃c1T − µ̃c2T

≥
(
â + b̂‖uk‖

p
Êα

0

)p−1(
(

1
p2 −max{̃θ1, θ̃2})‖uk‖

p
Êα

0
+

â

b̂p2

)
+

(
ĉ + d̂‖vk‖

p

Êβ
0

)p−1(
(

1
p2 −max{̃θ1, θ̃2})‖vk‖

p

Êβ
0

+
ĉ

d̂p2

)
−max{̃θ1, θ̃2}‖ϕ̂

′
λ(uk, vk)‖ · ‖(uk, vk)‖Êβ

α
−

âp

b̂p2
−

ĉp

d̂p2
− λ̃c1T − µ̃c2T

≥min{âp−1, ĉp−1}(
1
p2 −max{̃θ1, θ̃2})‖(uk, vk)‖p

Êβ
α

−max{̃θ1, θ̃2}‖ϕ̂
′
λ(uk, vk)‖ · ‖(uk, vk)‖Êβ

α
−

âp

b̂p2
−

ĉp

d̂p2
− λ̃c1T − µ̃c2T.

Since ϕ̂′λ(uk, vk)→ 0, there exist Ñ0 ∈ N, for k > Ñ0 such that

C̃ ≥min{âp−1, ĉp−1}(
1
p2 −max{̃θ1, θ̃2})‖(uk, vk)‖p

Êβ
α

− ‖(uk, vk)‖Êβ
α
−

âp

b̂p2
−

ĉp

d̂p2
− λ̃c1T − µ̃c2T.

Then, it follows from max{̃θ1, θ̃2} <
1
p2 that {(uk, vk)} is bounded in Êβ

α.
In the following, we prove that the sequence {(uk, vk)}∞k=1 has a convergent sub-

sequence in Êβ
α. Since Êβ

α is a reflexive Banach space, there exists a weakly conver-
gent subsequence with (uki , vki ) ⇀ (u, v) in Êβ

α. For the sake of discussion, we note
{(uki , vki )} as {(uk, vk)}, thus (uk, vk) ⇀ (u, v) in Êβ

α, then we have

〈ϕ̂′λ(uk, vk) − ϕ̂′λ(u, v), (uk, vk) − (u, v)〉
=〈ϕ̂′λ(uk, vk), (uk, vk) − (u, v)〉 − 〈ϕ̂′λ(u, v), (uk, vk) − (u, v)〉
≤‖ϕ̂′λ(uk, vk)‖ · ‖(uk, vk) − (u, v)‖Êβ

α
− 〈ϕ̂′λ(u, v), (uk, vk) − (u, v)〉 (20)

→ 0, as k → ∞.

Additionally, from (11) and lemma 4, we get that the {(uk, vk)} is bounded in C([0,T ],R)2

and ‖(uk, vk) − (u, v)‖∞ → 0, hence∫ T

0

(
fuk (t, uk(t), vk(t)) − fu(t, u(t), v(t))

)
(uk(t) − u(t))

+
(

fvk (t, uk(t), vk(t)) − fv(t, u(t), v(t))
)
(vk(t) − v(t))dt → 0, as k → ∞, (21)

and ∫ T

0

(
guk (t, uk(t), vk(t)) − gu(t, u(t), v(t))

)
(uk(t) − u(t))

+
(
gvk (t, uk(t), vk(t)) − gv(t, u(t), v(t))

)
(vk(t) − v(t))dt → 0, as k → ∞. (22)
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Then, by straightforward calculation from (16), (17) and (18) we have

〈ϕ̂′λ(uk, vk) − ϕ̂′λ(u, v), (uk, vk) − (u, v)〉

+ λ

∫ T

0

(
fuk (t, uk(t), vk(t)) − fu(t, u(t), v(t))

)
(uk(t) − u(t))

+
(

fvk (t, uk(t), vk(t)) − fv(t, u(t), v(t))
)
(vk(t) − v(t))dt

+ µ

∫ T

0

(
guk (t, uk(t), vk(t)) − gu(t, u(t), v(t))

)
(uk(t) − u(t))

+
(
gvk (t, uk(t), vk(t)) − gv(t, u(t), v(t))

)
(vk(t) − v(t))dt

=
(
â + b̂‖uk‖

p
Êα

0

)p−1
∫ T

0

1
~1(t)p−2 φp(~1(t)0Dα

t uk(t))(0Dα
t uk(t) − 0Dα

t u(t))

+ `1(t)|uk(t)|p−2uk(t)(uk(t) − u(t))dt

+
(
ĉ + d̂‖vk‖

p

Êβ
0

)p−1
∫ T

0

1
~2(t)p−2 φp(~2(t)0Dβ

t vk(t))(0Dβ
t vk(t) − 0Dβ

t v(t))

+ `2(t)|vk(t)|p−2vk(t)(vk(t) − v(t))dt

−
(
â + b̂‖u‖p

Êα
0

)p−1
∫ T

0

1
~1(t)p−2 φp(~1(t)0Dα

t u(t))(0Dα
t uk(t) − 0Dα

t u(t))

+ `1(t)|u(t)|p−2u(t)(uk(t) − u(t))dt

−
(
ĉ + d̂‖v‖p

Êβ
0

)p−1
∫ T

0

1
~2(t)p−2 φp(~2(t)0Dβ

t v(t))(0Dβ
t vk(t) − 0Dβ

t v(t))

+ `2(t)|v(t)|p−2v(t)(vk(t) − v(t))dt

=
(
â + b̂‖uk‖

p
Êα

0

)p−1
∫ T

0

( 1
~1(t)p−2 φp(~1(t)0Dα

t uk(t))

−
1

~1(t)p−2 φp(~1(t)0Dα
t u(t))

)
(0Dα

t uk(t) − 0Dα
t u(t))

+
(
`1(t)|uk(t)|p−2uk(t) − `1(t)|u(t)|p−2u(t)

)
(uk(t) − u(t))dt

+
(
ĉ + d̂‖vk‖

p

Êβ
0

)p−1
∫ T

0

( 1
~2(t)p−2 φp(~2(t)0Dβ

t vk(t))

−
1

~2(t)p−2 φp(~2(t)0Dβ
t v(t))

)
(0Dβ

t vk(t) − 0Dβ
t v(t))

+
(
`2(t)|vk(t)|p−2vk(t) − `2(t)|v(t)|p−2v(t)

)
(vk(t) − v(t))dt

+
(
(â + b̂‖uk‖

p
Êα

0
)p−1 − (â + b̂‖u‖p

Êα
0
)p−1

)
×

∫ T

0

1
~1(t)p−2 φp(~1(t)0Dα

t u(t))(0Dα
t uk(t) − 0Dα

t u(t)) (23)

+ `1(t)|u(t)|p−2u(t)(uk(t) − u(t))dt

+
(
(ĉ + d̂‖vk‖

p

Êβ
0

)p−1 − (ĉ + d̂‖v‖p
Êβ

0

)p−1
)
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×

∫ T

0

1
~2(t)p−2 φp(~2(t)0Dβ

t v(t))(0Dβ
t vk(t) − 0Dβ

t v(t))

+ `2(t)|v(t)|p−2v(t)(vk(t) − v(t))dt,

considering that a weak convergence of {(uk(t), vk(t))}, we have(
(â + b̂‖uk‖

p
Êα

0
)p−1 − (â + b̂‖u‖p

Êα
0
)p−1

)
×

∫ T

0

1
~1(t)p−2 φp(~1(t)0Dα

t u(t))(0Dα
t uk(t) − 0Dα

t u(t))

+ `1(t)|u(t)|p−2u(t)(uk(t) − u(t))dt

=
(
(â + b̂‖uk‖

p
Êα

0
)p−1 − (â + b̂‖u‖p

Êα
0
)p−1

)
(ϕ′λ1(u(t)), uk(t) − u(t)) (24)

→ 0 as k → ∞,

and (
(ĉ + d̂‖vk‖

p

Êβ
0

)p−1 − (ĉ + d̂‖v‖p
Êβ

0

)p−1
)

×

∫ T

0

1
~2(t)p−2 φp(~2(t)0Dβ

t v(t))(0Dβ
t vk(t) − 0Dβ

t v(t))

+ `2(t)|v(t)|p−2v(t)(vk(t) − v(t))dt

=
(
(ĉ + d̂‖vk‖

p

Êβ
0

)p−1 − (ĉ + d̂‖v‖p
Êβ

0

)p−1
)
(ϕ′λ2(v(t)), vk(t) − v(t)) (25)

→ 0 as k → ∞,

where

ϕ̂λ1(u(t)) =
1
p

( ∫ T

0
~1(t)|0Dα

t u(t)|pdt +

∫ T

0
`1(t)|u(t)|pdt

)
,

ϕ̂λ2(v(t)) =
1
p

( ∫ T

0
~2(t)|0Dβ

t v(t)|pdt +

∫ T

0
`2(t)|v(t)|pdt

)
,

by (20) to (25), we obtain∫ T

0

( 1
~1(t)p−2 φp(~1(t)0Dα

t uk(t))

−
1

~1(t)p−2 φp(~1(t)0Dα
t u(t))

)
(0Dα

t uk(t) − 0Dα
t u(t))

+
(
`1(t)|uk(t)|p−2uk(t) − `1(t)|u(t)|p−2u(t)

)
(uk(t) − u(t))dt → 0, (26)

∫ T

0

( 1
~2(t)p−2 φp(~2(t)0Dβ

t vk(t))

−
1

~2(t)p−2 φp(~2(t)0Dβ
t v(t))

)
(0Dβ

t vk(t) − 0Dβ
t v(t))
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+
(
`2(t)|vk(t)|p−2vk(t) − `2(t)|v(t)|p−2v(t)

)
(vk(t) − v(t))dt → 0. (27)

Based on a notorious inequality in [26], for any s̃1, s̃2 ∈ RN , there exists a constant
ã > 0 such that

〈|̃s1|
p−2 s̃1 − |̃s2|

p−2 s̃2, s̃1 − s̃2〉 ≥

̃a|̃s1 − s̃2|
p, p ≥ 2,

ã |̃s1−s̃2 |
2

(|̃s1 |+|̃s2 |)2−p , 1 < p ≤ 2,
(28)

then by (28), there exist constants d̃1, d̃2, d̃3, d̃4 > 0 such that∫ T
0

(
1

~1(t)p−2 φp(~1(t)0Dα
t uk(t)) − 1

~1(t)p−2 φp(~1(t)0Dα
t u(t))

)
×(0Dα

t uk(t) − 0Dα
t u(t))dt

≥

d̃1
∫ T

0
1

~1(t)p−1 |~1(t)0Dα
t uk(t) − ~1(t)0Dα

t u(t)|pdt, p ≥ 2,

d̃1
∫ T

0
1

~1(t)p−1
|~1(t)0Dα

t uk(t)−~1(t)0Dα
t u(t)|2

(|~1(t)0Dα
t uk(t)|+|~1(t)0Dα

t u(t)|)2−p dt, 1 < p ≤ 2,

∫ T
0

(
`1(t)|uk(t)|p−2uk(t) − `1(t)|u(t)|p−2u(t)

)
(uk(t) − u(t))dt

≥

d̃2
∫ T

0 `1(t)|uk(t) − u(t)|pdt, p ≥ 2,

d̃2
∫ T

0 `1(t) |uk(t)−u(t)|2

(|uk(t)|+|u(t)|)2−p dt, 1 < p ≤ 2,

∫ T
0

(
1

~2(t)p−2 φp(~2(t)0Dβ
t vk(t)) − 1

~2(t)p−2 φp(~2(t)0Dβ
t v(t))

)
×(0Dβ

t vk(t) − 0Dβ
t v(t))dt

≥

d̃3
∫ T

0
1

~2(t)p−1 |~2(t)0Dβ
t vk(t) − ~2(t)0Dβ

t v(t)|pdt, p ≥ 2,

d̃3
∫ T

0
1

~2(t)p−1
|~2(t)0Dβ

t vk(t)−~2(t)0Dβ
t v(t)|2

(|~2(t)0Dβ
t vk(t)|+|~2(t)0Dβ

t v(t)|)2−p
dt, 1 < p ≤ 2,

∫ T
0

(
`2(t)|vk(t)|p−2vk(t) − `2(t)|v(t)|p−2v(t)

)
(vk(t) − v(t))dt

≥

d̃4
∫ T

0 `2(t)|vk(t) − v(t)|pdt, p ≥ 2,

d̃4
∫ T

0 `2(t) |vk(t)−v(t)|2

(|vk(t)|+|v(t)|)2−p dt, 1 < p ≤ 2.

When 1 < p ≤ 2, one has∫ T

0
~1(t)|0Dα

t uk(t) − 0Dα
t u(t)|pdt

≤
( ∫ T

0

1
~1(t)p−1

|~1(t)0Dα
t uk(t) − ~1(t)0Dα

t u(t)|2

(|~1(t)0Dα
t uk(t)| + |~1(t)0Dα

t u(t)|)2−p dt
) p

2

×
( ∫ T

0

1
~1(t)p−1 (|~1(t)0Dα

t uk(t)| + |~1(t)0Dα
t u(t)|)pdt

) 2−p
2

≤
( ∫ T

0

1
~1(t)p−1

|~1(t)0Dα
t uk(t) − ~1(t)0Dα

t u(t)|2

(|~1(t)0Dα
t uk(t)| + |~1(t)0Dα

t u(t)|)2−p dt
) p

2
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× 2(p−1) 2−p
2 (~0

1)
2−p

2

( ∫ T

0
|0Dα

t uk(t)|p + |0Dα
t u(t)|pdt

) 2−p
2
,

therefore we infer that∫ T

0

( 1
~1(t)p−2 φp(~1(t)0Dα

t uk(t)) −
1

~1(t)p−2 φp(~1(t)0Dα
t u(t))

)
× (0Dα

t uk(t) − 0Dα
t u(t))dt

≥2(1−p) 2−p
p (~0

1)
p−2

p d̃1(‖0Dα
t uk(t)‖pLp + ‖0Dα

t u(t)‖pLp )
p−2

p (29)

× (
∫ T

0
~1(t)|0Dα

t uk(t) − 0Dα
t u(t)|pdt)

2
p .

A similar calculation yields∫ T

0
`1(t)|uk(t) − u(t)|pdt

≤
( ∫ T

0
`1(t)

|uk(t) − u(t)|2

(|uk(t)| + |u(t)|)2−p dt
) p

2
·
( ∫ T

0
`1(t)(|uk(t)| + |u(t)|)pdt

) 2−p
2

≤
( ∫ T

0
`1(t)

|uk(t) − u(t)|2

(|uk(t)| + |u(t)|)2−p dt
) p

2

× 2(p−1) 2−p
2 (`0

1)
2−p

2

( ∫ T

0
|uk(t)|p + |u(t)|pdt

) 2−p
2
,

therefore we infer that∫ T

0

(
`1(t)|uk(t)|p−2uk(t) − `1(t)|u(t)|p−2u(t)

)
(uk(t) − u(t))dt

≥2(1−p) 2−p
p (`0

1)
p−2

p d̃2

(
‖uk(t)‖pLp + ‖u(t)‖pLp

) p−2
p (30)

×
( ∫ T

0
`1(t)|uk(t) − u(t)|pdt

) 2
p
.

From (29) and (30), it follows that∫ T

0

( 1
~1(t)p−2 φp(~1(t)0Dα

t uk(t))

−
1

~1(t)p−2 φp(~1(t)0Dα
t u(t))

)
(0Dα

t uk(t) − 0Dα
t u(t))

+
(
`1(t)|uk(t)|p−2uk(t) − `1(t)|u(t)|p−2u(t)

)
(uk(t) − u(t))dt

≥K̃1

(
(
∫ T

0
~1(t)|0Dα

t uk(t) − 0Dα
t u(t)|pdt)

2
p + (

∫ T

0
`1(t)|uk(t) − u(t)|pdt)

2
p
)

≥2
p−2

p K̃1

( ∫ T

0
~1(t)|0Dα

t uk(t) − 0Dα
t u(t)|pdt +

∫ T

0
`1(t)|uk(t) − u(t)|pdt

) 2
p (31)

=2
p−2

p K̃1‖uk(t) − u(t)‖2
Êα

0
,
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where K̃1 = 2(1−p) 2−p
p min{(~0

1)
p−2

p d̃1(‖0Dα
t uk(t)‖pLp+‖0Dα

t u(t)‖pLp )
p−2

p , (`0
1)

p−2
p d̃2(‖uk(t)‖pLp+

‖u(t)‖pLp )
p−2

p }.
When P ≥ 2, one has∫ T

0

( 1
~1(t)p−2 φp(~1(t)0Dα

t uk(t))

−
1

~1(t)p−2 φp(~1(t)0Dα
t u(t))

)
(0Dα

t uk(t) − 0Dα
t u(t))

+
(
`1(t)|uk(t)|p−2uk(t) − `1(t)|u(t)|p−2u(t)

)
(uk(t) − u(t))dt

≥

∫ T

0
d̃1

1
~1(t)p−1 |~1(t)0Dα

t uk(t) − ~1(t)0Dα
t u(t)|pdt +

∫ T

0
d̃2`1(t)|uk(t) − u(t)|pdt

(32)

≥min{d̃1, d̃2}‖uk(t) − u(t)‖p
Êα

0
.

Likewise, when 1 < p < 2, one has∫ T

0

( 1
~2(t)p−2 φp(~2(t)0Dβ

t vk(t))

−
1

~2(t)p−2 φp(~2(t)0Dβ
t v(t))

)
(0Dβ

t vk(t) − 0Dβ
t v(t))

+
(
`2(t)|vk(t)|p−2vk(t) − `2(t)|v(t)|p−2u(t)

)
(vk(t) − v(t))dt

≥K̃2

(
(
∫ T

0
~2(t)|0Dβ

t vk(t) − 0Dβ
t v(t)|pdt)

2
p + (

∫ T

0
`2(t)|vk(t) − v(t)|pdt)

2
p
)

≥2
p−2

p K̃2

( ∫ T

0
~2(t)|0Dβ

t vk(t) − 0Dβ
t v(t)|pdt +

∫ T

0
`2(t)|vk(t) − v(t)|pdt

) 2
p (33)

=2
p−2

p K̃2‖vk(t) − v(t)‖2
Êβ

0
,

where K̃2 = 2(1−p) 2−p
p min{(~0

2)
p−2

p d̃3(‖0Dβ
t vk(t)‖pLp+‖0Dβ

t v(t)‖pLp )
p−2

p , (`0
2)

p−2
p d̃4(‖vk(t)‖pLp+

‖v(t)‖pLp )
p−2

p }.
When P ≥ 2, one has∫ T

0

( 1
~2(t)p−2 φp(~2(t)0Dβ

t vk(t))

−
1

~2(t)p−2 φp(~2(t)0Dβ
t v(t))

)
(0Dβ

t vk(t) − 0Dβ
t v(t))

+
(
`2(t)|vk(t)|p−2vk(t) − `2(t)|v(t)|p−2v(t)

)
(vk(t) − v(t))dt

≥

∫ T

0
d̃3

1
~2(t)p−1 |~2(t)0Dβ

t vk(t) − ~2(t)0Dβ
t v(t)|pdt +

∫ T

0
d̃4`2(t)|vk(t) − v(t)|pdt (34)

≥min{d̃3, d̃4}‖vk(t) − v(t)‖p
Êβ

0

.
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Therefore, it follows from (26) and (27) with (31) to (34) that

‖uk(t) − u(t)‖Êα
0
→ 0, ‖vk(t) − v(t)‖Êβ

0
→ 0, as k → ∞.

This show that ‖(uk(t), vk(t))−(u(t), v(t))‖Êβ
α
→ 0. Hence, ϕλ satisfies the P.S.condition

and the first step of the proof is completed.
StepII. We will show that there exists an r̃ > 0 such that the functional ϕλ has a

local minimum (u∗0, v
∗
0) ∈ Θr̃ : {(u, v) ∈ Êβ

α : ‖(u, v)‖Êβ
α
< r̃}.

Apparently, Θr̃ is a bound and real reflexive Banach space. In addition, we can
show thatΘr̃ is weak sequentially closed. In fact, let {(uk, vk)} ⊆ Θr̃ such that (uk, vk) ⇀
(u, v), by the Mazur theorem [23], there exists a sequence of convex combinations

ũk =

k∑
j=1

εk j u j,

k∑
j=1

εk j = 1, εk j > 0, j ∈ N,

ṽk =

k∑
j=1

ςk j v j,

k∑
j=1

ςk j = 1, ςk j > 0, j ∈ N,

such that ũk → u in Êα
0 , ṽk → v in Êβ

0 , i.e., (̃uk, ṽk) → (u, v). Since Θr̃ is a closed
convex set, so (̃uk, ṽk) ⊆ Θr̃ and (u, v) ∈ Θr̃. Next, we show that ϕ̂λ is weakly se-
quentially lower semi-continous in Θr̃. Assuming (uk, vk) ⇀ (u, v) in Êβ

α, from the
lemma 4, then (uk, vk) uniformly converges (u, v) in C([0,T ],R)2. So Ψ̂ (u, v) is weak-
ly sequentially continuous. Apparently Φ̂(u, v) is a convex and continuous function,
we have that Φ̂(u, v) is weakly sequentially lower semi-continous. Then ϕ̂λ is weakly
sequentially lower semi-continous in Θr̃. i.e.

lim inf
k→∞

ϕ̂λ(uk, vk) = lim inf
k→∞

1

b̂p2
(â + b̂‖uk‖

p
Êα

0
)p −

âp

b̂p2
+

1

d̂p2
(ĉ + d̂‖vk‖

p

Êβ
0

)p −
ĉp

d̂p2

− λ

∫ T

0
f (t, uk(t), vk(t))dt − µ

∫ T

0
g(t, uk(t), vk(t))dt

≥ϕ̂λ(u, v).

Therefore, it follows from Lemma 6 that ϕ̂λ has a local minimum. Without loss of
generality, we assume ϕ̂λ(u∗0, v

∗
0) = min(u,v)∈Θr̃

ϕλ(u, v). Next we will demonstrate that

ϕ̂λ(u∗0, v
∗
0) < inf

(u,v)∈∂Θr̃

ϕ̂λ(u, v). (35)

If (35) holds, the proof of step II is completed.
There we choose r̃ = r̃0 > 0, from (H2), there exist 0 < ε̃ < min{1, 1

λ
, 1
µ
} and

δ̃ > 0, for any t ∈ [0,T ], (u, v) ∈ Êβ
α, with |u(t)| ≤ δ̃, |v(t)| ≤ δ̃, such that

f (t, u(t), v(t)) ≤
ε̃âp−1

pΛ̃p
1

|u(t)|p, g(t, u(t), v(t)) ≤
ε̃ĉp−1

pΛ̃p
2

|v(t)|p. (36)
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So, for any (u, v) ∈ ∂Θr̃0 , by (6), (9), (13), (14), (15) and (36), we have

ϕ̂λ(u, v) =
1

b̂p2
(â + b̂‖u‖p

Êα
0
)p −

âp

b̂p2
+

1

d̂p2
(ĉ + d̂‖v‖p

Êβ
0

)p −
ĉp

d̂p2

− λ

∫ T

0
f (t, u(t), v(t))dt − µ

∫ T

0
g(t, u(t), v(t))dt

≥
âp−1

p
‖u(t)‖p

Êα
0

+
ĉp−1

p
‖v(t)‖p

Êβ
0

− λ
ε̃âp−1

pΛ̃p
1

∫ T

0
|u(t)|pdt

− µ
ε̃ĉp−1

pΛ̃p
2

∫ T

0
|v(t)|pdt

≥
âp−1

p
‖u(t)‖p

Êα
0

+
ĉp−1

p
‖v(t)‖p

Êβ
0

− λ
ε̃âp−1

p
‖u(t)‖p

Êα
0

− µ
ε̃ĉp−1

p
‖v(t)‖p

Êβ
0

≥
âp−1

p
(1 − λε̃)‖u(t)‖p

Êα
0

+
ĉp−1

p
(1 − µε̃)‖v(t)‖p

Êβ
0

≥min{âp−1(1 − λε̃), ĉp−1(1 − µε̃)}
r̃p

0

p
.

Noticing ϕ̂λ(0, 0) = 0, then ϕ̂λ(u∗0, v
∗
0) ≤ ϕ̂λ(0, 0) < ϕ̂λ(u, v) for any (u, v) ∈ ∂Θr̃0 . So

(35) holds and (u∗0, v
∗
0) ∈ Θr̃0 .

StepIII. We will demonstrate that there exist an (u∗1, v
∗
1) with ‖(u∗1, v

∗
1)‖Êβ

α
> r̃0 such

that ϕ̂λ(u∗1, v
∗
1) < inf(u,v)∈∂Ωr̃0

ϕ̂λ(u, v).
Considering that (H3), there exist nonnegative constants d̃∗1, d̃∗2, d̃∗3 and d̃∗4 such

that for any t ∈ [0,T ], (u, v) ∈ Êβ
α,

f (t, u(t), v(t)) ≥ d̃∗1|u(t)|̃γ − d̃∗2, g(t, u(t), v(t)) ≥ d̃∗3|v(t)|̃γ − d̃∗4. (37)

So, for any (u, v) ∈ Êβ
α \ (0, 0), since γ̃ > p2, by (37), we have

ϕ̂λ(ξ̂u, ξ̂v) =
1

b̂p2
(â + b̂ξ̂p‖u‖p

Êα
0
)p −

âp

b̂p2
+

1

d̂p2
(ĉ + d̂ξ̂p‖v‖p

Êβ
0

)p −
ĉp

d̂p2

− λ

∫ T

0
f (t, ξ̂u(t), ξ̂v(t))dt − µ

∫ T

0
g(t, ξ̂u(t), ξ̂v(t))dt

≤
1

b̂p2
(â + b̂ξ̂p‖u‖p

Êα
0
)p +

1

d̂p2
(ĉ + d̂ξ̂p‖v‖p

Êβ
0

)p

− λd̃∗1

∫ T

0
|ξ̂u(t)|̃γdt + λd̃∗2T − µd̃∗3

∫ T

0
|ξ̂v(t)|̃γdt + µd̃∗4T

=
1

b̂p2
(â + b̂ξ̂p‖u‖p

Êα
0
)p +

1

d̂p2
(ĉ + d̂ξ̂p‖v‖p

Êβ
0

)p (38)

− λd̃∗1ξ̂
γ̃‖u(t)‖γ̃

Lγ̃
− µd̃∗3ξ̂

γ̃‖v(t)‖γ̃
Lγ̃

+ λd̃∗2T + µd̃∗4T

→ −∞, as ξ̂ → ∞.
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Then the (38) implies that there exist ξ∗0 sufficiently large with ‖(ξ∗0u, ξ∗0v)‖Êβ
α
> r̃0,

ϕ̂λ(ξ∗0u, ξ∗0v) ≤ 0. Therefore we take (u∗1, v
∗
1) = (ξ∗0u, ξ∗0v) with ‖(u∗1, v

∗
1)‖Êβ

α
> r̃0 and

ϕ̂λ(u∗1, v
∗
1) ≤ 0 which implied that ϕ̂λ(u∗1, v

∗
1) < inf(u,v)∈∂Θr̃0

ϕ̂λ(u, v). Then stepIII is
proved.

It follows from Lemma 5 that the critical value

σ∗ = inf
( j̃1 ,̃ j2)∈Γ̃

max
s∈[0,1]

ϕ̂λ( j̃1(s), j̃2(s)),

where

Γ̃ ={( j̃1(s), j̃2(s))|( j̃1(s), j̃2(s)) ∈ C([0, 1],R)2

: ( j̃1(0), j̃2(0)) = (u∗0, v
∗
0), ( j̃1(1), j̃2(1)) = (u∗1, v

∗
1)},

then, there exists a critical point (̃u∗, ṽ∗) ∈ Êβ
α, such that ϕ̂′λ (̃u∗, ṽ∗) = 0. In addition, by

lemma 6, we know that (u∗0, v
∗
0) is also a critical point, therefore, (̃u∗, ṽ∗) and (u∗0, v

∗
0)

are two different critical points of ϕ̂λ and they are weak solutions of (1). Proof of
Theorem 2 is completed.

Before we begin the following proof, we give some notations.

G1(α, %) =
1

(%T )p

( ∫ %T

0
~1(t)t(1−α)pdt +

∫ (1−%)T

%T
~1(t)(t1−α − (t − %T )1−α)pdt

+

∫ T

(1−%)T
~1(t)(t1−α − (t − %T )1−α − (t − (1 − %)T )1−α)pdt

)
+ (

Γ(2 − α)
%T

)p
∫ %T

0
`1(t)tpdt + (Γ(2 − α))p

∫ (1−%)T

%T
`1(t)dt

+ (
Γ(2 − α)
%T

)p
∫ T

(1−%)T
`1(t)(T − t)pdt,

G2(β, %) =
1

(%T )p

( ∫ %T

0
~2(t)t(1−β)pdt +

∫ (1−%)T

%T
~2(t)(t1−β − (t − %T )1−β)pdt

+

∫ T

(1−%)T
~2(t)(t1−β − (t − %T )1−β − (t − (1 − %)T )1−β)pdt

)
+ (

Γ(2 − β)
%T

)p
∫ %T

0
`2(t)tpdt + (Γ(2 − β))p

∫ (1−%)T

%T
`2(t)dt

+ (
Γ(2 − β)
%T

)p
∫ T

(1−%)T
`2(t)(T − t)pdt,

M̃ = max{
1

âp−1 Λ̃
∗p
1 ,

1
ĉp−1 Λ̃

∗p
2 },

Ω̃(̃ι) = {(u, v) ∈ R2 :
1
p
|u|p +

1
p
|v|p ≤ ι̃},
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g̃0 =

∫ T

0
max

(u,v)∈Ω̃(̃c)
g(t, u, v)dt,

g̃0 = inf
[0,T ]×[0,Γ(2−α)$1]×[0,Γ(2−β)$2]

g(t, u, v),

G̃∗ =
1

b̂p2
(â + b̂$p

1G1(α, %))p +
1

d̂p2
(ĉ + d̂$p

2G2(β, %))p,

µ̃∗ = min{
−λ

∫ T
0 max(u,v)∈Ω̃(̃c) f (t, u, v)dt + c̃

M̃

g̃0 ,

−λ
∫ (1−%)T
%T f (t, Γ(2 − α)$1, Γ(2 − β)$2)dt + G̃∗

Tg̃0
}.

Theorem 3 Let 1
p < α, β ≤ 1, f (t, 0, 0) = g(t, 0, 0) = 0. Assume that (H1) and (H3)

hold and there exist three positive constants c̃, $1, $2 such that
(H′1)

c̃

M̃
>

1

b̂p2
(â + b̂$p

1G1(α, %))p +
1

d̂p2
(ĉ + d̂$p

2G2(β, %))p = G̃∗;

(H′2) ∫ (1−%)T

%T
f (t, Γ(2 − α)$1, Γ(2 − β)$2)dt > 0;

∫ %T

0
f (t,

Γ(2 − α)$1

%T
t,
Γ(2 − β)$2

%T
t)dt

+

∫ %T

0
f (T − t,

Γ(2 − α)$1

%T
t,
Γ(2 − β)$2

%T
t)dt > 0;

(H′3)

M̃
∫ T

0 max(u,v)∈Ω̃(̃c) f (t, u, v)dt

c̃
<

∫ (1−%)T
%T f (t, Γ(2 − α)$1, Γ(2 − β)$2)dt

G̃∗
.

Then, for each

λ ∈]
G̃∗∫ (1−%)T

%T f (t, Γ(2 − α)$1, Γ(2 − β)$2)dt
,

c̃

M̃
∫ T

0 max(u,v)∈Ω̃(̃c) f (t, u, v)dt
[,

and µ ∈ (0, µ̃∗), the problem (1) has at least two non trivial solutions.
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Proof It is clear that inf(u,v)∈Êβ
α
Φ̂(u, v) = Ψ̂ (u, v) = 0. Besides, Φ̂, Ψ̂ : Êβ

α → R are
two continously Gâteaux differentiable functionals and Φ̂′, Ψ̂ ′ can be seen in (17),
(18).

Set r = c̃
M̃

and consider the following two functions û1(t) ∈ Êα
0 , v̂1(t) ∈ Êβ

0 defined
by

û1(t) :=


Γ(2−α)$1

%T t, t ∈ [0, %T [,
Γ(2 − α)$1, t ∈ [%T, (1 − %)T ],
Γ(2−α)$1

%T (T − t), t ∈](1 − %)T,T ],
(39)

and

v̂1(t) :=


Γ(2−β)$2

%T t, t ∈ [0, %T [,
Γ(2 − β)$2, t ∈ [%T, (1 − %)T ],
Γ(2−β)$2

%T (T − t), t ∈](1 − %)T,T ],
(40)

Clearly û1(0) = û1(T ) = v̂1(0) = v̂1(T ) = 0, û1(t), v̂1(t) ∈ Lp[0,T ]. By the definition
1, we have

0Dα
t û1(t) :=


$1
%T t1−α, t ∈ [0, %T [,
$1
%T (t1−α − (t − %T )1−α), t ∈ [%T, (1 − %)T ],
$1
%T (t1−α − (t − %T )1−α − (t − (1 − %)T )1−α), t ∈](1 − %)T,T ],

and

0Dβ
t v̂1(t) :=


$2
%T t1−β, t ∈ [0, %T [,
$2
%T (t1−β − (t − %T )1−β), t ∈ [%T, (1 − %)T ],
$2
%T (t1−β − (t − %T )1−β − (t − (1 − %)T )1−β), t ∈](1 − %)T,T ].

So that

‖û1(t)‖p
Êα

0
=

∫ T

0
~1(t)|0Dα

t û1(t)|pdt + `1(t)|û1(t)|pdt

=

∫ %T

0
+

∫ (1−%)T

%T
+

∫ T

(1−%)T
~1(t)|0Dα

t û1(t)|p + `1(t)|û1(t)|pdt

=$
p
1G1(α, %),

‖v̂1(t)‖p
Êβ

0

=

∫ T

0
~2(t)|0Dβ

t v̂1(t)|pdt + `2(t)|v̂1(t)|pdt

=

∫ %T

0
+

∫ (1−%)T

%T
+

∫ T

(1−%)T
~2(t)|0Dβ

t v̂1(t)|p + `2(t)|v̂1(t)|pdt

=$
p
2G2(β, %).

Then, by (H′1) we have

0 <Φ̂(û1(t), v̂1(t))
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=
1

b̂p2
(â + b̂$p

1G1(α, %))p −
âp

b̂p2
+

1

d̂p2
(ĉ + d̂$p

2G2(β, %))p −
ĉp

d̂p2

≤
1

b̂p2
(â + b̂$p

1G1(α, %))p +
1

d̂p2
(ĉ + d̂$p

2G2(β, %))p <
c̃

M̃
= r.

Now, using that

{(u, v) ∈ Êβ
α : Φ̂(u, v) ≤ r}

={(u, v) ∈ Êβ
α :

1

b̂p2
(â + b̂‖u‖p

Êα
0
)p −

âp

b̂p2
+

1

d̂p2
(ĉ + d̂‖v‖p

Êβ
0

)p −
ĉp

d̂p2
≤ r}

⊆{(u, v) ∈ Êβ
α :

âp−1

p
‖u‖p

Êα
0

+
ĉp−1

p
‖v‖p

Êβ
0

≤ r}

⊆{(u, v) ∈ Êβ
α :

âp−1

p
1

Λ̃
∗p
1

‖u‖p∞ +
ĉp−1

p
1

Λ̃
∗p
2

‖v‖p∞ ≤ r}

⊆{(u, v) ∈ Êβ
α :
|u|p

p
+
|v|p

p
≤ M̃r = c̃}.

Due to µ ∈ (0, µ̃∗), we have

µ <
−λ

∫ T
0 max(u,v)∈Ω̃(̃c) f (t, u, v)dt + c̃

M̃

g̃0 ,

then, the following inequality holds:

supΦ̂(u,v)≤r Ψ̂ (u, v)

r
≤ M̃

∫ T
0 max(u,v)∈Ω̃(̃c) f (t, u, v)dt +

µ
λ
g̃0

c̃
<

1
λ
. (41)

In addition, Due to µ ∈ (0, µ̃∗), we have

µ <
−λ

∫ (1−%)T
%T f (t, Γ(2 − α)$1, Γ(2 − β)$2)dt + G̃∗

Tg̃0
,

then, the following inequality holds:

Ψ̂ (û1(t), v̂1(t))
Φ̂(û1(t), v̂1(t))

≥

∫ (1−%)T
%T f (t, Γ(2 − α)$1, Γ(2 − β)$2)dt +

µ
λ
Tg̃0

G̃∗
>

1
λ
. (42)

by (41) and (42), the hypothesis (i) of theorem 1 holds. In addition, note that when
(H1) holds, StepI in the proof of Theorem 2 shows that ϕ̂λ = Φ̂ − λΨ̂ satisfies
P.S.condition. When (H3) holds, the (38) implies that ϕ̂λ = Φ̂ − λΨ̂ is unbounded
from blow on Êβ

α. Then, the hypothesis (ii) of theorem 1 holds. Therefore, all the
assumptions of theorem 1 are satisfied.

Hence, theorem 3 implies that for each

λ ∈]
G̃∗∫ (1−%)T

%T f (t, Γ(2 − α)$1, Γ(2 − β)$2)dt
,

c̃

M̃
∫ T

0 max(u,v)∈Ω̃(̃c) f (t, u, v)dt
[,

and µ ∈ (0, µ̃∗), the functional ϕ̂λ has least two non-zero critical point that are non
trivial solutions of (1).
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4 Conclusions

In this paper we study the fractional-order Kirchhoff-type coupled equation with p-
Laplacian operators in two approaches, obtaining results on the existence of two so-
lutions to the equation under important A-R conditions. To the best of my knowledge,
there has been relatively little research on such equations. Therefore, we are inclined
to continue to explore such problems in the future.
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