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Abstract

In this paper, we are concerned with the asymptotic behavior of solutions to the Cauchy problem (or initial-boundary value
problem) of one-dimensional Keller-Segel model. For the Cauchy problem, we prove that the solutions time-asymptotically
converge to the nonlinear diffusion wave whose profile is self-similar solution to the corresponding parabolic equation, which
is derived by Darcy’s law, as in [11, 28]. For the initial-boundary value problem, we consider two cases: Dirichlet boundary
condition and null-Neumann boundary condition on (u, ¢). In the case of Dirichlet boundary condition, similar to the Cauchy
problem, the asymptotic profile is still the self similar solution of the corresponding parabolic equation, which is derived
by Darcy’s law, thus we only need to deal with boundary effect. In the case of null-Neumann boundary condition, the global
existence and asymptotic behavior of solutions near constant steady states are established. The proof is based on the elementary

energy method and some delicate analysis of the corresponding asymptotic profiles.
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1 Introduction

In 1970, E.F. Keller and L.A. Segel proposed a model to describe the aggregation process of
cellular slime mold by the chemical attraction in their celebrated work [17]. The model is
now known as the Keller-Segel model, which can be written into the following form:

Ou = aAu — KV - (uVp),

(1.1)

O = bAp + pu — Ap.
Here u = u(z,t) denotes the density of bacteria and p = p(z,t) denotes the concentraction of
chemical substance which mediates the aggregation. a, b, A, 4 and k are positive constants.
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a and b are respectively the diffusion coefficients of bacteria and of chemical substance. A is
a constant rate of decrease of the chemical substance. p is a constant rate of the chemical
substance production by the bacteria and x denotes the intensity of chemotaxis.

As an important biological model, the Keller-Segel model (1.1) has attracted great interest
among many scholars and there have been many important developments. In one-dimension
case, for the Neumann initial-boundary value problem of model (1.1), Osaki and Yagi in
[31] proved that the solutions of the model are global and uniformly bounded if the inital
data are smooth sufficiently. Afterwards Iwasaki, Osaki and Yagi in [15] showed that every
solution must converge to a stationary solution by using the Lojasiewicz-Simon gragient
inequality of the Lyapunov function. For the Cauchy problem of model (1.1), Nagai and
Yamada in [27] gave the large time behavior of bounded solutions. In two-dimensioanl model,
Nagai, Syukuinn and Umesako in [26] proved that every bounded solution to the Cauchy
problem decays to zero as t goes infinity with small data ug € L*(R?) N L>°(R?) and Vpg €
LY (R?%)N L>°(R?), and that the solution behaves like the heat kernel as the self-similar profile.
Calvez and Corrias in [4] showed that under additional assumptions ug log(1+ |z|?) € L}(R?)
and wuglogug € L'(R?), any solution with m(ug;R?) < 87 to the Cauchy problem exists
globally in time. Mizoguchi in [24] proved that the global existence of solutions without
the additional assumptions when m(ug; R?) < 87. Later, the result in [2] meant that any
critical mass may lead to a global-in-time solution. In n-dimensional case (n > 3), Corrias
and Perthame in [5] proved existence of weak positive solutions to the Cauchy problem by
taking small data up € L"(R") and Vpg € L"(R") with § < r < n. If the norms ||u0HL%(Q)
and [|[Vpol|Ln(q) are suitably small, it was proved that the global bounded solutions exist, see
[3, 34] as well as references cited therein. In the case of large initial data, Winkler in [35]
constructed a Lyapunov functional to prove that the solutions blow up in finite time. For
other results related to (1.1), we refer to the interesting works and the references therein, cf.
[7,9, 10, 25, 32].

However, we can observe that in the unbounded region, the above results require that the
initial data be the same constant at infinity, specifically zero at infinity. The different states
of the initial data at infinity, as we know, have not been studied so far. In this paper, we will
consider this problem by the methods introduced by Hsiao and Liu in [11]. And it turns out
that the solution to (1.1) will converge to the nonlinear diffusion waves.

Precisely, we shall restrict ourselves to the one-dimensional Keller-Segel model (cf. [15,
31]):

Ut — QUgg + K[Up:r:]x =0,
(1.2)
Pt —bppe +Ap—pu=0, z€Q t>0,

where Q = R or R™. And we will consider the Cauchy problem on R and the initial-boundary
value problem on R of (1.2).
For the Cauchy problem, the initial data are given by

(u, p)(x,0) = (ug, po) () = (ux,ps), as x — £oo, (1.3)

where uy # u_, py # p— and uy = ﬁpi.



For the initial-boundary value problem, we consider the initial data

A
(ua p)|t:0 = (UOaPO) (J}) — <u+7p+)7 Uy > 07 Uy = ;p-l-a as x — 400, (14)

and one of the following boundary conditions:
(1) Dirichlet boundary condition

g
u|z=0 = Ba P|x=0 = MT’ (15)
where the constant [ takes a value on [u_,ui] if u_ < uy (or [uy,u_] if u_ > uy);
(2) Null-Neumann boundary condition
Uz|:c:0 =0, pz|a::0 =0. (16)

We expect to prove that the solutions of the Cauchy problem (1.2), (1.3) and the initial-
boundary value problem (1.2), (1.4), (1.5) (or (1.2), (1.4), (1.6)) converge to the nonlinear
diffusion waves as in Hsiao and Liu [11].

Regarding the convergence theory on the nonlinear diffusion waves, it is necessary for
us to briefly review its development history. For the Cauchy problem, it was studied by
Hsiao and Liu in [11] for the first time. They proved that the solutions of the Cauchy
problem for p-system with damping converge time-asymptotically to the nonlinear diffusion
waves whose profile is self-similar solution to the corresponding parabolic equation, which is
derived by Darcy’s law. Then, by more detailed and accurate energy estimates, Nishihara in
[28] generalized the result of Hsiao and Liu in [11], and obtained a more precise convergence
rates. Furthermore, by constructing an appropriate approximate Green function with the
energy method together, Nishihara, Wang and Yang in [29] further improved the convergence
rates, which is optimal in the sense comparing with the heat equation. For other results,
we refer to [8, 13, 14, 23, 33], and the references therein. For the initial-boundary value
problem on a half line R*, Nishihara and Yang in [30] considered the asymptotic behavior
of solutions of the initial-boundary value problem on R™ to the equations of p-system with
linear damping, and obtained the L? and L™ convergence rates. Later, Marcati, Mei and
Rubino in [21] improved the L? convergence rates of [30]. For other results, see [16, 18, 19, 20]
and references cited therein.

Motivated by these preceding results, we shall prove, for the Cauchy problem (1.2)-(1.3),
that the solutions globally exist and time-asymptotically converge to the nonlinear diffusion
waves, which is self-similar solution to the corresponding parabolic equation given by Dar-
cy’s law. For the initial-boundary value problem, we consider two cases: Dirichlet boundary
condition (1.5) or null-Neumann boundary condition (1.6). In the case of Dirichlet boundary
condition (1.5), similar to the Cauchy problem, the asymptotic profile is still the self-similar
solution of the corresponding parabolic equation, thus we only need to deal with bound-
ary effect. In the case of null-Neumann boundary condition (1.6), the global existence and
asymptotic behavior of solutions near constant steady states are established.

Finally, we briefly give some remarks on our problem and review some key analytical
techniques. Firstly, for the Cauchy problem, the main difficult step lies in obtaining the



zero-order energy estimates. On the one hand, we find that it is difficult to handle the bad
term fg Jg wzdxdT since we can not obtain the uniform-in-time estimates for fg Jp w?dadr
and fg fR 22dzdr. In order to overcome such a difficulty, we try to use the structure
of the reformulated equations to produce a time-space integrable good term f(f fR()\w —
pz)?dxdr (see (2.3.5)-(2.3.7) in Lemma 2.3). On the other hand, we need to treat the term
fg Jr zzﬁgdde By a heuristic analysis, we realize that fot Jg #2P2dzdr can be transformed
into [} [ 22@2dzdr (see (2.3.15) in Lemma 2.3), and then we can just control it by using new
estimate based on the argument in [12]. See Lemma 2.2 and Corollary 2.1 for details. These
two aspects are very vital for obtaining the zero-order energy estimates, and are conducive to
obtaining the higher-order energy estimates. One can see the details of the zero-order energy
estimates in Lemma 2.3.

Secondly, in the case of Dirichlet boundary condition, we construct still the self-similar
diffusion waves. Therefore, the zero-order and first-order energy estimates are similar to
Cauchy problem, and we need only to consider the treatment of the boundary effect. However,
for the second-order energy estimates, due to the difficulties in dealing with some boundary
terms, we no longer use the methods applied in the Cauchy problem but mainly use the
structure of the reformulated equations (3.1.2) to close the a priori assumption. See Lemma
3.6-Lemma 3.7 for more details. In the case of Neumann boundary condition, we consider the
global existence and asymptotic behavior of solutions near constant steady states (u.y, p4).
The analysis is also quite similar to Cauchy problem.

The rest of the paper is organized as follows. In Section 2, we consider the Cauchy
problem for the system (1.2). In Section 2.1, the Cauchy problem is reformulated and main
result will be stated. In Section 2.2, we prepare some preliminaries, which will be useful in
the proof of our theorem. Section 2.3 is devoted to the proof of our theorem. In Section 3, we
show that the corresponding initial-boundary value problem admits a unique global smooth
solution. In Subsection 3.1, we will obtain the convergence in the case of Dirichlet boundary
condition; In Subection 3.2, we will study the null-Neumann boundary problem.

Notations: Hereafter, C' denotes some generic positive constants which are only depen-
dent of the initial data and may vary from line to line. (), denotes the generally large positive
constant depending on 1. LP = LP(Q) (1 < p < oo) denotes the Lebesgue space with the

1l = (/Q If(w)\pdm>p Cl<p<oo,

[fllzoe = sup | (z)].
Q

norm

For any integer m > 0, H™(2) denotes the usual Sobolev space with the norm

1fllm = <leaﬁfll2> ,
k=0

where || [ =l [lo = |- l2(0), @ =R or R,



2 Cauchy problem

2.1 Reformulation of the Cauchy problem and main result

We first reformulate the Cauchy problem (1.2)-(1.3). From Darcy’s law and asymptotic
analysis, we notice that the first term p; and the second term —bp,, have a faster time-decay
with respect to the term A\p. Therefore, we expect the solutions of (1.2) time-asymptotically
behave as those of the following system

(2.1.1)

or

(2.1.2)

Motivated by [11, 28], we denote u by any solutions of (2.1.1) with the same end states as
u(x,0):
u(£o0,t) = ug, (2.1.3)

and set
p(£o0,t) = %ui = ps, (2.1.4)

due to the Darcy’s law.
Combining (1.2) and (2.1.1), we get

(u—1u); — a(u — W)gx + Klupzlz — K[UPz]z = 0,

(2.1.5)
pt — bpze + A(p — p) — p(u —w) = 0.
Setting the perturbation
(w, 2)(z,t) = (p — p,u — u)(x,1), (2.1.6)
we have the reformulated problem
2t — QZgpy + H[(Z + ﬂ)w:c + Zﬁx}x =0,
~ ~ (2.1.7)
Wy — bWgy + AW — pz + py — bpry =0,
with initial data
(w, 2)|,—¢ = (wo,20) () = 0 as x — Foo. (2.1.8)

Theorem 2.1. (Cauchy problem). Suppose that both § := |py — p—| + |uy| + |u—| and
lwolly+ 120l are sufficiently small. Then, the Cauchy problem (2.1.7)-(2.1.8) exists a unique
time-global solutions (w, z)(x,t), which satisfies

we W ([0,00); H*), i=0,1,2, z€W"([0,00);H* "), i=0,1,2,



and

2
D A+ (Ilaifw(t)ﬂ2 + !\3'£Z(t)||2) + 1+ 6)? ([lwe () + N2 ()]])
k=0

2

+ /0 {Z(l + 1) (05 w(m)|? + 105 2(7)I1° + 107 (Aw — p2)(7)]1?)
§=0

+ 1+ 7)? ([war (DI + llzae (NI + | (Mwe = pze) (7)) | d

<C (Jlwoll3 + l|z0ll3 + 6) - (2.1.9)

2.2 Preliminaries

In this subsection, we are going to introduce some fundamental properties of the nonlinear
diffusion waves (4, p) and some elementary inequalities, which will play an important role
later.

Firstly, combining (2.1.2); with (2.1.3), we have

ug = (f(a)'az)x,

(2.2.1)
u(£o0,t) = ug,

where f(u) = a — 5. From the previous works in [1, 6], we can know that (2.2.1) has a

unique self-similar solution called nonlinear diffusion wave in the form

alw, ) = 6 (\/th) =4(6), €eR

(ﬁ(:l:OO) = Us.

(2.2.2)

Plug (2.2.2), into (2.2.1); and integrate to obtain, for any &,

¢’ (§0) £ (¢ (&0)) -~ J§ scimpydn
f((8)) ’

& .
BE) = 6 (o) + /é ¢ (5%“(%)@@)6—@0 —

¢
= ¢ (&) + A ¢'(n)dn. (2.2.4)

It has been shown that (2.2.3) with boundary condition (2.2.2), has a unique solution and

¢'(€) =

(2.2.3)

that is strictly monotone increasing if u4 > u_ and decreasing if u; < u_ in [1, 6]. According
to (2.2.4) and f(u) >0 (due to |ux| < %), we have

/(9] < Cem @, (2:2.5)
for some Cj, C > 0 depending on uy. Moreover, ¢’ (&) has the following property that

Crluy —u_| <|¢'(&0)| < Calug —u_|,



where C and Cy are positive constants depending on u4. Therefore, we can obtain
16'(€)] < Cluy — u_le= ¢ (2.2.6)
As one can see in [11], it is easy to prove that the self-similar solution ¢ () satisfies
4
>

and u(x,t) satisfies the following dissipative properties:

g,€¢> ’ +16(8) — uplgengy +10(6) —ufeeqy < Cluy —u| e~ Cog? (2.2.7)

e e e
ittt LT 2(1+t) T4t
Lo PO+ 9 €8N +3(9
xt = 3 s Ugzx = 3 tt — 2 )
2(1+1)2 (141¢)2 4(1+1)
< O Rt N 103
xxt 2(1 + t)2 ) TLTLT (1 T t)2 . (228)

From (2.2.7) and (2.2.8), we can prove that u(z,t) satisfies the following decay estimates.
Lemma 2.1. For each p € [1,00] is an integer, the self-similar solution of (2.2.1) holds that

min {uq,u_} < a(z,t) < max{uy,u_},

a’;ag'a(t)HLp(R) <Cluy —u_|(1+8)727F%, kj>0, k+j>1.

Due to p = £, the dissipative properties of p(z,t) are the same as @(x,1).
Next, we introduce an elementary inequality concerning the time-space integrable esti-
mates with the square of the heat kernel as a weight function. For o > 0, we define

- 1 ax? v
B t) = (146 Fexp { } g = [ Stody (229)
1+t -
It is easy to check that
~ 1 ~ _1
W = =W, dagr = gy |lg(-, )| = Va2, (2.2.10)

Lemma 2.2. (see [12]) For 0 <T < +o0, assume that h(z,t) satisfies
he € L* (0,T;L*(R)), hy € L*(0,T; H '(R)).

Then the following estimate holds:

T
/ / h2&2dadt
0 R

T T
§47r||h(0)||2+477a_1/ ||hx(t)|2dt+8a/ (he,hg®) 1 g At (2.2.11)
0 0

where (-,-) denotes the inner product on H='(R) x H*(R).



Corollary 2.1. In addition to the condition of Lemma 2.2, we assume further that |uy| <
6 <1, ||h]|peom) <& < 1 and h satisfies

hi = ahagy — &[(h + @) we + hpgls, h(z,0) = ho(x) € LA(R), hy(+oo,t) =0, (2.2.12)

where a and Kk are given positive constant, u and p are the self-similar solutions of (2.1.1).
Then there exists some positive constant C > 0 such that

/OT/hafuzdxdt < C/OT(Hhx(T)]z Fllwa (P2 + Cllhol (2.2.13)
Proof. Using the integration by parts and (2.2.12), we deduce
(he,hg®) o1 g = /Rhthg2dac
= /R {ahm — &[(h + @)wy, + hﬁm]x}hgzdx
= G/Rhmhg2 + K /R[(h + @) wy + hpg)(hg?)edz
= —a/ hig*dz — 2a /R hyghwdz + K /R[(h + @) wg + hpe)(heg® + 2gh)dx

/ hzghodr + K / (h+ a)wthg2dx + 2K / (h + @)wyghwdz
R R

/hpx el d;v—|—2/-$/hpxgho?dm

Il
SO

s
Il
—

(2.2.14)

where I; (1 < i <5) corresponds to the terms on the right-hand side of the above inequality.
Now we estimate I; (1 < ¢ < 5) term by term. By using (2.2.10), Young inequality and
the following inequality

Cnz? 2
/ h?pade < C/ h? [(1 F) 2 |uy —u_e” 1 | dw
R R

§052/ h?&?de, (2.2.15)
R



we can infer that

I < n/ h2¢~u2dx+0,7/ h2dz,
R R

L<C / (Il + |l =) (w2g* + h2)da
R

< C(e+9) / widx + C(e + 5)/ hZdz,
R R

L<C / (Il oo + 1] o) (w3g? + h25%)da

R

h?@2dx + C(e +6) / w2dz,
R

§0(5+5)/

R
I < C/ thidx+0/ h2gtdx
R R

< 062 / h*%dx 4+ C / h2dz,
R R
Is<n / h*@GPdx + Cy, / R%p2dx
R R
<n / h*@&dx + C,0° / h2& dz. (2.2.16)
R R

Here we have used (2.1.1),, (2.2.2); and (2.2.7)-(2.2.9).

Inserting the above inequalities into (2.2.14), then integrating the resulting inequality
with respect to ¢, using (2.2.11) and choosing §, n sufficiently small, we can prove (2.2.13)
easily. The proof of Corollary 2.1 is completed. O

2.3 Proof of Theorem 2.1

It is generally known that the global existence can be obtained by the classical continuation
argument based on the local existence of solutions and a priori estimates. The local existence
of solutions to the reformulated Cauchy problem (2.1.7) and (2.1.8) can be established by
the standard iteration argument. The details are omitted. In order to prove Theorem 2.1
for brevity, we only devote ourselves to obtaining the a priori estimates under the a priori

assumption

2
N(T) = sup {Z(m)’f(||a§§w<t>||2+||a§z<t>||2)} <, (2.3.1)

0<t<T | 1o

for some 0 < g¢g < 1.
An easy application of Sobolev inequality for L°°, we can obtain inequalities

108w (-, )|z < V2e0(1+1)175, k=0,1, (2.3.2)

;I

105 2(, 1) e < V2e0(1+8)"172, k=0,1, (2.3.3)

which will be used later.
Now we turn to establish (2.1.9), which will be given by a series of lemmas.



Lemma 2.3. If N(T) < &2 and § are small enough, it holds that

w 2 z 2 t Wy (T 2 2 (T w— pz)(T)||?) dr

[w®° + @) +/0 (H (T + [[22(D7 + |(Aw — p2)(7)]| )d
SC(Hon2+Hz0||2+5), (2.3.4)

for0<t<T.

Proof. Firstly, multiplying (2.1.7), by Aw, integrating the resulting equality with respect to
x over R, we obtain

d Aw?

— | —dz+ b)\/ w2dz + )\2/ w?dz — )\,u/ wzdx —{—/ Aw(py — bpgg)dz = 0. (2.3.5)
dt Jr 2 R R R R

Multiplying (2.1.7), by (—pz) and integrating it with respect to « over R, we have

—u/ wyzdx — b,u/ Wy zpdr — /\,u/ wzdx + /LQ/ 22dx — / pz(pr — bpyy)de = 0. (2.3.6)
R R R R R

Next, we try to use the structure of Keller-Segel model to produce the good term: fR()\w —
pz)?dr. By summing (2.3.5) and (2.3.6), it follows that

d [ w?

Rl e b)\/ w2dz + / (Aw — pz)?dz

+ /()\w — pz)(pr — bpgy)dz = ,u/ wrzdx + bu/ Wy Zpdx. (2.3.7)
R R R

By applying integration by parts and using (2.1.7),, one can obtain

,u/wtzdx = d/uwzdaz—y/wztdx
R dt Jg R

d

= — [ pwzdx — u/ w{azm — k[(z + w)w, + z,ox]x}da:

= — [ pwzdx + au/ Wy zgdar — Ii/J,/ wy[(z + @)wy + 2py]da
dt Jr R R

= — | pwzdx + au/ Wy zpda — K,U,/(Z + a)widr — H/L/ wgzpgydr. (2.3.8)
dt Jr R R R

Taking (2.3.8) into (2.3.7), we get

2
4 (/\w - ,uwz> dz + b)\/ w2dz + / (Aw — pz)?dz + /()\w — p2)(pt — bpgs)dx
dt Jg \ 2 R R R

=(a+ b)u/ Wy zpdr — K / (z + @)w2dx — IQM/ wyzppda.
R R R

(2.3.9)

Now we need to estimate the last two terms on the right-hand side of (2.3.9). By using

Lemma 2.1 and (2.3.3), we can derive
—H,LL/(Z + @)wdx < C’/(HzHLoo + ||| poo w2 da
R R

< C(g0+9) / w2dz, (2.3.10)
R

10



and
—ﬁu/wxszdx < 77/ widx—l—Cn/ 22pidx
R R R
§77/w323dx+0n(52/225)2da:, (2.3.11)
R R

where in the last inequality we have taken h = z in (2.2.15). Hence, putting (2.3.10)-(2.3.11)
into (2.3.9), and using Young inequality, then choosing 7 suitably small to arrive at

d w? bA 9 1 9
dt/R (2—,uwz> dq:—|—4/szd:c+2/R()\w—uz) dz
1
S/(pt — bpee)dx + Cé/ 2252z + C’/ 22da. (2.3.12)
2 Jr R R

Now we only need to estimate the last term on the right-hand side of (2.3.12).
Multiplying (2.1.7), by z and integrating it with respect to , we obtain

2
d/ zd:v—i—a/ 22dx = f@/(z—{—ﬂ)wxzxdx—i—/{/ 2Pz zgde. (2.3.13)
dt Jg 2 R R R

Similar to the treatment of (2.3.10) and (2.3.11), one has

d 2
/ = dz+ a/zgdx < Cl(eg +5)/w§dm+05/ 220%d. (2.3.14)

Multiplying (2.3.14) by a big positive constant K and summing it to (2.3.12), then using

Lemma 2.1, we have

d Aw? K22 bA Ka 1
Sl B (e R L de + 2 [ wde + 22 [ 224 / A — pz)d
T R( 5t ,uwz) ac—i-g/wa T+ /sz T+ 5 R(w pz)*dx

<C5(141)3 +05/z%2dm.
R
(2.3.15)

Integrating the above inequality with respect to ¢, and taking h = z in (2.2.13), we reach
(2.3.4). The proof of Lemma 2.3 is completed. O

Lemma 2.4. If N(T) < €% and § are small enough, it holds that

(1 + ) (lwa (O + Nz (B)II) + /0 (1+7) (Hw:c:c(T)H2 + llzaw ()P + | (A — uzx)(T)HQ) dr

< C (Jlwolf} + 1207 +9)
(2.3.16)
for0<t<T.
Proof. Differentiating (2.1.7) in z to obtain
Zpt — WZzge + K[(2 + W)Wy + 2P2)ex = 0,

o (2.3.17)
Wyt — bwmz + )\’wx — UZg + Pxt — bp:m::r =0.

11



Firstly, multiplying (2.3.17), by Aw, and integrating it with respect to « over R, we have

d Aw?
w dz + b)\/ wgzdx + )\2/ wgdac — )\u/ Wy 2pda + / MUy (Prt — bpgae)dz = 0.
R R R R

- x
dt Jp 2
(2.3.18)
Multiplying (2.3.17), by (—pz;) and integrating it with respect to = over R, we have

—,u/ Wyt Zpdx — bu/ Weg ZpedT — /\,u/ Wy Zpdx + u2/ zgdx — / 1z ( Pyt — bprgs)dr = 0.
R R R R R

(2.3.19)
Then summing (2.3.18) and (2.3.19) to obtain the good term [ (Awy — pzz)%dz, as follows:

d Aw?

— Y gz + b)\/ w2, dx + / (Mwy — pz,) de

dt Jr 2 R R

+ /()\wm — pzz)(Pat — bprze)dx = u/ Wat2pdr + b,u/ Wag ZprdX. (2.3.20)
R R R

By applying integration by parts and using (2.3.17),, one can obtain

d
,u/ Wyt Zpdx = / ,uwxzxd:c—,u/ Wy Zprdx
R dt Jr R

=5 PWy zpdr — ,u/ wx{azmm — k[(z + w)w, + sz]m}dx
R R

d
= — [ pwyzdx + CL/J,/ Wy ZyedT — /<c,u/ Wez[(z + 0wy + 20y dx
dt Jr R R
= i pWwgzpdr + a,u/ Wag ZprdT — /i,u/(z + ﬂ)wixdaz
dt Jr R R
— R / (Zx + ﬁa})wxwzxdw - R,u/ Z:v/aacwa:acdx - '%M/ Zﬁxwwamdx
R R R
(2.3.21)
Putting (2.3.21) into (2.3.20), we get
d Aw?
— < Yz _ uwmzm) dz + bA/ w2, dx + / (Awy — pzg)2de
dt Jg \ 2 R R
+ / ()\wm - ,U/Zm)(ﬁxt - bf)mxm)dl’
R
=(a + b),u/ Weg ZppdT — /-@,u/(z + a)wixdx — Kl / (24 + Uy ) Wpwypdx
R R R
- ’iﬂ/ 2z PrWezdr — Hl”’/ 2Pz Wezdr
R R
9
=(a+ b),u/ Wag ZaprdT + Z I;. (2.3.22)
R i=6
Similar to the treatment of (2.3.10), we have
o <C [zl + e yu,da
R
< C(eo +6)/w§xdx. (2.3.23)
R

12



Recall that |u,| < C§(1 —I—t)_%, from (2.1.1),, (2.3.3) and Young inequality, it is easy to derive
that
I+ Ig = —ﬁ;u/(zx + Uy )WpWypdr — /ﬁ;u/ 2y PrWapdr
R R
<o [ ukdo+Cy [(lalte + lal)uida + C, [ Iolos2a

§77/Rw§xdx+0n[5%(1+t)_g —1—52(1+t)_1]/ﬂgw§dx+(]n62(1—|—t)_1/Rz§dx

< n/Ingxdg: + Cn(5(2) +63)(141)71 /R(w?c + 22)dz.
(2.3.24)

Similar to the calculation of (2.3.11), we obtain
Iy < n/ w2, dz 4+ Cpd*(1 + )~ / 2252 dz.
R R

Putting (2.3.23)-(2.3.25) into (2.3.22), then choosing 7 suitably small, we can conclude

d )\’LU?U bA 2 1 2
o ( 5 ,uwxzx) dz + < /medx + 3 /R (Awy — pzz)“dz

1
<5 / (Pot = bpaaa)*dw + Cleo + 0)(1+) ™ / (w; + 2;)dw
R R

(2.3.25)

+CO5(14t)7! / 2257 dx + C/ 22 dx. (2.3.26)
R R
Now we only need to estimate the last term on the right-hand side of (2.3.26).
Multiplying (2.3.17), by z, integrating it with respect to , we obtain
d [z 2 . i
— —dw +a | zide =k | (z 4+ Qwezpzezda + £ [ (25 + Uy )Wy 2zpda
dt R R R
+ /{/ ZgPo ZzadT + /{/ 2PazZeade. (2.3.27)
R R
Similar to the treatment of (2.3.23), (2.3.24) and (2.3.25), one has
d 2 2 ~1 2 .2
d +2 zo.dr <C(go +0) | wi,dz+ C(eo+6)(1+1) (wy + z7)dz
+ C4(1 +t)1/z2a2dx.
R
(2.3.28)

Multiplying (2.3.28) by a big positive constant K and summing it to (2.3.26), then using

Lemma 2.1, we obtain
d w? K
— Wz —z—,uwxzx dx—l—/wmdx+/z de + = /(/\wz—,uzz)gdx
dt 2 2
§05(1+t)3+C(50+5)(1+t)1/(w + 22)da + CS(1L+ 1)~ /z%?dx.
R R

(2.3.29)

13



Integrating (2.3.29) over (0,t) and taking h = z in (2.2.13), together with (2.3.4), we get

s O + P + [ (Foaa P + laaa(DIP + Oz = pza) (1))
<C (Honf + 20l + 6) . (2.3.30)

Multiplying (2.3.29) by (1+t), and integrating it with respect to ¢, then by applying (2.2.13)
and (2.3.4), one can immediately obtain (2.3.16). The proof of Lemma 2.4 is completed. [

Lemma 2.5. If N(T) < €% and § are small enough, it holds that
(1+ )2(llwa (O + 202 (8)])
+ /0 (14792 (i () (P2 + [ — ) (D)
<C (Jlwoll3 + l120l13 +9) (2.331)
for0<t<T.

Proof. Similar to Lemma 2.3 and Lemma 2.4, from [p Mz, X 02(2.1.7),dz — J 1Zze ¥
8%(2.1.7)2dx, then applying integration by parts and the equation 8%(2.1.7)1, we can get

d [ (Aw:
dt Jp \ 2 R R

+ /()\wx:c - ,U/Z:cr)(ﬁxxt - bﬁxmcx)dl'
R

=(a+b)u / Waze Zowedt — Kt [ Wega[(2 + W) we + 2Pz eedr
R

= (a+ b)u/ WazrZeredl — Kt | WapeWsZppdx — 2&/;/
R

Wiz ZpWeedT — H,U/ Wiz Upa WedT
R

R

— S — 5—

- 2/<;,u/ WarrUpWeedX — K | WapePrZeedr — QIQ,LL/ Wagr PraZedT — /{,u/(z + ﬂ)wgmdx
R R

R
- ’%M/ 'wxmcszzxdx
R
17
= (a+ b)u/ Warr ZoeedT + Z I;.
R i=10

(2.3.32)
By applying (2.3.2)-(2.3.3) and Young inequality, we get
ho+ I <0 [ whde +Cy [ (sl + alfeut)de
R R

<o [ uldet O+ [

Rz§$d$ +Cped(1+1) 2 /ngmdx. (2.3.33)

Noting that |u,| < Cd(1 —|—t)_% and |tiz,| < C8(1+¢)71, using (2.1.1), and Young inequality,

14



one yields that
Iyo + Iy + 14 + 115

<n /R w2, dz + Cy A(\\axmll%mwi + |t Fowly + (1Pl 7o 2o + || Prall T 22) da

§17/ w2, dz + Cpo% (1 + t)_2/
R

widr + Cpo*(1+ )" / w2, dx
R R

+ C,0%(1 +t)1/Rz§xdx+Cn<52(1 +t)2/Rz§dx. (2.3.34)

Similar to the calculation of (2.3.10) and (2.3.11), we obtain
Iig < C(gg +0) / w2, dz, (2.3.35)
R

and

L7 < 77/ w2, da + Cp8% (1 + t)_2/ 220%d. (2.3.36)
R R

Putting (2.3.33)-(2.3.36) into (2.3.32), by applying Young inequality, and choosing 7 suitably

small, we derive that
a (e,
dt Jr 2

1
§§ / (Prwt — bPeee)?dx + Cleg +6)(1 + 1)t / (w2, + 22,)dx
R R

+CO5(1 + t)_2/

R

bA 1
— uwmzm) dz + — / wgmda} + / (Awyy — uzm)2d:1:
4 Jr 2 Jr

Txrxr

(w2 + 22)dx + C5(1 + )72 /

22§)2dm+0/z2 dz. (2.3.37)
R R

Next, multiplying 92(2.1.7); by Kz, (K is sufficiently large) and integrating it with respect
to = over R, then similar to the treatment of (2.3.33)-(2.3.36), we can reach

d K22 K
d / Bag g, 4 Ba / 2 dp <C(eo + 0) / w2, da + C(eo + 8)(1 + )" / (w2, + 22, )da

+C6(141)72 / (w2 + 22)dz + Co(1 + t)—2/ 220%d.
R

R
(2.3.38)
Summing (2.3.38) with (2.3.37), and using Lemma 2.1, we can obtain
d Mg, K22 bA Ka
— Tz Tr w2 d el 2 d i 2 d
dtR< 2 + 2 sz>x+8/ﬂgwx:pxx+4/ﬂgzwxxx
1
+ / ()\wxz - szx)de
2 Jr
<CS(1+1)5 + Cleo +6)(1 + )1 / (w2, + 22,)dz + C8(1 + £)2 / (w2 + 22)da
R R
+CO5(1+1t)72 / 2% da. (2.3.39)
R

15



Integrating (2.3.39) over (0,t), then taking h = z in (2.2.13), together with using (2.3.4) and
(2.3.16), we reach

Jevaa (I + 220 (DI + / (Il (P + D Z2aa (I + 1Ay = pz20) (7))

<C (llwoll3 + l120l13 + ) .
(2.3.40)

Multiplying (2.3.39) by (1+t)2, integrating with respect to ¢, then using (2.2.13), (2.3.4) and
(2.3.16), we can immediately obtain (2.3.31). The proof of Lemma 2.5 is completed. O

Lemma 2.6. If N(T) < &2 and § are small enough, it holds that
L+ ) (we () + [z (1))
= /0 (172 (a0 + eI + | O — ) (D)
<C (llwol3 + 12013 +9) , (2.3.41)
for0<t<T.

Proof. Firstly, having [ Awg X 9;(2.1.7),da — [ p12¢ X 04(2.1.7)ydx, then applying integration
by parts and the equation 0;(2.1.7),, we can get

2
4 Awy — pwezy | dx + b)\/ wfctdm + / (Awy — ,uzt)Qd:U
dt Jr R R

2
+ /R(Awt — p2t) (Pt — bpgat)da
= (a+b)p /R WetZgedx — K /R Wat[(2 + W)wy + 2pg)idx
=(a+ b),u/ Wyt 2t AT — m&/ Wt Wy 2pdr — /-c,u/ Wt UpWedr — /iu/ Wat P 2edx
R R R R

- /<c,u/ Wet2PptdT — KL / (z + @)w?,dz
R R
22

= (a+ b),u/ Wat2ppdr + Z I;. (2.3.42)
R i=18

Noting that || < C§(1 +¢)~1, using (2.1.1), and (2.3.2), we have

Iig + Iig + I2o

<n [ wida+C, [ furlfestda+, [ fanlfuide+, [ 7l sFao

Sn/wgtdx—i—(}'ne%(l—i—t)_g/
R R

<1 / wlda 4+ Cy(e3 + 82)(1 + 1) /
R R

widz + Cp6* (1 + )" / Z2dx

z2da + Cpo% (1 41) 72 /
R

R

zida + Cpo% (1 +1) 2 /R w2dz.
(2.3.43)
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Similar to the calculation of (2.3.10) and (2.3.11), we obtain

Iy <7 / w2, dz + Cpd? (1 41) 72 / 2202 dr, (2.3.44)
R R
and
I < 0(80 + 5)/ witdl‘. (2.3.45)
R

Putting (2.3.43)-(2.3.45) into (2.3.42), and choosing 7 suitably small, we can conclude that
d A bA 1
— (wt — ,wwtzt> dx + / witdx + = / (Aw; — pzy)?dz

4 Jq 2 Ju

at Jo \ 2
1
gZ/(ﬁttbﬁxxt)de+C(so+5)(1+t)—1/zfdx+05(1+t)—2/w§dx
R R R

+C4(1 +t)2/ 2203 + C/ 22, dz. (2.3.46)
R R

Similarly, we can get from [ Kz x 04(2.1.7);dx (K is sufficiently large) that
i
dt Jr

Summing (2.3.47) to (2.3.46), and using Lemma 2.1, we can get

d g K
= < U; + ﬁ — p,’lUtZt) dr + / :I:td T+ / xtd$ +5 / (Awy — 'uzt)de
R

Kz} K
;t dz + za/zitdx SC’(Eo—l—é)/w%tdx—l—C(ao—ké)(l +t)1/zt2dx
R R R

+Cs(1 +t)_2/ w2dz + CH(1 +t)—2/ 220%dz.  (2.3.47)
R R

<CS(1+1)5 +C3(1+ 1) /wgdx+05(1+t)— /z Pda
R R

+Ceg+0)(1+t)7 ! / 22dz.
R
(2.3.48)

Now we only need to estimate the last term on the right-hand side of (2.3.48). By using the
equation (2.1.7); and Lemma 2.1, together with (2.3.3), it is direct to derive that

/ d:c<C’/ w2, + 25, da:+C(1—|—t)1/(w +22)dz + Co(1+1t)~ /z%de. (2.3.49)
R R
Noting that (Aw)? < 2(Awy — pz)? + 2(uze)?, it follows from (2.3.48) and (2.3.49) that

d DYV ¢
a@ <u2}t+z—uwtzt)dx+/ xtdx%—/ xtdx+/ 2dx + - / Zdx

<O5(1+1)” +C/ w2, + 22)dx + C(1 +1)” 1/(w + 23z + C6(1 + 1)~ 1/za2dx.
R R
(2.3.50)

Integrating (2.3.50) with respect to ¢, then employing (2.2.13), (2.3.4) and (2.3.16), we obtain

lwe ()11 + [l (8)] +/0 (Hwact(T)H2 + e (TP + (7)1 + HZt(T)H2> dr

<C (Jhwolly + l1z0l13 + ) - (2.351)
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Multiplying (2.3.50) by (1 + t), we integrate it to obtain

(1 + O e + lz®)1%) + /0 (1+7) (Hw:ct(T)ll2 + 2wt (M) + [lwe ()| + ||Zt(T)||2> dr

<C (Jlwoll3 + 120013 + )
(2.3.52)

At last, multiplying (2.3.48) by (1 + t)?, then using (2.2.13), (2.3.4) and (2.3.52), we can
conclude (2.3.41). The proof of Lemma 2.6 is completed. O

Combining Lemma 2.3-Lemma 2.6, one can verify that a priori assumption N(T) < &2 <«
1 is closed. In fact, under the a priori assumption, it is easy to infer that (2.1.9) holds, the
assumption N(T') < 3 < 1 always holds provided § and ¢ are sufficiently small. The global
existence of the solutions to the Cauchy problem (2.1.7)-(2.1.8) follows from the standard
continuation argument based on the local existence and the a priori estimates. The proof of
Theorem 2.1 is completed.

3 Initial-boundary value problem

3.1 The case of Dirichlet boundary condition
3.1.1 Reformulation of the problem and theorem

In this subsection, we consider the problem (1.2) and (1.4) with the Dirichlet boundary
condition (1.5). Motivated by [30], in the case of uy # u_, without loss of generality, we
assume u_ < u4, putting p = 0 and —bp,, = 0 in (1.2),, we have uy — aug, + K[upzl, =0
and Ap — pu = 0. To construct the diffusion waves (@, p)(z,t), it is known that we have a
self-similar solution 7 = ¢(z/v/1 + t) satisfying

T = [(a — %T) Tx]m, (z,t) € R x RT,
T|x:ioo = U4,

for any constant u— > 0. Therefore, for u_ < f < u4, there exists a unique u(z,t) in the
form of ¢(z/v/1+ t)|z>0 satisfying

uy — [(a — Fa)ay), =0,

(3.1.1)
'a’:c:[) =8, a|x:+oo = Uy
Defining the perturbation as (2.1.6), we have the reformulated problem
2t — QZyx + H[(Z + ﬁ)wm + Zﬁx}x = 07
B _ (3.1.2)
Wy — bWyy + AW — pz 4 pr — bpye = 0,
with the initial-boundary data
(w, 2)|,—g = (wo, 20) () =0 as x — oo,
(3.1.3)

(w7 Z)‘x:O = (07 0)

18



Theorem 3.1. (Dirichlet boundary). Suppose that u_ < uy and 6 := |uy|+ |u—_|. There
exists a positive constant €9 such that if 6 + ||woll2 + ||20]l2 < €0, then the initial-boundary
value problem (3.1.2)-(3.1.3) admits a unique time-global solution (w,z)(x,t), which satisfies

we Ch® ([0,00) H*), i=0,1,2, z€C" ([0,00) H*), i=0,12,

and

lw (@3 + 120113 + lwe O + [[z(0)]
t
+/ <||wz(T)H? + iz (DT + 1w = p2)(T)IIF + lwae ()2 + 2t (1)1
0

1O — uzzs)(T)!!2>dT

<C (llwoll3 + llz0l13 + 8) - (3.1.4)
Moreover, we have
tEeroo xseuﬂg |(w, 2)(x,t)|l1 =0, (3.1.5)
or
lm sup, [(p = p,u—u)(z,t)]lL =0, (3.1.6)

that is to say that the solution (u,p)(x,t) to the initial-boundary value problem (1.2), (1.4)

and (1.5) tends time-asymptotically to the diffusion waves.

Remark 3.1. As one can see from Theorem 3.1, the solution (w, z)(z,t) has no decay rate.
The main reason is that we encounter difficulties in dealing with some boundary terms, and
finally use the structure of the reformulated equations to close the a priori assumption.

3.1.2 Preliminaries

In this subsection, we will give some fundamental dissipative properties of nonlinear diffusion
waves (i, p)(z,t) on the half line RT which is similar to Lemma 2.1, and some inequalities
concerning the heat kernel on the half line R™.

Lemma 3.1. For each p € [1,00] is an integer and u— < uy, it is easy to verify that

u_ < /8 < ﬂ(.’E,t) < U,

_k_

|0tk a(z, e < Clus —u_ |1+ 72 %%, k1>0, k+1>1,
1810" 5(2, )| 1» < Cluy —u_ |1 +0)" 2%, k1>0, k+1>1. (3.1.7)
For the inequalities concerning the heat kernel on the half line R™, we only need to define

am2

1+t

w(x,t):(1+t)—%exp{_ } g(x,t):/oxfu(y,t)dy. (3.1.8)

It is easy to check that

1

~ 1 1
dogy = Wey  ||g(5t) || = 5\/7")‘ .

Similar to the calculation of (2.2.11) and (2.2.13), we can get the inequalities in Lemma 3.2
and Corollary 3.1, the details are omitted.
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Lemma 3.2. For 0 < T < 400, assume that h(x,t) satisfies
he € L* (0,7 : L*(R")), h € L*(0,7: H ' (RT)).

Then the following estimate holds:

T
/ / h2@2dxdt
0 R+

T T
<7||h(0)|? +m1/ | he(t)]|? dt + 8a/ (he,hg®) 1 g At (3.1.9)
0 0

where (-,-) denotes the inner product on H-*(RT) x H'(R*).

Corollary 3.1. In addition to the condition of Lemma 3.2, assume that § := |us|+|u—| < 1,
[l ooty < € < 1 and h satisfies

hi = ahgy — K[(h + @)we + hpele, h(z,0) = ho(x) € LA(RY), hy(+oo,t) =0, (3.1.10)

where a and k are given positive constant, @ is the self-similar solutions of (3.1.1) and p = §u.

Then there exists some positive constant C such that

T T
| [ waandt < ¢ [ (hal? + fulP)dr + il (3.1.11)
0 R+ 0
Finally, we show the following lemma (see [22]).

Lemma 3.3. If g(t) > 0, g(t) € L'(0,00) and ¢'(t) € L*(0,00), then g(t) — 0 as t — .

3.1.3 Proof of Theorem 3.1

In this subsection, we devote ourselves to the proof of Theorem 3.1. It is well known that the
global existence can be obtained by the continuation argument based on the local existence
of solutions and a priori estimates. The local existence of (3.1.2) and (3.1.3) can be easily
derived by using the standard method and its proof is omitted for brevity. In the following,
our main effort will be to prove the a priori estimates of the solution (w, z)(x,t) under the a
priori assumption

N(T) = sup (lwl}+[1213) < & (3.1.12)

0<t<T

where 0 < g9 < 1.
Also, from (3.1.2), z|z—0 = 0 and w|z—¢ = 0 give the following boundary conditions:

2(0,t) = z(0,t) = w(0,t) = w(0,t) = 0, (3.1.13)

|w22(0, )| = |(Pt = bpzz) (0,8)] = | = 0paa(0,8)] < || = bpaallze < CSAL+6)71  (3.1.14)

With (3.1.13)-(3.1.14) in hand, we now turn to prove Theorem 3.1, which will be given by
the following series of lemmas.
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Lemma 3.4. Under the assumptions of Theorem 3.1, we have

@I+ [ (P + e + 10w = pDI) dr < € (Jul? + Lol +5).
(3.1.15)
for0<t<T.

Proof. In a similar method as Lemma 2.3, after [, Aw x (3.1.2),d2 — [p. pz x (3.1.2),dx,
applying (3.1.2),, the a priori assumption (3.1.12) and Lemma 3.1, we can get

d w? bA 1
— —_ = dx + — 2dz + = 2w — pz)3d
1t < 9 sz) T /+ wedz + 3 /+ (Aw — pz)“dx

1
<= / (Pt — bpez)?dx +C | 22B*da+C [ 22da. (3.1.16)
2 Jr+ R+ R+

Here we have used inequality [p z%p2da < C6? [, 2°@*dz and (3.1.13).
Next, from [p; z X (3.1.2),dz, then similar to the treatment of (2.3.10) and (2.3.11), we
have from (3.1.13) and the a priori assumption (3.1.12) that

d 2 -
— Zdz+2 / 22dx < Cl(gg + 9) / w2dx 4 C6 220%d. (3.1.17)
dt Jr+ 2 2 Jr+ R+ R+

Multiplying (3.1.17) by a big positive constant K and summing it to (3.1.16), we derive

d w? K2 bA Ka 1
— = - dz + = 2de + — 2dz + = Mw — pz)?d
dt/R+<2 + 5 ,uwz) :c+8/R+wz z + 1 /RJrzm 33+2/R+(w pz) dz

<C6(1+1)724+C5 [ 22@2da.
R+
(3.1.18)

Integrating the resulting inequality with respect to ¢, then taking h = z in (3.1.11) leads to
(3.1.15). The proof of Lemma 3.4 is completed. O

Lemma 3.5. Under the assumptions of Theorem 3.1, we have

! 2
lwa (D + [l (O] + / (me<T)H + 1222 (T)I” + [l oz — Mzm)(T)HQ) dr
0
<C (Honf + 101} +5), (3.1.19)
for0<t<T.

Proof. In a similar way as Lemma 2.4, from [, Aw, X 0,(3.1.2),dz — [y 120 X 02(3.1.2),dx,
then applying 0,(3.1.2),, the a priori assumption (3.1.12) and Lemma 3.1, we have

d 2 b 1
()\wx _ wa%) dz + oA w2, dz + / (Awy — pzg)2dx
R+

dt Jp+ \ 2 4 Jp+ 2
1 N 2., .2 —1 2~2 2

< (Pat — bPrzz)*dr 4+ Cleg +0) | (wg + 23)dx+ Co(1 +t) zwidz + C 2ipdx
2 Jr+ R+ R+ R+

+ pwe (0, )2(0, ) — bwea (0, £) (Awy — p22)(0, 1),
(3.1.20)
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where we have used inequality [, 22p2,dz < C6%(1 + 1) ! [p4 2°@*dz. Since z(0,t) = 0,
we only need to estimate the last term on the right-hand side of (3.1.20). Employing the
Sobolev inequality and (3.1.14) yields

— bwy, (0, 1) (Awy — p2,)(0,1)
<CS(1+6) 7 [(Mwy — p2ze)|| Loe
1 1
<C6(1 + t)ilH(/\wa: - NZ:E)H§ H(wacc - ,U«Z:cm)H§
<CS(1+1)72 4 C8|| (Mg — pze) || + COllwae||? + C6| 22z ). (3.1.21)

Substituting (3.1.21) into (3.1.20), one obtains that

d Aw? bA , 1 ,
e - <2 — ,uwwzw> dr + 3 o w,dr + 1 /R+ (Awy — pzg ) dx

<C5(1+ )% + Cleo +6) /

(w2 + 22)dz + Co(1 + 1)+ /
R+

2202 + C/ 22 dx.
R+ R+

(3.1.22)

Next, multiplying 0,(3.1.2); by Kz, (K is sufficiently large) and integrating it with respect
to x over R", similar to the treatment of (2.3.22), together with the a priori assumption
(3.1.12), we have

d K22 K
— 2 g+ / 22 dx <C(eg +0) / w2, dx + C(eo + ) / (w2 + 22)da
dt Jp+ 2 2 Jr+ R+ R+

+05(1+t)—1/ 2257 d,
R+
(3.1.23)

where the boundary term Kz, (0, t){—azgs+£[(2+0)ws+2pz]2 }(0,) = —K2,(0,1)2:(0,¢) =0
due to (3.1.13). Thus, combining (3.1.22) and (3.1.23), we get

d w2 Kz2 b Ka 1
— z L pwgzy | dr 4 2 do 4+ — 2 d / M, — pzg)2d

<C5(14+1)2+ Cle +5)/

(w2 + 22)dz + Co(1 + 1) / 2250 da.
R+

R+
(3.1.24)

Integrating (3.1.24) with respect to ¢t and taking h = z in (3.1.11), together with (3.1.15), we
get the desired inequality (3.1.19). The proof of Lemma 3.5 is completed. ]

Lemma 3.6. Under the assumptions of Theorem 3.1, we have

(lwe(®)[2 + llze(8) %) + / (a1 + Nz (DI + 1| Qawy = pz)(0)]2) dr
<C (lhwoll3 + llz0l13 + 8) . (3.1.25)

for0<t<T.
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Proof. In a similar way as Lemma 2.6, from [ Adw; X 9;(3.1.2),dx — [py pze x 04(3.1.2),dx,
then applying 0,(3.1.2),, the a priori assumption (3.1.12) and Lemma 3.1, together with
(3.1.13), we have

d Aw? bA 1
a - <2t — /J,U)tZt> dz + Z /R+ wgtdx + 5 /R_F()\wt — uzt)2dx
1
<= / (et — bprat)da + C(go +0) / zfdx +Co(1+ t)_2/ widx
2 Jr+ R+ R+
+C6(141)72 / 2% de+C [ 22da. (3.1.26)
R+ R+

Next, multiplying 0(3.1.2); by Kz (K is sufficiently large) and integrating it with respect
to x over R, similar to the treatment of (2.3.42), together with the a priori assumption
(3.1.12) and (3.1.13), we have

d K22 K
— e, P a/ 22dx <C(go + 6) / w2, dz + C(eg + 0) / Z2dx
R+ R+

dt R+ 2 2 R+
+05(1+t)—2/

w2dz 4+ C5(1 + )72 / 2202 dr.
R+

R+
(3.1.27)

Combining (3.1.26) and (3.1.27), we derive

d w2 Kz} bA 9 Ka 5 1 5
— - dz + — dz + — dz + = Mwy — d
gy R+( 5 Ty T Hwe x—l—S/Rernx—i- 1 /R+th$+2/]g+(wt pze)“da

<OS(1+1t)"3 +C5(1 + t)_Q/
R+

w2dz 4+ C(1 + )72 /

225%dx + C(gg + 0) / Z2dx.
R+

R+
(3.1.28)

Then by applying the equation (3.1.2),, Lemma 3.1 and the a priori assumption (3.1.12), we
get

/ Zde<C | (Wi, +22)de+C [ (w4 z22)de+C5(1+1t)7! / 225%dz. (3.1.29)
R+ R+

R+ R+

Plugging (3.1.29) into (3.1.28), it is easy to derive that

d Aw;? N Kz?
dt Jr+ 2 2

<CS(1+1)72 + C/ (w2, + 22,)dz + C
R+

Ka

b
— ,uwtzt> dz + g w%tdx +

1
22 dx + = / (Awy — pz)*dx
R+ 4 Jr+ 2 Jr+

(w2 + 22)dx 4+ C5(1 + 1)~ / 220%dw.

R+ R+

(3.1.30)

Integrating the resulting inequality with respect to ¢, then taking h = z in (3.1.11), together
with (3.1.15) and (3.1.19), we can immediately obtain (3.1.25). The proof of Lemma 3.6 is
completed. n

Lemma 3.7. Under the assumptions of Theorem 3.1, we have
a2 + 1222 ()17 < C (Iwol3 + Il20l13 +6) (3.1.31)

for0<t<T.
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Proof. From the equation (3.1.2), and Lemma 3.1, it is easy to obtain that
/ w2 de < C [ (w4 w?+ 2%)dx + C6. (3.1.32)
R+ R+
By using (3.1.15) and (3.1.25), we can reach

lwael* < C(lwoll3 + [|20]13 + 4).- (3.1.33)

Similarly, by using the equation (3.1.2),, we also have
/ 2 de<C | (422 + 2+ w4 wk)de. (3.1.34)
R+ R+
Applying (3.1.15), (3.1.19), (3.1.25) and (3.1.33), it holds that

202 1* < C(llwoll3 + llz0l3 + 6). (3.1.35)

Combining (3.1.33) and (3.1.35), we obtain (3.1.31). The proof of Lemma 3.7 is completed.
O

From Lemmas 3.4-3.7, one can get the desired inequality (3.1.4). Therefore, applying
the local existence result and the continuity argument, one can extend the local solution for
problem (3.1.2)-(3.1.3) globally.

Finally, we have to show the desired large time behavior in Theorem 3.1. Multiplying
0.(3.1.2), by w,, then using Lemma 3.1 and (3.1.14), we have

d _5 _
'dt lwa(D)1?] < Clwa ()1 + lwae @I + [1z(D)1?) + CE*(1+ )72 + C(1 + ) |wa () 2=
< C(1+1) 7 + O([wa (D)1 + l[waw @) + 122 ()%
(3.1.36)
Hence, using the estimate (3.1.4) implies that
e d
/ (sz(t)\? + ‘ e ()] ) dt < o, (3.1.37)
) T
From Lemma 3.3, we can derive
tlgrnoo ||ws(-, )| = 0. (3.1.38)
Similarly, it is easy to obtain that
L7 (Bt + | 101 ) e < o, (3.1.30
A dt
then it follows that
lim ||z,(-, )] = 0. (3.1.40)

t—+o0
Applying the Sobolev inequality, (3.1.38) and (3.1.40) easily leads to the large-time behavior
(3.1.5) of the solution. This ends the proof of Theorem 3.1.
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3.2 The case of Neumann boundary condition
3.2.1 Reformulation of the problem and theorem

We now turn to the problem (1.2) and (1.4) with the Neumann boundary condition (1.6).
As in the preceding subsection we first reformulate the problem (1.2) and (1.4). Assume that
the steady state of the one-dimensional Keller-Segel model (1.2) is trivial, taking the form of

U=1uy, p=p4, (3.2.1)
provided that
o
Pt = YU (3.2.2)

Let z=u—uy, w=p— p;y. Then (w, z) satisfies

2t — Azgr + K[(2 + uyp)wyls =0,

(3.2.3)
Wy — bWy + Aw — puz =0,
with the initial data
(w, 2)],—g = (wo, 20) (x) =0 as z — oo, (3.2.4)
and the boundary condition
(wr 7)) g = (0,0). (3.25)

Theorem 3.2. (Neumann boundary). Suppose that both 0 := |u| and ||wo||y+ |20, are
sufficiently small. Then there exists a unique time-global solution (w,z)(x,t) of the initial-
boundary value problem (3.2.3)-(3.2.5), which satisfies

we Ch™® ([0,00); H*), i=0,1,2, z€C"™ ([0,00);H*"), i=0,1,2,
and
2
S+ 0F (kw2 + 105212) + 1+ 02 (eI + 11z0)1)

k=0
2

+ /0 [Z(l +7)7 (105 w(n)|? + 10 2(0) 1 + 191 (w — ) (7))

5=0
+ (14 7) (Jlwae (D) + 2t (D)7 + [[(Awe = pze)(7)[1?) | dr

<C (llwoll3 + llz0l3) - (3.2.6)

3.2.2 Proof of Theorem 3.2

In this subsection, we devote ourselves to the proof of Theorem 3.2. As long as a priori
estimates is proved, Theorem 3.2 follows in the standard method by combining it with the
local-in-time existence and uniqueness as well as the continuity argument. Therefore, in what
follows we only estimate the solution (w,z)(z,t), 0 < t < T < oo, to the initial-boundary
value problem (3.2.3)-(3.2.5) under the a priori assumption

2
N(T) = sup {Z(m)’f(||a£;w<t>||2+||a£z<t>||2)} <, (3.2.7)

0<t<T | 1o
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for some 0 < gg < 1, and other details are omitted for simplicity.
By the Sobolev inequality, it is easy to deduce that

105 w(-, )| < V2e0(l+¢)"172, k=0,1,

108 2( )|~ < V2eo(1+8)7173, k=01, (3.2.8)
which will be frequently used in the sequel.
It can be checked that
22(0,t) = 22¢(0,t) = wy(0,t) = Wyt (0, 1) = Wye (0,8) = 0, (3.2.9)

where we have used the equation (3.2.3),.
In fact, Theorem 3.2 will be proved by the following series of lemmas, and the estimates

obtained below are formally quite similar to those in Section 2.3.
Lemma 3.8. Under the assumptions of Theorem 3.2, we have

2 2 ! 2 2 2 2 2
oI + 11 + [ (sl + PO+ [ = ) (D)) dr < € ([l + 10l

(3.2.10)
for0<t<T.

Proof. Similarly, in order to produce good term by using the structure of reformulated equa-
tions, we can get from [p, Aw x (3.2.3),dz — [po pz x (3.2.3),dz that

d Aw?

— 24+ bA w2dz + / (\w — pz)?dz

dt Jp+ 2 R+ R+

= u/ wezdx + bu/ wezpdr — bwy(0,t) (Aw — pz)(0,1). (3.2.11)
R+ R+

By applying integration by parts and using the equation (3.2.3),, one can obtain

d
,u/ wyzde = — pwzdr — ,u,/ wzidx
R+ dt Jr+ R+

d

= — pwzdr — ,u/ w{azm — K[z + u+)wx]x}dx
dt Jr+ R+
d

= — pwzdr + a,u/ Wy zpda — Hu/ (z +uy)widz
dt Jr+ R+ R+

+ pw(0,t){azy — #[(z + uy)wa]}(0, )
< d/ pwzdx + a,u/ Wy zpdx + IQ,LL/ (|12]| oo + |uy])wide
dt Jg+ R+ R+

d
< — pwzdr + a,u/ wyzedx + Ku(eg + do) / w2dz, (3.2.12)
dt Jr+ R+ R+

where we have used (3.2.8) and (3.2.9).
Putting (3.2.12) into (3.2.11), then applying (3.2.9) and Young inequality, we can get

2
d/ (W _ sz) dr+ 2 [ w2da +/ Ow—p2)dz < C [ 2de. (32.13)
dt Jp+ 2 4 Jrp+ R+ R+
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Next, multiplying (3.2.3); by Kz (K is sufficiently large) and integrating it with respect to
x over R* we have from (3.2.8)-(3.2.9) that

d K22 Ka

— il — 24z < oo 2
& o 2 dz + 5 /R+zxda: _C’/R+(||z||L + |uy | )wide

§0(50+50)/ wdz. (3.2.14)
R+

Hence, combining (3.2.13) and (3.2.14), we obtain

d w? Kz bA K
s pwz | de + — wrdz + a/ 22dx +/ (Aw — pz)?dz < 0.
2 2 8 1 Jar -

a R+ R+
(3.2.15)
Integrating the above inequality with respect to t, we conclude (3.2.10). The proof of Lemma
3.8 is completed. O

Lemma 3.9. Under the assumptions of Theorem 3.2, we have

(1 + O (w1 + llz(®)[1) +/0 (1+7) (IIwm(T)II2 + lzza (TP + | (s — uzx)(7)||2) dr

2 2
< C (llwoll} +11=017) |

(3.2.16)
for0<t<T.
Proof. Similarly, by [p, Awy X 0,(3.2.3)ydx — [ pze X 95(3.2.3),dx, we have
slt/w Al;sz:c+b>\/R+ wﬁmdx+/R+(wa ~ pze)2dz
=pu /R+ Wyt 2gdx + b /R+ Wz Zerdr — bWy (0, 1) (Aw, — 1z,)(0,1). (3.2.17)

Now we estimate the first term in the right hand of (3.2.17). By applying integration by
parts and using 0,(3.2.3),, together with (3.2.9), one can obtain

d
u/ Wyt zZedr = — pwg Zpdr — ,u/ Wy Zprdx
R+ dt

R+ R+
d
= — PWgzZedr — p WA OZzgr — K[(2 + Ug )Wy ze pdx
d
= — PWg zpdx + a,u/ Wag ZpzdT — /-;u/ Wee[(2 + Ut )wy | de
dt Jr+ R+ R+
+ pwy (07 t)zt (Oa t)
d
= — PWy zpdx + a,u/ Weg ZpedT — f@,u/ Wy 2o WA
dt R+ R+ R+
— /<a,u/ (z + up)w?, dz.
R+

(3.2.18)
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Firstly, by using Young inequality and (3.2.8), we have

/-c,u/ WapZpWedr < 77/ wgmderCn/ | 2|3 o w2d
R+ R+ R+
< n/ w2, dz + Cpej(1 +t)3/ w2daz. (3.2.19)
R+ R+
Secondly, it is easy to derive that

mu/ (z +up)w? de < C'/ (12l e + |ug|)w?, de < Ceg + 50)/ w?,dz.  (3.2.20)
R+ R+ R

+

Substituting (3.2.19) and (3.2.20) into (3.2.18), and summing the resulting inequality to
(3.2.17), then by using Young inequality and (3.2.9), we have

2
i <)\wa} — Mwmzx> dz + b)\/ wimdx + / ()\wx - ,U/Zx)QdI‘
dt Jr+ 2 4 Jp+ R+

<C(1 +t)3/ w2dz 4+ C [ 22.dx. (3.2.21)
R+ R+
Multiplying 0,(3.2.3); by Kz, (K is sufficiently large) and integrating it with respect to z
over R, then similar to the treatment of (3.2.19) and (3.2.20), we can get from (3.2.9) that
d K22 Ka

d da;+/ zﬁzdxg(?(eowo)/ ngda:+0(1+t)3/ widz. (3.2.22)
dt R+ 2 2 R+ R+ R+

Therefore, combining (3.2.21) and (3.2.22), we obtain

d 2 K 2 b K
(M% + o wazx> dx + oA w2, dz + =4 / 22 dx + / (Awg — pizy)*da
Rt R+

dt Jp+ \ 2 2 8 Jp+ 4
SC(I—i—t)_g/ w2dz.
R+
(3.2.23)
Integrating (3.2.23) over (0,t), we get
2 2 ! 2 2 2
s + 1o + [ (RoaalOIP + Poas (DI + 1 = (7)) e
<C (Ihwoll} + l1z0117) . (3.2.24)

Multiplying (3.2.23) by (1+t), and integrating it with respect to ¢, by applying (3.2.10), one
can immediately obtain (3.2.16). The proof of Lemma 3.9 is completed. O

Lemma 3.10. Under the assumptions of Theorem 3.2, we have
(1 + 1) (lwaa O + llzsa (D)%)
b [ 47 (R + R+ [ ~ ) )IF)
<C (||wo||§ + ||ZDII§) : (3.2.25)

for0<t<T.
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Proof. Similarly, from [ Mgy X 02(3.2.3)yda — [y p2ze X 02(3.2.3),dz, then by applying
02(3.2.3); and (3.2.9), we have

d Aw?

— Yoo _ Wz Zae | A + b/\/ wgmdx +/ (Awgy — uzm)zdx
dt R+ 2 R+ R+

= (a+ b),u/ Wagr ZopedT — /w/ Wazr[(Z + Ug )We]prd® — DWepy (0,1) (Awer — p2es)(0, 1)
Rt Rt

+ pwg (0, 1) 24 (0, 1)

=(a+b)u /+ Wegr ZrzedT — Kl /+ WegaWe ZprdT — Q/W/ Wepg 2z WerdT
R R

R+
- KM/ (Z + u+)wimdm
R+
(3.2.26)
Firstly, applying Young inequality and (3.2.8), one gets
_,L;,u/ Wypa Wy Zgpdr < 77/ wgmdaj+0n/ |we |3 00 22, da
R+ R+ R+
< 77/ w2, dr + Cyed (1 + t)*% / 22 dx, (3.2.27)
R+ R+
and
—2I€/L/ Wz 2o WeedT Sn/ w%mdx—i—(}’n/ |22 |7 0o w?, da
R+ R+ R+
< n/ w2, dz + Cped(1 +t)—‘3/ w?, dz. (3.2.28)
R+ R+

Secondly, similar to treatment of (3.2.20), we have

— / (2 + upulypdz < C / (12l + s w2y de < Cleo + bo) / Wl pda. (3.2.29)
Rt Rt Rt

Putting (3.2.27)-(3.2.29) into (3.2.26), we have

d Aw? bA
— ( Yoz _ ,wwmzm> dz + / wgmdx —i—/ (Awgy — uzm)zd:c
dt R+ 2 4 R+ R+
<C(1 +t)—3/ (w2, + 22,)dx + C/ 22 da. (3.2.30)
Rt Rt

Next, multiplying 02(3.2.3); by Kz, (K is sufficiently large) and integrating it with respect
to x over R*, then similar to the treatment of (3.2.27), (3.2.28) and (3.2.29), we get
d K22 Ka

— Ldx + / 22 .dx < C(go + 60)/ w2, dr + C(1+ t)*% / (w2, + 22,)dx
dt Jp+ 2 2 Jr+ R+ R+

— Kz32:(0,t)25¢(0, 1)
S C(EQ + 50) /

wimdx +C(1+ t)fg / (wiw + zzz)da:,
R+ R+

(3.2.31)

where in the last inequality we have used (3.2.9).
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Combining (3.2.30) and (3.2.31), it follows that

d Aw? K22 bA Ka
= Zaw y D aw d - 2 1 == 2 3
dt Ju+ ( 2 + 9 :U'wxatzmt) T+ 3 /]R+ Wz AT + 4 /]R+ Rpax A

—I—/ (Awgyy — ,uzm)Qd:E
R+
<C(1 +t)3/ (w2, + 22,)dz. (3.2.32)
R+
Integrating (3.2.32) over (0,t) and using (3.2.16), we have

[waa (1 + [l 220 (D)1 + /O (me(T)ll2 + [l2zaa (N7 + | (Mg — uzm)(T)IIQ) dr

<C (Ilwol3 + l120113) -
(3.2.33)

Multiplying (3.2.32) by (1 +t)?, integrating with respect to ¢, then using (3.2.16), we obtain
(3.2.25). The proof of Lemma 3.10 is completed. O

Lemma 3.11. Under the assumptions of Theorem 3.2, we have
(L + )2 (hoe ()1 + [lze()]1)
[0 (1 + D)7+ 1w = ) ()
< (llwol3 + l1z0l13) (3.2.34)
for0<t<T.

Proof. Similarly, from [, Awy x 9;(3.2.3),d2 — [pu pz % 04(3.2.3),dz, from 9,(3.2.3); and
(3.2.9), we can obtain

d \w? 9 9
— — — pweze | do + bA wide + (Awy — pz)“de
dt Jr+ \ 2 R+ R+
=(a+ b)u/R+ WatZprdT — KL /R+ Wat[(2 + ug )wg|rdz — bwye (0, 1) (Awy — pzt)(0, 1)
+ pw(0,t){azyr — K[(2 + vy )wy] (0, 1)
= (a+ b),u/[R+ Warr ZeredT — KU /R+ WatWyzedr — K /R+(z + u+)w§tdx. (3.2.35)

Firstly, using Young inequality and (3.2.8), it follows that
—/<a,u/ Warwyzpdr < 77/ w?,dx + Cn/ | we |3 00 27 da
R+t R+ Rt
< 77/ w2y dz + Cped(1 + t)_% / Z2dx. (3.2.36)
R+ R+

Next, by using the similar method as (3.2.29), we have
—K,/L/ (z +up)w?de < C/ (|12l oo + |us))w?dz < C(go + 50)/ w?,dz.  (3.2.37)
R+ R+ R+
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Taking (3.2.36) and (3.2.37) into (3.2.35), and using Young inequality, we can conclude that

d A b\
— <wt — ,uwtzt> dx + / witdx + / (Aw; — pzy)*dz
At Jor \ 2 4 Jor -

<Cep(1+ t)7% / 22dz + C 22,dx. (3.2.38)
R+ R+

Now, we try to treat the second term in the right-hand side of the above inequality. Mul-
tiplying 0,(3.2.3); by Kz (K is sufficiently large) and integrating it with respect to = over
RT, we can derive

d K22 K
— / keI PR / 22,dx < C(eg + o) / w2, dx + Ceo(1 + t)_% / Z2dx
dt Jp+ 2 2 Jr+ R+ R+

+ K2z(0,t){—azs + £[(2 + uq )wz ]+ }(0, )
S C(Eo + 50) /

w?,dx + Ceo(1 + t)*% / Z2dz, (3.2.39)
R+ R+

Combining (3.2.38) and (3.2.39), one can immediately obtain

d w? K
— (wt + ﬁ — uwtzt> dx + / xtd T+ / xtdx + / (Awg — Mzt)zdx
dt R+ 2

<Cep(1+ t)_% / Z2dx.
R+
(3.2.40)
By using the equation (3.2.3); and (3.2.8), it follows that

/ dx<C/ zmdaH—C/ w2, dr + C(1+1t)" 3/ w2dz. (3.2.41)
R+ R+

Noting that (Awy)? < 2(A\wy — pze)? + 2(2¢)?, combining (3.2.40) and (3.2.41) and choosing
gp small enough yields

d w2 Kz bA Ka A2
T ( 5 + T — thzt> dz + 3 - wgtdfc + e - zgtdm + > - w?dx

1
+/ daz<C’/ w2, + 22, d$+C(1+t)_g/ wdz.
2 Jp+ R+

(3.2.42)
Integrating (3.2.42) with respect to ¢, then employing (3.2.10) and (3.2.16), we obtain

t
eI + ()1 + /0 (Iwa (DI + Dz + ()2 + ()]
<C (lhwoll3 + l120113) - (3.2.43)
Multiplying (3.2.42) by (1 4 t), we integrate it to obtain
t
1+ O ®I + 1) + [ 14 7) () + DI + ) + ()] o

<C (Jlwol3 + l1z013) -
(3.2.44)

At last, multiplying (3.2.40) by (14 )2, then using (3.2.44), we derive (3.2.34). The proof of
Lemma 3.11 is completed. O
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Recalling Lemmas 3.8-3.11, we complete the proof of Theorem 3.2.
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